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POLARIZABLE TWISTOR ^-MODULES 


Claude Sabbah 


Abstract. — We prove a Decomposition Theorem for the direct image of an irre¬ 
ducible local system on a smooth complex projective variety under a morphism with 
values in another smooth complex projective variety. For this purpose, we construct a 
category of polarized twistor ^-modules and show a Decomposition Theorem in this 
category. 

Resume (^-modules avec structure de twisteur polarisable) 

Nous montrons un theoreme de decomposition pour I’image directe d’un systeme 
local irreductible sur une variete projective complexe lisse par un morphisme a valeurs 
dans une autre variete projective complexe lisse. A cet effet, nous construisons une 
categorie de .^-modules avec structure de twisteur polarisee et nous montrons un 
theoreme de decomposition dans cette categorie. 
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INTRODUCTION 


Let X be a smooth complex projective manifold and let be a locally constant 
sheaf of C-vector spaces of finite dimension on X. Assume that ^ is semisimple, i.e., 
a direct sum of irreducible locally constant sheaves on X. Then it is known that, 
given any ample line bundle on X, the corresponding Hard Lefschetz Theorem holds 
for the cohomology of X with values in if ^ is constant, this follows from Hodge 
theory; for general semisimple local systems, this was proved by C. Simpson [61] using 
the existence of a harmonic metric [13]. The existence of such a metric also allows 
him to show easily that the restriction of ^ to any smooth subvariety of X remains 
semisimple. 

In this article, we extend to such semisimple local systems other properties known 
to be true for the constant sheaf, properties usually deduced from Hodge theory. 
These properties will concern the behaviour with respect to morphisms. They were 
first proved for the constant sheaf (c/. [15, 17, 58, 64, 3, 28]) and then, more 
generally, for local systems underlying a polarizable Hodge Module, as a consequence 
of the work of M. Saito [54]. 

Given a local system ^ of finite dimensional C-vector spaces on a complex man¬ 
ifold X, it will be convenient to denote by the associated perverse complex 
.^[dimA], z.e., the complex having ^ as its only nonzero term, this term being 
in degree — dim X . 

The proof of the following results will be given in § 6.1. 

Main Theorem 1 (Decomposition Theorem). — Let X be a smooth complex projective 
variety and let ^ be a semisimple local system of finite dimensional C-vector spaces 
on X. Let U be an open set of X and let f : Lf ^ Y be a proper holomorphic mapping 
in a complex manifold Y. Fix an ample line bundle on X. Then 

(1) the relative Hard Lefschetz Theorem holds for the perverse cohomology sheaves 

of the direct image; 

(2) the direct image complex decomposes (maybe non canonically) as the 

direct sum of its perverse cohomology sheaves: 

i 
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(3) each perverse cohomology sheaf decomposes as the direct sum 

of intersection complexes supported on closed irreducible analytic subsets Z ofY, i.e., 
of the form where JZ is a local system on a smooth open dense set Z \ Z', 

with Z' closed analytic in Z; 

(4) if moreover U = X and Y is projective, then each perverse cohomology sheaf 

is semisimple, i.e., the local systems JZ are semisimple. 

Main Theorem 2 (Vanishing cycles). — Let X be a smooth complex projective variety 
and let be a semisimple local system on X. Let U be an open set of X and let 
f : U ^ <C be a holomorphic function on U which is proper. Then, for any ^ € Z, 
the perverse complexes and , obtained by grading with respect to 

the monodromy filtration the perverse complexes of nearby or vanishing cycles, are 
semisimple perverse sheaves on /“^(O). 

Remarks 

(1) Notice that (1) (2) in Main Theorem 1 follows from an argument of Deligne 

[15]. 

(2) The nearby and vanishing cycles functors iff and (jf defined by Deligne [19] 
are shifted by —1, so that they send perverse sheaves to perverse sheaves. They are 
denoted by and following M. Saito [54]. 

(3) It is known that the Main Theorem 1 implies the local invariant cycle theorem 
for the cohomology with coefficients in (c/. [3, Cor. 6.2.8 and 6.2.9], see also [55, 
Cor. 3.6 and 3.7]). If for instance Y = C then, for any k ^ 0 and for t 0 small 
enough, there is an exact sequence 

where T denotes the monodromy. It also implies the exactness of the Clemens-Schmid 
seguence. 

(4) Owing to the fact that, if is a perverse complex of Q-vector spaces on a 
complex analytic manifold, then is semisimple if and only if = <CZ)<q^q is so, 
the previous results apply as well to Q-local systems, giving semisimple Q-perverse 
complexes as a result. 

(5) It would be possible to define a category of perverse complexes “of smooth 
origin”, obtained after iterating various operations starting from a semisimple local 
system on a smooth complex projective variety, e.g., taking perverse cohomology 
of a projective direct image, taking monodromy-graded nearby or vanishing cycles 
relative to a projective holomorphic function, taking sub-quotients of such objects. 
The perverse complexes in this category are semisimple. 

(6) A conjecture of M. Kashiwara [34] —which was the main motivation for this 
work— asserts in particular that these results should hold when is any semisimple 
perverse sheaf (with coefficients in C) on A. In the complex situation that we con¬ 
sider, they are proved when underlies a polarizable Hodge Module, i.e., if on a 
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smooth dense open set of its support, the perverse sheaf ^ is (up to a shift) a local 
system defined over Q or K underlying a variation of polarized Hodge structures 
defined over Q or K: this is a consequence of the work of M. Saito [54, 56] and 
[12, 35], and of the known fact (see [21]) that, on a smooth Zariski open set of a pro¬ 
jective variety, the local system underlying a variation of complex Hodge structures 
is semisimple. 

Let us indicate that the conjecture of Kashiwara is even more general, as it asserts 
that analogues of such results should be true for semisimple holonomic .^-modules on 
smooth complex projective varieties. However, we will not seriously consider nonreg¬ 
ular 1^-modules in this article. 

(7) First were proved the arithmetic analogues of these theorems, z.e., for “pure 
sheaves” instead of semisimple sheaves (c/. [3]) and they were used to give the first 
proof of the Decomposition Theorem for the constant sheaf in the complex case. An 
arithmetic approach to the conjecture of Kashiwara (at least for C-perverse sheaves) 
has recently been proposed by V.Drinfeld [24]. 

(8) It should be emphasized that we work with global properties on a projective 
variety, namely, semisimplicity. Nevertheless, the main idea in the proof is to show 
that these global properties may be expressed by local ones, i.e., by showing that each 
irreducible local system on X underlies a variation of some structure, analogous to 
a polarized Hodge structure, called a polarized twistor structure. Extending this to 
irreducible perverse sheaves is the contents of Conjecture 4.2.13. 

(9) It will be more convenient to work with the category of regular holonomic 
modules instead of that of C-perverse sheaves on X. It is known that both categories 
are equivalent via the de Rham functor, and that this equivalence is compatible 
with the corresponding direct image functors or with the nearby and vanishing cycles 
functors. We will freely use this compatibility. 

Let us now give some explanation on the main steps of the proof. We will use three 
sources of ideas: 

(1) the theory of twistor structures developed by C. Simpson (after ideas of P. De- 
ligne), 

(2) the techniques developed by M. Saito in the theory of polarizable Hodge Mod¬ 
ules, 

(3) the use of distributions and Mellin transform, as inspired by the work of 
M. Kashiwara and D. Barlet. 

One of the main objectives, when trying to prove a decomposition theorem, is to 
develop a notion of weight satisfying good properties with respect to standard func¬ 
tors. In other words, the category of semisimple local systems (or, better, semisimple 
perverse sheaves) should satisfy the properties that one expects for pure sheaves. If 
the Hodge structure contains in its very dehnition such a notion, it is not clear a priori 
how to associate a weight to an irreducible perverse sheaf: one could give it weight 0, 
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but one should then explain why has weight i for instance. On the other 

hand, it is natural to expect that, if a notion of “pure sheaf” exists in the complex 
setting, it should be more general than that of polarized Hodge Modules, and even of 
that of “pure perverse sheaf”. Indeed, in the arithmetic situation, one is able to treat 
sheaves with wild ramification {e.g., Fourier transform of pure sheaves with moderate 
ramification). 

The very nice idea of a twistor structure allows one to work with the notion of 
weight. Let us quickly explain it, referring to [62] (see also §§2.1 and 2.2 below) for 
a more detailed presentation. Let (H, V) be a flat holomorphic vector bundle on a 
smooth manifold X, that we view as a C°° vector bundle H on X equipped with a 
flat C°° connection L>, the holomorphic structure being given by the (0,1) part D" 
of the connection. A twistor structure of weight re S Z on (V,V) (or a variation 
of twistor structures) consists of the datum of a (7°° vector bundle ^ on X x P^, 
holomorphic with respect to the variable of P^, equipped with relative connections 
D',D" (ie., there is no derivation with respect to the P^ variable), with poles along 
X X {0} and X x {oo} respectively, and such that the restriction of J'tf to any {xo} x P^ 
is isomorphic to (see §2.2 for a more precise definition, in particular for 

b',b"). 

Therefore, a variation of twistor structures on X lives on AT x P^. One of the main 
properties required for weights, namely that there is no nonzero morphism from an 
object of weight w to an object of weight w' < w, follows from the analogous property 
for line bundles on P^. One may also define the notion of polarization (see loc. cit.). 

The main device to produce a variation of polarized twistor structures on a holo¬ 
morphic flat bundle (H, V) is given by the construction of a harmonic metric. It 
follows from a theorem of K.Corlette [13] and C. Simpson [61] that a local system 
^ of C-vector spaces on a compact Kahler manifold X “underlies” a variation of 
polarized twistor structures if and only if it is semisimple, because semisimplicity is a 
necessary and sufficient condition to build on the flat bundle (V, V) associated with ^ 
a harmonic metric. 

The next step closely follows ideas of M. Saito [54], namely it consists in defining in 
its own right a category of “singular variations of polarized twistor structures”. This 
is done via the theory of ^-modules, and more precisely via the theory of .!^-modules, 
which is a natural extension to X x (P^ \ {oo}) of the theory of .^x-modules. In 
order to keep some control on the coherence properties, we are not allowed to use 
C°° coefficients. Therefore, we modify a little bit the presentation of the object 
introduced above, as associated to the left ^x-module (H, V). 

Put rio = \ {oo} with coordinate z and floo = P^ \ {0}. We may view as the 

result of a C°° gluing between J^ixxCio ^IXxQac some neighbourhood of AT x S, 
where S denotes the circle |z| = 1. Equivalently, denoting by the dual bundle, 
the gluing may be viewed as a nondegenerate pairing on ^xxs ®with values 
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in the sheaf of C°° functions on some neighbourhood of X x S which are holomorphic 
with respect to z. We may restrict this pairing to the holomorphic/antiholomorphic 
object 0 ^g^ where we put 

= Ker [ 5 " : ^ ’^Xxs] and = Ker [D' : ^ ^Xxs] • 

Its restriction to any {xo} x should define a bundle ffpi(wy^^. 

We extend this construction to ^x-modules as follows: the basic objects are triples 
(.-#',^",(7), where are coherent (see §§0.2-0.3 for the 

definition of the sheaf .^). To any .^xxOn’^aiodule ^ is associated a “conjugate” 
object ^, which is a coherent XOoc -module (here, X is the complex conjugate 
manifold); now, C is a pairing on '^{'xxs "''^hich takes values in distri¬ 

butions on X X S which are continuous with respect to z. A polarization will then 
appear as an isomorphism of .^xxno-modules. 

Example. — Given any C-vector space iJ, denote by H its complex conjugate and by 
its dual. Define H' = and H" = H. There is a natural pairing (ie., C-linear 
map) H' (g)c H" —> C, induced by the natural duality pairing H'^ H ^ C. 

On the other hand, consider the category of triples {H', H",C), where H',H" 
are C-vector spaces and C is a nondegenerate pairing H' (8)c H" C; morphisms 
if : (i^ 2 J^ 2 ^C' 2 ) are pairs ip = with (p' : —*■ H[, ip" : 

U'l H 2 such that C{ip'{m 2 ), m") = C{m' 2 ,ip"{m'()). 

We have constructed above a functor from the category of C-vector spaces to this 
category of triples. It is easily seen to be an equivalence. 

Under this equivalence, the Hermitian dual H* = H oi H corresponds to 
{H', H",C)* {H", H',C*) with C*{m",m') C{m',m"), and a sesquilinear 

form on H, which is nothing but a morphism PX : H* H, corresponds to a morph¬ 
ism ^ : {H', H", C)* {H', H", C), t.e., a pair (S", S") with S', S" : H" H' such 

that C{S'm",y^) = C{S"n",^). 

In order to say that the pairing C on .^'xxs ® “^Xxs holomorphic and nonde¬ 
generate, and therefore defines a “gluing”, we should be able to restrict it to {xo} x S 
for any Xo & X. “Restriction” is understood here under the broader sense of “taking 
nearby or vanishing cycles”. Hence, in order to “restrict” or , we impose that 
they have a Malgrange-Kashiwara filtration, i.e., admit Bernstein polynomials. In 
order to restrict the pairing C, we use a device developed by D. Bar let in a nearby 
context, namely by taking residues of Mellin transforms of distributions. 

The main technical result is then the construction of the category of regular po¬ 
larized twistor ^-modules, mimicking that of polarized Hodge Modules [54], and the 
proof of a decomposition theorem in this category (Theorem 6.1.1). 

To conclude with a proof of M. Kashiwara’s conjecture for semisimple perverse 
sheaves, one should prove that the functor which associates to each regular polarized 
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twister ^x-module of weight 0 (the polarization is Id : ^ ^ the 

^x-module ^|xx{i} is an equivalence with the subcategory of semisimple regular 
holonomic ^x-modules, when X is a complex projective manifold. 

We are not able to prove this equivalence in such a generality. However, we prove 
the equivalence for smooth objects, and also when X is a curve. According to a 
Zariski-Lefschetz Theorem due to H. Hamm and Le D.T. [29], and using the Riemann- 
Hilbert correspondence, this implies at least that the functor above takes values in 
the category of semisimple regular holonomic .^x-modules. This is enough to get the 
Main Theorems. 

What is the overlap with M. Saito’s theory of polarizable Hodge Modules? The 
main difference with M. Saito’s theory consists in the way of introducing the polariz¬ 
ation. 

The method of M. Saito is “a la Deligne”, using a perverse complex defined over 
Q or R (and the de Rham functor from holonomic .^-modules to C-perverse sheaves) 
to get the rational or real structure. The polarization is then introduced at the 
topological level (perverse complexes) as a bilinear form, namely the Poincare-Verdier 
duality. We do not know whether such an approach would be possible for polarizable 
twistor ^-modules. 

Here, we use a purely analytical approach “a la Griffiths”, without paying attention 
to the possible existence of a Q- or R-structure. The polarization is directly introduced 
as a Hermitian form. In particular, we do not use the duality functor and we do not 
need to show various compatibilities with the de Rham functor. This approach uses 
therefore less derived category techniques than the previous one. Moreover, it is 
possible (c/. §4.2.d) to introduce a category of polarizable Hodge ^-modules as a 
subcategory of twistor ^-modules, by considering those twistor ^-modules which are 
invariant under the natural C* action on the category (similarly to what C. Simpson 
does for “systems of Hodge bundles” [59, 61]). This gives a generalization of complex 
variations of Hodge structures (without real structure). We do not know if this 
category is equivalent to the category one gets by M. Saito’s method, but this can be 
expected. A similar category, that of integrable twistor .^-modules, is considered in 
Chapter 7. 

What is the overlap with C. Simpson’s study of Higgs bundles [61]? First, notice 
that we consider objects which may have complicated singularities, so we do not 
consider any question concerning moduli. We are mainly interested in the functor 
sending a twistor ^-module to its associated ^-module by restricting to z = 1 (z is 
the standard name we use for the variable on P^). We could also consider its associated 
Higgs module by restricting to z = 0 (see § 1.2). In the first case, we at least know 
the image category, namely that of semisimple regular holonomic ^-modules. In the 
second case, we have no idea of how to characterize the image of the functor and if an 
equivalence could be true, similarly to what is done in the smooth case by C. Simpson 
[61] or in a slightly more general case by O.Biquard [4]. 
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Let us now describe with more details the contents of this article. 

In Chapter 1, we give the main properties of .i^^-modules. They are very similar 
to that of ^x-modules. The new objects are the sesquilinear pairing C, and the 
category Triples(X) (the objects are triples formed with two .^^-modules and a 
sesquilinear pairing between them), to which we extend various functors. We have 
tried to be precise concerning signs. 

Chapter 2 introduces the notion of a (polarized) twistor structure, following 
C. Simpson [62]. We first consider the case where the base X is a point, to get the 
analogue of a (polarized) Hodge structure. We develop the notion of a Lefschetz twis¬ 
tor structure and adapt to this situation previous results of M. Saito and P. Deligne. 
Last, we develop the notion of a smooth twistor structure on a smooth complex 
manifold X. The main point of this chapter is to express the notion of a twistor 
structure in the frame of the category Triples, in order to extend this notion to 
arbitrary holonomic .!^^-modules. 

Chapter 3 extends to .^^-modules the notion of specializability along a hyper¬ 
surface—a notion introduced by B. Malgrange and M. Kashiwara for .^x-module, to¬ 
gether with the now called Malgrange-Kashiwara hltration—and analyzes various 
properties of the nearby and vanishing cycles functors. The specialization of a ses¬ 
quilinear pairing is then dehned by means of the residue of a Mellin transform, in 
analogy with some works of D.Barlet. All together, this defines the notion of a 
specializable object in the category Triples)AT). The category of S-decomposable 
objects, introduced in §3.5, is inspired from [54]. 

In Chapter 4, we introduce the category of twistor ^-modules on X as a sub¬ 
category of Triples(X). We prove various property of the category of (polarized) 
twistor ^-modules, analogous to that of (polarized) Hodge Modules [54]. We show 
that regular twistor ^-modules induce semisimple regular ^-modules by the de Rham 
functor Sdr. 

Chapter 5 establishes the equivalence between regular twistor ^-modules and 
semisimple perverse sheaves (or semisimple regular holonomic ^-modules) on com¬ 
pact Riemann surfaces, by expressing the results of C. Simpson [60] and O.Biquard 
[4] in the frame of polarized regular twistor .^-modules. In order to establish the 
equivalence, we also adapt results of D.Barlet and H.-M.Maire [2] concerning Mellin 
transform. 

The main theorems are proved in Chapter 6, following the strategy of M. Saito [54]. 
We reduce the proof to the case where AT is a compact Riemann surface and / is the 
constant map to a point. In this case, we generalize the results of S. Zucker [69] to 
polarizable regular twistor ^-modules. 

In Chapter 7, we consider the category of integrable twistor .^-modules. This 
chapter, written somewhat after the previous ones, is an adaptation to the present 
theory of the notion of CV-structure considered in [30]. We mainly prove a “local 
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unitarity” statement (the local exponents are real and, in the regular case, the ei¬ 
genvalues of local monodromies have absolute value equal to one). The interest of 
such a subcategory should be for the nonregular case, where it should play the role 
of singular variations of polarized Hodge structures. 

In Chapter 8, we analyze the behaviour of polarized regular twistor .^-modules 
under a partial (one-dimensional) Fourier-Laplace transform. We generalize to such 
objects the main result of [52], comparing, for a given function /, the nearby cycles at 
/ = oo and the nearby or vanishing cycles for the partial Fourier-Laplace transform 
in the /-direction (Theorem 8.4.1). 


Since the first version of this article was written, there has been progress in various 
directions. 

(1) In the first version of this article, the category of polarized twistor .^-modules 
was restricted to the local unitary case, mainly because of a lack of proof of Theorem 
6.2.5 in general. This restriction is now unnecessary, due a new proof of this theorem. 

(2) The main progress comes from recent work of T. Mochizuki [48, 49]. Continu¬ 
ing [47], T. Mochizuki generalizes the contents of Chapter 5 in two directions: 

- he considers an arbitrary parabolic structure along the divisor, whereas only a 
natural parabolic structure is considered here, that we call “Deligne type”; depending 
on the point of view, one could call the objects defined by T. Mochizuki as “twistor 
^-modules with parabolic structure”, or the objects of the present article as “twistor 
^-modules of Deligne type” (or “pure imaginary” after [49]); the category of polarized 
regular twistor ^-modules that we define here should be (and is, after the work of 
Mochizuki) equivalent to the category of semisimple perverse sheaves, on a smooth 
projective variety, whereas twistor .^-modules with parabolic structure give rise to 
semisimple “perverse-sheaves-with-parabolic-structure”; 

- he is able to treat the case of the complement of a normal crossing divisor on a 
smooth complex manifold of arbitrary dimension. 

All together, it seems that, in view of the work of O.Biquard [4] and J. dost and 
K. Zuo [31, 32, 70] (revisited in [49]), the proof of of Conjecture 4.2.13, hence a proof 
of the conjecture of Kashiwara for perverse sheaves (and even for perverse sheaves 
“with parabolic structure”) with analytical methods, is now complete. 

(3) On the other hand, according to recent results of G.Boeckle and C.Khare [7] 
or of D.Gaitsgory [26], a proof of the conjecture of de Jong used by V.Drinfeld is 
available; therefore, the arithmetic approach of Drinfeld [24] to the conjecture of 
Kashiwara (for perverse sheaves) is also complete. 

(4) Let us also mention a new proof of the decomposition theorem for the constant 
sheaf, obtained by M.A. de Cataldo and L.Migliorini [11], with methods completely 
different from those developed by M. Saito. We do not know if such methods can be 
adapted to more general local systems. 
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(5) The nonregular case of Kashiwara’s conjecture is still open. Extending the work 
of C. Simpson [60] and O.Biquard [4] to holomorphic bundles on compact Riemann 
surfaces with meromorphic connections having irregular singularities would be a first 
step. Some results in this direction are obtained in [53] and [5]. 
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CHAPTER 0 

PRELIMINARIES 


0.1. Some signs 

(a) We will use the function 

Z ^ {±1} 

a^eia) = (_l)“(“-i)/2 

which satisfies in particular 

e{a + 1) = s(—a) = (—l)°'s(a), e{a + b) = {—l)°'^e{a)e{b). 

Recall that, on C" with coordinates Zk = Xk + iyk {k = 1,..., n), we have 

dzi A • • • A dzn A dzi A • • • A = e{n){dzi A dzi) A • • • A {dzn A dzn) 
and that dzk A dzk = —2i{dxk A dyk)- 

(b) We follow the sign convention given in [18, §§0 and 1]. When we write a 
multi-complex, we understand implicitly that we take the associated simple complex, 
ordered as written, with differential equal to the sum of the partial differentials. 

Given any sheaf , denote by (God* .jSf, 5) the standard semisimplicial resolution 
of J§f by flabby sheaves, as defined in [27, Appendice[. For a complex ,d), we view 
God* as a double complex ordered as written, i.e., with differential {6i, {—lydj) 
on God* jSf-’, and therefore also as the associated simple complex. 

0.2. In this article, X denotes a complex analytic manifold of dimension dimX = n, 
denotes the sheaf of holomorphic functions on X and the sheaf of linear 
differential operators with coefficients in ^x- The sheaf 0x is equipped with its 
natural structure of left i^jf-module and the sheaf ujx of holomorphic differential 
n-forms with its structure of right i^jf-module. 

We denote by X the complex conjugate manifold, equipped with the structure 
sheaf 0-^ = 0x and by ATr the underlying C°° manifold. 
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The increasing filtration of 2lx by the order is denoted by F,S>x- Given a filtered 
object {M,F,M) (hltrations are increasing and indexed by Z), the associated Rees 
object RpM (BkGzFkMz’^ is the graded object constructed with the new variable z. 
In particular, we will consider the Rees ring Rp^x- this is a sheaf of rings on X. The 
filtration induced by F,S>x on Gx satisfies F^Gx = for fc ^ 0 and Fj-Gx = 0 for 
/c < 0, so the associated Rees ring RpGx is equal to Gx[z\. 

We will denote by Rx the sheaf Rp^x when we forget its grading, and call it the 
differential deformation sheaf This is a sheaf of rings on X. In local coordinates 
on X, we denote now by dxi in Rx the element zdx^ in RpS>x- With such a notation, 
we have 


Rx = ^x[z\{^xi, ■ ■ ■ 
where satisfy the relations 

[Sxi, Sxj] = 0 and , f(x, z)] = z^. 

One has (forgetting grading) 


Rx/zRx = Rp^x/zRp^x = = ^x[TX], 


where Gx[TX] denotes the sheaf of holomorphic functions on the cotangent bundle 
T*X which are polynomials with respect to the fibres of T*X ^ X; in other words, 
Gx[TX] = p*^p(T*xei)(*oo), where p : F{T*X 01) ^ X denotes the projection and 
oo denotes the section at infinity of the projective bundle. 

The left action of Rx on RpGx = Gx[z] is dehned by 


^Xi{f{x,z)) 



0.3. Let flo = C be the complex line equipped with a hxed coordinate z. We will 
denote by f the imaginary part of z. Put €.* = {z Q}. Denote by Oqo the other 
chart of P^, centered at z = oo. 

Denote by the product X x Dq and by the sheaf of holomorphic functions 
on it, by the product X x C*. Let tt : tZ" ^ X denote be the natural projection. 
If ^ is a sheaf on tZ", we denote by its restriction to . We will consider the 
sheaves 

^sr G RpS^x and = G 0 Rp^x- 

ffx [z] ffx [z] 

In local coordinates on X, we have = Gsplffxx: ■ • ■, 

We will denote by 0^ the sheaf of holomorphic vector helds relative to the pro¬ 
jection flo, which vanish at z = 0. This is the ^^-locally free sheaf generated 

by , • • •, Ss„. It is contained in . 

Dually, we denote by ^ ^^xxno/nohomo¬ 

morphic 1-forms on GF relative to the projection —>■ GIq, which have a pole of order 
one at most along z = 0. We will put = The differential d : ^ 
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is induced by the relative differential d = dxxno/fio- natural left multiplication 
of 0^ on can be written as a connection 

V : 

satisfying the Leibniz rule V(/P) = df®P + fVP. More generally, a left ^^-module 

^ is nothing but a ^^-module with a flat connection V : ^ Put 

(d.0f 

U!s: = = z~'^uJxxQo/i^o- This is naturally a right ^^-module: the action 

is given by w • ^ = —jSfjw, where jSfj denotes the Lie derivative, here equal to the 
composition of the interior product by ^ with the relative differential d. 

0.4. We denote by S the circle \z\ = 1 in rig H^^oo- For a or .^^-module we 
denote by .^|s its sheaf-theoretic restriction to X x S. In particular, we will consider 
the sheaves ^ar|s and S^sc\'&- We will simply denote by We will also use 

the sheaves 

d©f 

^(A,x)xs = ^(A:xno)|s '^(xxno)|s 

def 

■^(A,X)xS = ^(A:xno)|S -^(AxSloilS- 

0.5. Distributions and currents. — We will need to consider distributions on 
Xr X S which are regular with respect to the variable on S, in order to be able to 
specialize them with respect to the variable of S. Let us introduce some notation. 

Let T be a C°° manifold with a fixed volume form voIt (we will mainly use 
(r,volT) = (Sjdargz)). For k = 0,...,oo, we denote by ^x^y-T the sheaf of 
functions on Xr x T and by the sheaf of C°° relative (with respect to the 

projection X x T —>■ T) (n, n) forms of maximal degree, and we put an index c for 
those objects with compact support. We denote by SbxgxT/T the sheaf on Xr x T of 
distributions which are with respect to T: by definition, given any open set W of 
XrxT, an element of is a (^“(Tj-linear map ^(IF) ^ C^(T) 

which is continuous with respect to the usual norm on C^{T) (sup of the modules 
of partial derivatives up to order k) and the family of semi-norms on 
obtained by taking the sup on some compact set of W of the module of partial deriv¬ 
atives up to some order with respect to X and up to order k with respect to T. Given 
a compact set in W, the smallest order in dx which is needed is called the order of u. 
Such an element u defines a usual distribution on Xr x T by integration along T with 
the fixed volume form voIt. 

It is sometimes more convenient to work with currents of maximal degree, which 
are with respect to T. We denote by ^x^xt/t corresponding sheaf: a section 
on IF is a continuous (^“(Tj-linear map '^^xt,c(^) ^ particular, when 

T = S, {fssp. 2i^j,xs/s) (resp. right) module over g defined 

above. 
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The regularity of distributions with respect to T is useful in order to get the 
following: 

- The restriction to any subvariety T' of an object of S&Xrxt/t is well defined 
and is an object of S&XrxT'/t'- particular, if T' is reduced to a point, we get a 
ordinary distribution on Xr. 

- When T = S, if p{z) is any nonzero polynomial, then 

(0.5.1) u G £'bxKxs/s(i^) and p{z) . u = 0 ^ u = 0. 


Examples 0.5.2 

(1) If T is the Euclidean space and At is the Laplacian on it, the subsheaf 
Ker At of T-harmonic distributions in SbxgxT is contained in SEixkxt/t ^nr any k. 

(2) If O is an open set in C with coordinate z, the sheaf Sbxgxn Ker9z of 

distributions on Ar x Q, which are holomorphic with respect to 2 : is contained in 
Sb^jjxn/n any k. We will also denote by ^x^xn sheaf of C°° functions on 
Ar X n which are holomorphic with respect to z and by the restriction to S 

of 

(3) Let A = be the open disc of radius 1 and coordinate t. Set 12 = C \ (—N*). 
For each £ G N, 

jj def lip'* |l0gttf 

defines a global section of Sb^xn (variable s on 11). The order of U(, is finite on any 
domain Q, n {Res ^ —N}, A > 0. If we set 17^ = 0 for £ < 0, we have 

tdtUt = tdjUe = sUt + Ut-i. 

—Z 0 

( 4 ) Let A be as above. For z G S, t G A and £ ^ 1, zjt —Ijzr is purely imaginary, 
so that the function -1/2* defines a distribution on Ar x S. This distribution is 
a section of Sb^^xs/s (it is even a section of ©bx^^^s/s if i = 1). 

Denote by “^xPcs subsheaf of “^xxs ef functions which are holomorphic with 
respect to A. We then have: 


Le»i»ia 0.5.3 (Dolbeault-Grothendieck). — Ker[9x : Sbxgxs/s ^ ^i’A^xs/sl = 


In the following, we will only use the continuity property with respect to S, and 
we will denote by ©bx^xs/s the sheaf ©bx^xs/s- 


0.6. Spencer and de Rham. — The de Rham complex (of ^ar) will be usually 
shifted by n = dim A, with differential (—l)"c?. We will denote it by (D^*, (—l)"(i). 
Given any k ^ 0, the contraction is the morphism 

0J3C 

w G ^ 1 -^. e{n — k)uj{^ A •). 


( 0 . 6 . 1 ) 
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The Spencer eomplex is the complex ^ (with • ^ 0) 

of locally free left ^ar-modules of hnite rank, with differential 6 given by 

/c 

P 0 a A • • • A a ^ 0 6 A • • • A fi A • • • A a 

+ ^(-l)*+^P 0 [?i, A a A • • • A g A • • • A C- A • • • A Cfe. 

i<j 

It is locally isomorphic to the Koszul complex Pr(^ar> ’Sa;!) ■ • • > 'SiCn)- K is a resolution 
of as a left ^^-module. Under the contraction (0.6.1) 

War <8) A^0ar —*■ ^ 

the complex (war ®e^ A^'Qsc,6) is identified with the 

complex (—l)"fi). 

Similarly, putting as above n = dimX, the complex ®egr .^afjV), with 

differential V given by 

ujri+e ® p (-l)"iiw„+^ 0 P + (-l)^w„+^ A VP, 
is a resolution of war as a right .^ar-module. We will use the notation for A^0ar. 

Denote by (—the complex ^a(^* '''^ith th® differential 

induced by (—l)"d (here, we assume n + • ^ 0; recall that the exponent an means 
“holomorphic with respect to z”). More generally, let A 

(the antiholomorphic part does not produce new poles or zeros along z = 0) and let 
d" be the usual antiholomorphic differential. For any p, the complex 
is a resolution of We therefore have a complex , (—l)'^d), which is the 

single complex associated to the double complex {—\)'^d',d"). 

In particular, we have a natural quasi-isomorphism of complexes of right ^sc- 
modules: 

(D^- (^^+* V) 

by sending holomorphic fc-forms to [k, 0)-forms. Remark that the terms of these 
complexes are flat over sc- 

0.7. Left and right. — At some places in this paper, it is simpler to work with 
right .^^-modules. The correspondence between both points of view is analogous 
to that for i^jf-modules. Any left .^ar-module ./#* gives rise to a right one by 
putting (c/. [10] for instance) = use ®0a; and, for any vector held 

{u ^m) • ^ = uS,® m — u ® ^m. 

Conversely, put ./#* = J^fomff^{usc,-^^), which has in a natural way the structure 
of a left .1^^-module. The natural morphisms 

omff^ {u ^, u ^ ®es(: omg ^(u sc 

are isomorphisms of .1^^-modules. 
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(0.7.1) 


If ^^ jV are two left .^^-modules, we have a natural isomorphism of sheaves of 
C-vector spaces 

{ui ®n) ®m {ui ® m) ® n, 
which is functorial in ^ and in ,jY. 

Notice that has therefore two structures of right .^^-module, denoted 

by > and -t- 

{uj ® P) -r Q = ijJ ® (PQ) and {uj(^P)-t^ = uj-^(^P — uj(S> ^P, 

for P,Q local sections of and ^ a local section of 0ar. Recall {cf. [54, Lemme 
2.4.2]) that there is a unique involution l : uix S^x ^SC ®es; ^SC which is the 
identity on lox ® 1 and exchanges both structures: it is given by w 0 P (w 0 1) -t P. 
In particular, the isomorphism of right .i^^-modules 

iox ®es: (-^ar yC i^x 

[w (g) (1 (g) ^)] -t P I — > (e(n - fc)w(C A •)) (g) P 

where the right structure of the right-hand term is the trivial one and that of the 
left-hand term is nothing but that induced by the left structure after going from left 
to right, induces an isomorphism of complexes of right .^ar-modules 

(0.7.2) i-.^x ® (Sp’^(^x),S) ^ 0 ^x,y)- 


Similarly, if ^ is any left .^^-module and = lox ®ex is the associated 
right .i^^-module, there is an isomorphism 

(0.7.3) (Spx(^sr),^) — (g^a-A”*0^,5) 

—> ® ^sc 1 V) 

given on oo xl ^ ^^ l\^Qsc by 

w (g m (g) ^ I—> e(n — k)Lo{^ A •) g m. 

In the same vein, let be a left .^^-module. Then ^%x has the structure 

of a left and of a right .^^-module: (mgP) = (^m)gP-l-mg^P, and (mgP)-^ = 
mg (P^) for any local vector field Similarly, ^x also has such a structure: 

{P ®m) = (^P) g m and {P ® m) ■ ^ = P^ ® m — P ® ^m. 

Then, there exists a unique isomorphism 

(0.7.4) ^ ^%x —*■ ®ex 

of left and right .^^-modules, which induces the identity on ^ g I = 1 g ^. If ^ is 
any local vector held, this isomorphism is given by 

TO g ^ = (to g 1)^ I -> (1 g to)^ = ^ g To — I g ^TO. 



CHAPTER 0. PRELIMINARIES 


17 


0.8. Let D be an open disc centered at the origin in C with complex coordinate t. 
Assume that it has radius ^ 1 (this will be always the case later on, as we may reduce 
the size of the disc). The logarithm L{t) is defined as 

L{t) = |log|tp| = -log(tt). 


It satisfies, for any fc S R, 


( 0 . 8 . 1 ) 




dt 




dt 


kL{t) 


0.9. Let a = a' + ia" be a complex number with a' = Re(a), a" = Im(a). For 
z G C, put 

(0.9.1) a * z = az + ia"(z — 1)^/2 = a'z + ia"{z^ + l)/2. 


The following properties are easily verified: 

- a a ★ z is R-linear; 

- for z 0 , the expression 

- = a + la {z + llz)l2 

z 

is “real” in the sense of the conjugation defined in §1.5.a, i.e., is invariant when we 
replace i with —i and z with —Ijz'. indeed, using this notion of conjugation, it is the 
“real” part of a' + iza", namely 5 [(a' + iza") + {a' + iza")]; 

- if a" = 0 or if Zo = ±z, we have (a * Zo)lZo = a! \ 

- We have a * Zo = 0 if and only if one of the following properties is satisfied: 

(1) a = 0, 

( 2 ) a 0 is real (i.e., a" = 0 and a' ^ 0 ) and Zo = 0 , 

(3) a ^ 0 is not real (i.e., a" ^ 0) and Zo = iiia'ja") ± a/1 + {a'la"Y) (in 
particular Zo G iM*); 

in particular. 


a * Zo 


0 and a 7 ^ 0 


Zo G iM, 

Zo = ±i a is purely imaginary. 


Let A C C be a finite subset and put A = A + Z. A complex number Zo G Ho 
is singular with respect to A if there exist ai,a2 G A U Z such that ai 7^ 0:2 and 
(ai — 0 : 2 ) * Zo = 0. Such a Zo is purely imaginary. The set of nonzero A-singular 
complex numbers is discrete in iM*, and 0 is its only possible limit point in iM. It is 
reduced to {0} if A C M. We denote it by Sing (A). 


For Zo G flo, denote Co = ImZo and set ^z„(q;) = a' — CoO:" = Re(Q;' + iZoa") (where 
Re is taken in the usual sense). The following lemma will be useful: 


Lemma 0.9.2. — Fix Zo G Hq- If Iz„{oi) = 0, then Q;*Zo = 0=^>a = 0. 
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Proof. — Assume first that Zo = 0. The hypothesis is that a' = 0. We then have 
a* Zo = ia” 12. 

Assume now that Zo ^ 0. The hypothesis is that a' = QoOi" and we have 

Cv -ir 7 

- = Oi" {Co + i{zo + Zo)l‘2). 

Zo 

If a" ^ 0, this could vanish only if Zo + Zo is purely imaginary, hence only if Zo is 
so, ie., Q ^ Zo = ifo] but we would have 0 = Co + *(-2o + ^lzo)l2. = (Co + l/Co)/2 with 
Co € M*, impossible. □ 



CHAPTER 1 

COHERENT AND HOLONOMIC e^^-MODULES 


1.1. Coherent and good .^ar-modules 

1.1. a. The ring Rx is equipped with a natural increasing filtration (locally given by 
the total degree in dx^ ) and the associated graded object is naturally identified with 
the sheaf 

ffx\z][TX] '^= p*^r{T-xei)i*oo)[z], 

where p is as in §0.2. By usual arguments, it follows that Rx is a coherent sheaf of 
rings on X . 

Analogous results hold for which is a coherent sheaf of rings on by repla¬ 
cing with 

We may identify the restriction with the sheaf of relative differential operators 
^3P°/C* by 

dxi G I—> dxi = z~^(5xi G jc*- 

It follows in particular that, for any Zo 7 ^ 0 and any coherent .^^-module ^ the 

dcf ^ ^ 

cohomology modules of the complex of .^^-modules are 

coherent l^jf-modules. Following [60], we put 

!z^ and Sdr(^) ^/(-z — 1).^. 

Then Edoi(-^) is a coherent ^xi'TATj-module and Sdr(.^) is a coherent i^jf-module. 

Notice that the datum of a left l^jc-module M is equivalent to the datum of a 
^jf-module M equipped with a flat connection V : M ^ Similarly, 

the datum of a (left) [TXj-module M is equivalent to that of a ^jc-module M 
equipped with a i^x-linear morphism 6 : M ^ M satisfying the Higgs 

condition d A d = 0. 

1.1. b. De Rham and Dolbeault complexes. — Recall that the de Rham com¬ 
plex DR(M) of a left .^jf-module M is the complex ®ex ^ with differential 

V(w„+fc (g) to) = (-l)”(iw„+fe (g TO -I- (-l)''u;„+fe A Vto. 
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Similarly, the Dolbeault complex Dol(M) of a x\TX]--mod\\\e M is the complex 
^ with differential (—1)’ A 9 {i.e., (—1)"0 A when putting the forms on 

the right). 

Let now ^ he a left .^^-module. Its de Rham complex DR{^) is ^ 

with differential 

V(a;„+fc ®m) = (-l)"(iw„+fc (g) m + (-l)''w„+fe A Vm. 

As DR.^ is a complex of ^ng-modules, we have Li\ (DR.^) = DR(iA* if 
Zo 7 ^ 0 and XtQ(DR.^) = Dol(Xz3.^). 

The de Rham complex DR(./#) of a left .^ar-module is also equal to the complex 

We define the de Rham complex of a right .^^-module jY as .JY sc)- 

Using (0.7.3), we have a functorial isomorphism DR(.^’’) DR(.^) for any left 

.^ar-module ^. 

1.1.c. The sheaf Si^sc comes equipped with an increasing filtration by locally free 
^ar-submodules, indexed by the order in . ■. ,9£!;„. We may therefore define, as 
usual, the notion of a good filtration on a .^ar-module. Following [57], we say that 
a .^.ar-Hiodule ^ is good if, for any compact subset JY C 3^, there exists in a 
neighbourhood of JY, a finite filtration of ^ by .^ar-modules such that all successive 
quotients have a good .^ar-filtration. This implies that ^ is coherent. 


1.2. The involutivity theorem 

Let be a coherent .^^-module. The support in T*X x Hq of the graded module 
associated to any local good filtration of ^ does not depend on the choice of such 
a good filtration and is defined globally (see e.g., [6, Prop. A:IIL3.21]): this is the 
characteristic variety Char.^ of 

For any Zo 0, denote by Char 2 ^(.^) the union of the characteristic varieties of 
the cohomology l?jc-modules of There is a natural inclusion Charz^(.^) C 

Char.^n (T*A: X {zo}). 

Let C T*X be the support of SdoK*^)- This is a kind of “characteristic 

variety”, but may not be homogeneous with respect to the usual C*-action on T*X. 

It is possible to associate a multiplicity to each irreducible component of Char.^, 
Charj;^(.^) or E(./#) to get a characteristic cycle. 

The definition of Char./#, Charz^(./#) or E(./#) extends to complexes: just take 
the union of characteristic varieties of the cohomology sheaves. 

The support Supp./# C X is by definition the closure of the projection of Char./# 
in X. This is the smallest closed subset Z of X such that ./# vanishes identically on 
(X\Z) X flo. 
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Definition 1.2.1. — A .^.^r-module ^ is said to be strict if it has no ^Op-torsion. A 
complex of -^ar-modules is said to be strict if each of its cohomology modules 
is so. A morphism cp : ^ ^ jV is strict if the corresponding complex is so, i.e., if 
Keri^ and Coker (/? are strict. 

Notice that, for a strict .^.^-module .fiC, the restriction reduces to the 

degree 0 term {z — 

Lemma 1.2.2 

(1) Let .JL be a -'module equipped with a finite increasing filtration W,.JL by 
SC-submodules. If each gr^^ is strict, then ^ is strict. 

(2) Let (fi : .M jV be a morphism of 3^sc-modules. Assume that .JL,jV have a 
finite filtration W by 1%sc-submodules and that (p is strictly compatible with W, i.e., 
satisfies i^(Wdc^) = WkcV n (/?(^). If p is strict for all k, then p is strict. 

Proof. — The first point is clear. Let us prove (2). By strict compatibility, the 
sequence 

w 

0 —' g^r Ker ip —> gr^^ > gr^^ > g^r Coker p —> 0 

is exact, putting on Kertp and Coker (/? the induced filtration. By strictness of gr^ p, 
and applying (1) to Ker(/? and Cokeri^, one gets (2). □ 

Theorem 1.2.3. — Let ./M be a strict coherent 3^sc-"module. Then S(^) and 
Charj;^(^) (zo G C*J are involutive in T*X, and Char^ is involutive in T*X x flo 
(with respect to the Poisson bracket z{, }). 

Proof. — This is well-known for the characteristic varieties Char^^ (^) and Char ^ 
([25], see also [6, A:IIL3.25]). The proof of Gabber’s involutivity theorem also applies 
to S(^) because ^ is strict (indeed, I^sc is a Gabber ring, in the sense of 

[6, A:IIL3]). □ 

The restriction of Char^ over { 2 : = 0} is not controlled by the involutivity the¬ 
orem. However, the restriction to {z = 0} of components of Char./# for which the 
fibre at some Zo 7^ 0 is Lagrangian is a union of irreducible conical Lagrangian closed 
analytic subsets of T*A. 

Definition 1.2.4. — A .^.^-module ./# is said to be holonomic if it is good and there 
exists a conical Lagrangian variety A C T*X such that the characteristic variety 
Char ./# is contained in A x Hq. A complex ..#* of .^.^-modules is said to be holonomic 
if each of its cohomology module is so. 

If ./# is holonomic, then any irreducible component of Char ./# is equal to T^A x Hq 
or to r|A X {zo} for some closed irreducible analytic subset Z of A and some Zo € Hq. 
In particular, the support of ./# is equal to the projection of Char./# in A. 
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In an exact sequence 0 ^ ^ ^ ^ ^ 0 of good ^^-modules, Ji is 

holonomic if and only if and are so: indeed, we have Char(^) = Char(^')U 

Char(^")- 

Proposition 1.2.5 (Restriction to 2 = Zo)- — // ^ is holonomic, then for any Zof^O, 
the cohomology modules of are holonomic !^x-modules. Moreover, if ./M is 

strict, S(^) is Lagrangian. 

Proof. — Let F,./^ be a good filtration of ^ locally near a point of X x {zo}. It 
induces a good filtration (F.^)n(z—Zo)^ on the coherent ^ar-submodule (z—Zo)*^ 
as well as on the coherent quotient ^/(z — Zo)^, the graded module of which is 
a quotient of gr^^/(z — Zo)gr^^. Similarly, gr'^[Ker(z — Zo)] is contained in the 
kernel of z — Zo acting on gr^^. This implies the first point. For Zo = 0, we have 

dimX ^ dimE(.^) (E(./#) is involutive) 

= dim Supp gr^ (./# jz.M) (conservation of the dimension by grading) 

^ dim Supp gr^./#/z 

^ dimX is holonomic). □ 

The variety S(./#) is well-behaved in exact sequences only for strict objects in 
general. One has for instance 

Proposition 1.2.6. — Let 0 ^ ./M .M" ^ 0 be an exact sequence of .strict 

holonomic Fi^-modules. Then E(./#) = E(./#') U and the corresponding 

Lagrangian cycles behave in an additive way. □ 

Remark 1.2.7 . — Analogous results hold for i?x-niodules. We leave them to the 
reader. 

Proposition 1.2.8. — Let .M be a strict coherent -module, the characteristic vari¬ 
ety of which is contained in the zero section Tf^X x Hq. Then, 

(1) is ff^ - coherent, 

(2) is locally (on 3L°) isomorphic to equipped with its natural structure 

of left -module, for some integer d, 

(3) there exists a nowhere dense closed analytic subset Z C X such that .M is 

^ -locally free on 37 \ . 

Proof. — The first point is clear. As is i^^o-coherent (hence good as a 
module), the second point follows from [16, Theorem 2.23 (iii)] and strictness. The 
third point also follows from strictness. □ 

Remark 1.2.9. — Under the assumption of Proposition 1.2.8, there exists locally on X 
a vector bundle E such that = Tr°*E as a ^^o-module (indeed, if U is any 
contractible Stein open set of X, any vector bundle on [/ x C* is topologically trivial, 
hence analytically trivial, by Grauert’s theorem). 
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1.3. Examples 

1.3. a. The twister deformation of an irreducible flat connection to a Higgs 
bundle [61, 62]. — Let X be a projective manifold and let (V, V) be a flat holo- 
morphic vector bundle on X. The construction explained in loc. cit. gives an example 
of (and in fact is a model for) a strict holonomic ^^-uiodule. Let us recall the main 
definitions. 

Let Dv = Dy + Dy be the flat connection on H so that {V, V) = 

(Ker Dy, Dy), and let ft, be a metric on {H, Dy)- There exist connections denoted D'^ 
(of type (1,0)) and D'^ (of type (0,1)), and a (l,0)-form 9'^ with values in End(iL) 
such that, denoting by 9'^ the adjoint of 9'^ with respect to ft, we have, for any local 
sections u,v of H, 

d'h{u, v) = h{D'^u, v) + h{u, D'^v), 
d!'h{u, v) = h{D'^u, v) + h(u, D'^v), 
h{9'EU,v) = h{u,9Ev), 

D'y=D'E + 9'E, D'{, = D'^ + 9'^. 

These objects are uniquely defined by the previous requirements. Notice that, by 
applying d' or d" to each of the first three lines above, we see that D'^ is adjoint to 
D'^, D'^{9'^) is adjoint to D'^(9'^) and D'^D'^ + D'^D'^ is selfadjoint with respect 
to ft. 

The triple {H,Dv,h) (or (T, V,ft), or simply ft, if (T, V) is fixed) is said to be 
harmonic if the operator D'^ + 9'^ has square 0. By looking at types, this is equivalent 
to 

D%^=0, DU0e) = O, a 0 )^ = 0 . 

By adjunction, this implies 

D'i = 0, D'e{9'^) = 0, 9'^A9'^ = 0. 

Moreover, the flatness of Dy implies then 

= 0, D'^{9'^)=0, D'^D'^ + D'^D'^ =—{9'^9'^ + 9'^9'^). 

Let E = Ker D'^ : H ^ H. This is a holomorphic vector bundle equipped with 
a holomorphic End(i?)-valued 1-form 0^ satisfying 9'^ A 9'^ = 0. It is called a Higgs 
bundle and 9'^ is its associated Higgs field. 

Remark that 9'^ ■. E ^ E can be viewed as a holomorphic map 9'^ : 

^ End(if) satisfying [9'Eif)^ = 0 for any vector fields ^, 77 , defining thus 

the structure of a [TX]-module on E. Its support in T*X is therefore a finite 
ramified covering of X. 

The previous relations also imply that, if Zo is any complex number, the operator 
D'f -I- Zo9'f is a complex structure on H. Moreover, if Zo yf 0, the holomorphic 
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bundle 14^ = Ker(D^ + ZoO'e) is equipped with a flat holomorphic connection = 
D'e + z~^6'^. For 00 = 1 we recover {V, V). 

Consider the ‘^^’“-module 'k~^H, equipped with a d" op¬ 

erator 

(1.3.1) D'^ = D'^ + zO'^. 

This defines a holomorphic subbundle (that is, a locally free ^ar-submodule 
such that = ^)) which is thus strict. Moreover, it has the natural 

structure of a good .^.^-module, using the flat connection 

(1.3.2) D'^ = D'^ + z ^B'e- 

One has Sdoi(^0 = {^i^'e) Sdr(^0 = {V,Dy). Clearly, Char^' is equal to 
T^X X Oo (take the trivial filtration). Then is a strict holonomic .^ar-module. 

Remark. — The support E C T*X of a holomorphic Higgs bundle {E, 9'^) (viewed 
as a [FX]-module) coming from a harmonic flat bundle (iJ, Dy, h) is Lagrangian 
in T*X, after Proposition 1.2.5. More generally, any Higgs bundle {E,6'^) on a 
projective manifold X satisfies this property, without referring to the existence of a 
Hermite-Einstein metric (i.e., an associated fiat harmonic bundle): indeed, restrict 
the standard holomorphic Liouville 1-form on T*X to S and then lift it to a resolution 
E of the singularities of E, which is a projective manifold, as it is a finite ramified 
covering of X; by standard Hodge theory, the lifted form is closed, hence so is its 
restriction to the regular part E° of E; the restriction to E° of the canonical 2-form 
on T*X is thus identically 0 on E°. 

1.3. b. Filtered i^jf-modules. — Let {M,F) be a filtered holonomic ^x-module 

and RfM the associated graded Rees module. Put RpM. By 

construction, has no z-torsion and thus is strict holonomic, because Char./# = 
Char(M) x Hq. 

1.3. C. Variations of complex Hodge structures [61]. — Let H = 

be a C°° vector bundle on X, where w G Z is fixed, equipped with a fiat connection 
Dv = Dy + Dy and a flat nondegenerate Hermitian bilinear form k such that the 
direct sum decomposition of E[ is fc-orthogonal, (—l)Pz“’"fc is a metric on 
i.e., {—l)'Pi~'"k is positive definite on the fibres of iLP’““P for each p, and 

D'y{HP’^-P) C {HP'^-P 0 iJP-i.»-P+i^ 

D'{,{HP'^-P) C (ilP.“-P0iLP+b™-P-i) 

where X denotes the complex conjugate manifold. 

Denote by Dy = D'^ + 0'^ and Dy = D'^ 0 6'^ the corresponding decomposition. 
Then the metric h defined as {—l)Pi~'^k on HP’'^~p and such that the direct sum 
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decomposition of H is /i-orthogonal is a harmonic metric and the objects D'^, 
6'^ and 9'^ are the one associated with (/i, Dy) as in example 1.3.a. 

Put PP = This bundle is stable under Dy. Let F^V = C]V 

be the corresponding holomorphic bundle. Consider on the Rees module C 

= F[ ©c C[z,z“^] the holomorphic structure induced by Dy. The holo¬ 
morphic bundle corresponding to it is the Rees module (BpPPVz~^ attached as in 
example 1.3.b to the filtered -module {V,F'V) (put F, = F~' to get an increas¬ 
ing filtration). 

On the other hand, consider on C[z] ©c H the holomorphic structure given by 
D'^ + z6'^, as defined in example 1.3.a. 

The natural C[z]-linear map 

C[z] ©c H C[z, z~^] ©c H 

1 © (©Wp) I-> ^ UpZ~^ 

is an isomorphism onto ©F^’z“^ and the following diagram commutes 




C[z] ©c H -^ ®FPz-P 


F" + zd" 


D" 




C[z] ©c H -^ ®FPz-P 


showing that, in case of complex variation of Hodge structures, the construction of 
examples 1.3.a and 1.3.b are isomorphic. 


1.4. Direct and inverse images of ^ar-modules 

1.4. a. Direct images of .^^-modules. — Let / : X — > T be a holomorphic map 

between analytic manifolds and denote also by / : 'W the map trivially induced. 

As in the theory of ^x-modules, one defines the sheaves and with 

their bimodule structure: the sheaf is a left-right 

1 /~^.^@^)-bimodule when using the natural right /“^.^@^-module structure and 
the usual twisted left .^ar-module structure: for any section ^ of the sheaf 0ar of 
vector fields on tangent to the fibres of tt and vanishing at z = 0 (c/. §0.3), Tf{^) 
is a local section of 0^, hence acts by left multiplication on 

put C • (v? © P) = ^(:p) © P + T © P). 

The sheaf is obtained by using the usual left-right transformation (see e.g., 

[10] for details). Recall that, if / is an embedding, the sheaves and 

are locally free over SMgc. 

Denote by Sp^^^(^.^) the complex Sp^(^.2r) ©/-i^g, where the left 

structure for each term is twisted as above (recall that the Spencer complex 
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was defined in §0.6). Then is a resolution of as a 

bimodule, by locally free left .^^-modules. 

Examples 1.4.1. — For / = Id : X ^ X, the relative Spencer complex Sp^^^(^^) 
which is nothing but Sp^(^^) is a resolution of = Mgr as a left 

and right .^^-module. For / : X ^ pt, the complex Sp^^pt(^ar) = Sp^(^ar) is 
a resolution of If X = F x Z and / is the projection, the complex 

®esr l<3/ is also a resolution of as a bimodule. We moreover have 

a canonical quasi-isomorphism as bimodules 

®e:x: SCi<3r) ® /~^( A~'0®^ 0^3, 

= {Ma: hT'QgcM<s/^ 

f-^se.3/ 

— ''{S^sc ®esc scisa) ® 

= S^sc ®e:x A“’0jr/@^- 

Recall that God* denotes the canonical Godement resolution {cf. § 0.1(b)). Remark 
that, if M' and M are ^^-modules and if M is locally free, then the natural inclusion 
of complexes God’(.if) M ^ God* (.if .^) is a quasi-isomorphism. 

Definition 1.4.2. — The direct image with proper support /-f is the functor from 
Mod’’(.^.^) to D'^{MofT(M'S/-)) defined by (we take the single complex associated 
to the double complex) 

/t-^ = f\ God* ® '$>p'sgsc'^ . 

It is a realization of Rj\ ^SC^'dc) ■ 

Remarks 1.4.3 

(1) /t can be extended as a functor from T>+(Mod’'(.^.^)) to Z)+(Mod’'(^ 3 ^)). 

(2) Let f : X ^ Y he as above and let Z be another manifold. Put F = f x Idz ■ 
X X Z ^ Y X Z. Denote by f-\ the direct image defined on Mo(Y{Marxii^a') using the 
relative Spencer complex (ie., defined with F>gr/sx) and viewing the action 
as an extra structure on the terms of , commuting with the differentials of this 
complex. Then there is a canonical and functorial isomorphism of functors AiL 
We will not distinguish between both functors. 

Proposition 1.4.4 

(1) Let f ■. X ^ Y and g : Y ^ Z be two maps. There is a functorial canonical 
isomorphism of functors {go f)^ = g^f-\. 

(2) If f is an embedding, then f^MH = /*(./# ^a:^<3r)- 
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(3) If f : X = Y X Z ^ Y is the projection, we have 
/t--# = /i God’ 

and this complex is canonically and functorially isomorphic to the relative Dolbeault 
complex f\ ■ 

Proof. — We have a natural morphism 

Both complexes are a resolution of by locally free .^.^-modules: this is clear 

for the right-hand term; for the left-hand term, remark that it is naturally quasi¬ 
isomorphic to 

= Gg; ® f~^S^<s/^3r 

= Ggg ® g~^f~^S^ 2 X is G,g/ locally free) 

= t^sx^se- 

Use now the fact that the natural morphism g\ f\ God’ ^ g\ God’ ft God’ is an iso¬ 
morphism, as f\ God’ is c-soft, to get the first point. The second point is easy, as 
^ojf is then Mg; locally free. For the third point, use Example 1.4.1. The canon¬ 
ical isomorphism is obtained by applying f\ to the diagram 

God ^gx ^ ® ^sr ^gx j 

\ 

God {^.y^ ®G«c A '^SXI'Sr^ 

and by using the fact that, each term ./# ®ea; being c-soft on each fibre of /, 

its direct images E? f\J( ®ex ’^9'iiish for any j ^ 0. □ 

If / is proper, or proper on the support of , we have an isomorphism in the 
category Zl+(Mod'’(.^^)): 

Rf\ (./# Mgx^'g-) -> i?/* [.y£ f+.y^■ 

If moreover ./# is good, then, for any compact set JY in '31, it can be expressed 
in a neighbourhood of f~^{JY) as a successive extension of modules which admit 
a resolution by coherent induced .^ar-modules in the neighbourhood of f~^{JY). 
Arguing for instance as in [42], one gets: 
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Theorem 1.4.5. — Let ^ he a good right ^ -module (or bounded eomplex) and let 
f : X be a holomorphic map which is proper (or proper on the support of .M). 

Then the object /+^ is good and Char/+^ C f[{T*f)~^ Char^]. □ 

Corollary 1.4.6. — If is holonomic and f is proper on the support of then 
/+.-# is holonomic. □ 

Remark 1.4.7. — Let i : X ^ X' he d,, closed inclusion. Then a .^.ar-module .YU 
is coherent {resp. holonomic, resp. strict) if and only if the .^ar'-module is 

so. Indeed, this is a local property and it is enough to verify it for the inclusion 
X = X X {0} ^ X X C. Denote by t the coordinate on C. Then i^.Yj = ^cC[dt], 
the ^^/-action on the degree 0 terms being defined as the action of ^.ar. The assertion 
is then clear. 

Remark 1.4.8 (Direct image for a left -module). — The direct image for left 
modules is defined as usual by using the standard left-right transformation. It can 
be obtained by a formula analogous to that of Definition 1.4.2, using the bi-module 

Assume that f : X = Z xY ^Fis the projection and put n = dimZ = dm\X/Y. 
If is a left .^ar-module, the direct image f^.YiL can be computed directly with 
relative de Rham complex: 

f^JH = f\ God’ 

and, using the Dolbeault resolution. 

Remark 1.4.9 (Restriction to z = Zo)- — If 2o 0, one has L*^^{f^.YiL) = f.\{L*^.Yj), 
where the right-hand /.f denotes the direct image of .^-modules. 

1.4.b. Inverse images of .^^-modules. — Let / : X ^ F be a holomorphic 
map and let .y£' be a left .^@r-module. The inverse image is the object 

f~^J^. 

In general, we only consider the case where / is smooth (or, more generally, non¬ 
characteristic, c/. §3.7). Then, Ggr being /“^i^^-fiat, we have f^JT = Gsx 
f~^x^ with the structure of a left .^.ar-module defined as for It is .^.ar-good 

if is ^@r-good. 

Assume on the other hand that .Yfi is ^^-locally free of finite rank, but make no 
assumption on /. Then = f*x^ as an ^ar-module, with the structure of a left 

.^^ar-module defined as above. It is also ^ar-locally free of finite rank. 
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1.5. Sesquilinear pairings on .^^-modules 

1.5. a. Conjngation. — Denote by Xr the C°°-manifold underlying X and by X 

the complex analytic manifold conjugate to X, i.e., Xr equipped with the structural 
sheaf ffx of antiholomorphic functions. Notice that the conjugate of an open set of 
X is the same open set with a different sheaf of holomorphic functions. Recall that 
the conjugation : niakes a i^x-module. Given any ^x-module 

we denote by ^ its conjugate ^-^module defined by 



One may extend as a ring morphism ^x ^^x local coordinates, dx^ = dxi) 
and define similarly for .^x-modules. 

On the factor, we will define a geometric conjugation that we also denote by 
It is induced by the involution z ^ —1/z. For notational convenience, we denote for 
a while by c the usual conjugation functor on Given any open set D of P^, denote 
by n its image by the previous involution. Then, if g{z) is a holomorphic function on 
D, its conjugate g{z) is by definition the holomorphic function c((/(—l/c(z))) on O. 
Notice that we have 

Hq — Hqq , Hqq — Dq and S — S. 

We will now mix these two notions to get a conjugation functor on X x Ph We 
continue to denote by c the usual conjugation functor on X x P^, but we keep the 
notation on X. Let a : cP^ ^ P^ or P^ ^ cP^ denote the antilinear involution of 
P^ defined by 

a{c{z)) = —\lz or a{z) = —l/c{z). 

Then, for any open set D C P^, ct induces isomorphisms 

c(0) Q. 

We also denote by cr the inverse isomorphisms. Define ct on NT x P^ so that it is the 
identity on the X-factor. 

We now have a conjugation functor a*c: given any holomorphic function 

f{x,z) on an open set C/ x of X x P^, we put f{x,z) = c[f{x,—l/c{z))); therefore, 
defines a functor, also denoted by as above, which sends .^xxo-modules to 
t^xxn = conversely (in particular, dxi = —z~^dxi)- Notice also 

that, if m is a section of ^ on 17 x fl, it is also a section of on [/ x fl, that we 
denote by c(m), and it defines a section m of .^ = a*cJ^ on 17 x = U x a{fl). 

In particular, we have an identification 

^Xxn = ^Xx?2> ^Xxn,{x,z) = ^Xxn,(a:,-l/z) 

by putting as above f{x,z) = c(f(x,—l/c{z))y Similarly, we have t%xxn = -^XxO 
when n C C*, = ‘^x^xs^ ®fax,xs/s = S&Xkxs/s, etc. Be careful, however, 
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that these last identifications are not i^s-hnear, but are linear over the “conjugation” 

^ = CtT*^S 

(1-5.1) 

A( 2 :) I—> A(z) = c{\{-l/c{z))). 

1.5.b. Sesquilinear pairings. — We use notation and results of §§0.3-0.5. 

Given two left .^^-modules and , we define a sesquilinear pairing between 
and ./^g as g-linear pairing 

C : .^I'g G ./#g —> ®faARxs/s, 

where the left-hand term is equipped with its natural ^{X,X), g-structure. Similarly, 
a sesquilinear pairing for right .^^-modules takes values in €xrxs/s- 

Remark 1.5.2. — It is easy to verify that the various functors “going from left to 
right”, for ^s:\s- and ^(x.X). g-modules are compatible, and that they are compatible 
with sesquilinear pairings. 

Lemma 1.5.3. — Ij are strict holonomic 3^^-modules having their charac¬ 

teristic varieties Char./#'°, Char./#"° contained in the zero section, then any sesqui¬ 
linear pairing C between .M' and ./M" takes values in 

Proof. — The assertion is local on According to Proposition 1.2.8, when restric¬ 
ted to ./#" are ^.ar-locally free of finite rank and, given any {xo, Zo) & X x S, 

we may find bases e',e" of zo)'^(x„ -zo) satisfying Se' = 0, 6e" = 0. Lemma 
0.5.3 then shows in particular that C takes values in (and more precisely in 

the subsheaf of functions which are real analytic with respect to A). □ 

Example 1.5.4 (Basic holomorphic distributions). — Let j3 = (}' -\- if)” be a complex 
number such that /?' ^ —N*. Notice that there exists an open neighbourhood nb/ 3 (S) 
such that the map nb/ 3 (S) ^ C defined hy z ^ {(3* z)!z (recall that the operation a 
is defined by (0.9.1)) takes values in C \ (—N*): 

- if (3" = Oj this function is constant and equal to P'; 

- otherwise, {P x z)/z = —k G —N* is equivalent to 2 : = z((/3' -I- k)/P" ± 
a/1 -I- [(/?' -|- k)/P"Y), k G N*; the solutions belong to zM \ {±z} and do not 
accumulate at ±z. 

Putting s = p-kzjz in Example 0.5.2(3), we therefore get a section = Ui 
of Sb^Exs/s; we have up/ = |fp(^*^^/^L(t)^/£!. Then, the up/ satisfy (if we set 
■W/3.-1 = 0) 

(1.5.5) {tdt - P* z)up/= up/-i. 

Recall that {P* z)fz = {P-kz)lz, i.e., {P-kz)lz is “real”, where is the conjugation 
defined in § 1.5.a, or equivalently, P* z = Pxz. Hence up/ = up/. Consequently, the 
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Ui 3 / also satisfy 

(1.5.6) {tdj - P*z)uf3^e = 

Fix Zo S S. Let /? G C be such that Re{P-k Zo)/zo = /3' — f3"{zo + Xjz^j^ > —1. 
Then, there exists a neighbourhood A of Zo in S on which defines an element of 
X A). If B is a finite set of complex numbers (3 such that 

(1.5.7) l3&B=^Re{l3*Zo)lzo>-l, 

(1.5.8) /3i,/32 G B and /3i — /32 G Z j3i = (32, 

then the family {uf 3 ^e)f 3 ^B,e&N of elements of x A) (with A small enough, 

depending on B), is free over C°°{D x A): this is seen by considering the order of 
growth for any z G A. 


1.6. The category Triples(X) 

1.6. a. The category Triples(X) and Hermitian adjunction 
Definition 1.6.1 (of Triples(X)) 

- An object of 33^- Triples(A) is a triple 37 = (./#', ^ C), where are left 

.^.ar-modules and 

C : ® .^I'g —> Sfax^xs/s 

is a sesquilinear pairing. 

~ A morphism if : (./#{, .r#", Ci) ^ (.^ 2 j •^ 2 ^ C' 2 ) is a pair where f' : 

./#2 ^ and f” : ./#" ^ .7^2 are .^ar-linear and compatible with Ci,C 2 , i-e., 
satisfy 

= C'2(*, </j"*). 

- The Tate twist of an object of Triples(A) is defined, for k G ^Z, by 

(.^',.^",C)(fc) = (.^',.^",(iz)-2'=C). 

Any morphism between triples is also a morphism between the twisted triples (with 
the same twist), and we denote it in the same way. 

The category Triples)A) is abelian. If 37 is an object of Triples)A) and 
A(z) G i^(S), the object A(z) • .15^ is by definition the object A(z)C'). If 

if : 37 i 372 is a morphism, then it is also a morphism between A(z) • 7i and 

A(z) • .^2. 

There are two functors 7 and 7 1 —> the first one to the category 

Mod{37^)°^ (opposite category), and the second one to Mod).^.^). The identity 
morphism Id^^ is defined as (Id^qld^"). 
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Definition 1.62 {AAjanciion). — Let ^ = (^',^",(7) be an object of^-Triples(X). 
Its Hermitian adjoint S/'* is by definition 

=^(^",^',(7*), with C*{pi,m)'^= C{m,fi). 

If V? = (V5^ ^ ^ ^ is a morphism in Triples(7f), its adjoint ip* ((/?", cp') 

is a morphism ^ in Triples (7f). 

For k G iZ, we choose a canonical isomorphism: 

(1.6.3) ((-l)2'=Id^,,Id^») : ^{k) ^ ^*{-ky. 

This isomorphism defines by adjunction an isomorphism t^*{—k) —> ^{k)* which 
is compatible with the composition of twists. These isomorphisms are equal to Id if 
k gZ. 

Remark 1.6.4. — We may define similarly the category Triples(X)’': the objects 
are triples (7), where are right .^^-modules and C takes values 

in Cjvkxs/s. The Hermitian adjoint is defined similarly. 

Given a left triple (./#', (7), the associated right triple is , C’’) with 

= LOsc ® 0 ^ and similarly for moreover, (7’’ is defined as 

C"’(a;' G m,uj" ^ p,) = c(n)(^)" • C(m,Ji)uj' A w" (n = dimTf). 

Going from left to right is compatible with adjunction: (G’’)* = {C*Y. 

Definition 1.6.5. — A sesquilinear duality of weight w S Z on is a morphism 

y -.sr sr*{-w). 

Write 5^ = (5", S'") with S', S" : .Ji" .Ji'. Then is a morphism if and only 
if G, S', S" satisfy, for local sections pi, P 2 of 

G(S'mi,7I2) = {izf'^cypi,^). 

Let k G \Z. Put y'{k) = ((—1)^^S', S"). Then is a sesquilinear duality of 
weight w on if and only if ^{k) : td^{k) {£t'{k))*{—w + 2 k) is a sesquilinear 
duality of weight ru — 2A: on ^^{k). In particular, d2’{wl2) is a sesquilinear duality of 
weight 0 on S/'(wl 2 ). 

Notice that S^(fc) is obtained by composing 5^ : S/'ik) ^ S/'*{—w + k) with the 
canonical isomorphism chosen above ^^{k)*{k), applied to the {—w + k) 

twisted objects. 

li y ^ y*{—w) has weight w, associate to it the sesquilinear pairing on S: 
(1.6.6) hs,^ {iz)-^C o (S" G Id) : G Sbx.xs/s . 

Notice that hs,. 9 ’ = hs,y’{k) for any k G ^Z. We denote this pairing by hs when y 
is fixed. 
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Definition 1.6.7. — A sesquilinear duality of weight w on is said to be Hermitian 
if it satisfies 

^* = (-1)™^, t.e., S' = i-irS”. 

The exponent w is useful to get that, if is Hermitian, then S^{k) is Hermitian 
for any k G If ^ ^ ^ ^*(—li;) is Hermitian, then its associated sesquilinear 

pairing on S is Hermitian, i.e., /ig = /is- 

Remark 1.6.8. — Let G/ ^ ST'* be a Hermitian duality of weight 0. Assume 
that ST' is an isomorphism. Put .JT = Then ST is isomorphic to the triple 

/is) which is self-adjoint and, under this isomorphism, ST corresponds to 
(Id..#,Id^). Indeed, the isomorphism is nothing but 

as S' = S" by assumption. This trick, combined with a Tate twist by (w/2), reduces 
the study of polarized twistor ^-modules (c/. Definition 4.2.1) to that of objects of 
the form C), (Id^, Id.^)]. 

1.6.b. Smooth triples. — We say that an object S7 = ,C) of 

Triples(A) is smooth if ./#' and are locally free of finite rank. It 
follows from Lemma 1.5.3 that, for a smooth triple tS', the sesquilinear pairing C 
takes values in 

Definition 1.6.9 (Inverse image). — Let f ■ Y ^ A be a holomorphic map between 
complex analytic manifolds Y and X. The inverse image by / of the left smooth 
triple JS' = {JT' ,C) is the smooth triple ST = where 

/■*■./# = f*.^ is taken in the sense of i^-modules with connections {cf. § 1.4.b) and 
0 to', 1 0 to") = C{m', to") o /. 

Remarks 1.6.10 

- The inverse image by / of C by is well defined because C takes values in (7°° 
functions on X, and not only in distributions on X. 

- The inverse image by / of a morphism is the usual inverse image of each com¬ 
ponent of the morphism. 

“ The inverse image functor commutes with Tate twist and Hermitian adjunction. 

The last remark allows one to introduce: 

7.6.77 (Inverse image of a sesquilinear duality). — Assume that TY is 
smooth. The inverse image 

f+S^:f+^^f+Sr*(-w) 

of a sesquilinear pairing S" = {S',S") : ST ST*{—w) of weight w is the morphism 
{f*S',f*S"). 
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A Hermitian sesquilinear duality of weight w remains Hermitian of weight w after 
inverse image. 

1.6. C. Differential graded .^-triples. — Consider the category of graded 

triples 3^ = Morphisms are graded. We will follow the usual convention 

when writing indices: For k G Z, put {^[k])j = ^j-k or {^[k]y = 

The shift [•] and the twist (•) commute. A differential d is a morphism ^[l](s) 

such that do d = 0, for some £ G Z. 

The Hermitian adjunction is defined by with the grading (^*y = 

We have (^[fc])* = ^*[-k]. 

A sesquilinear duality of weight rc on ^ is a (graded) morphism ■. SZ ^ SZ* {—w), 
i.e., a family of morphisms 

A morphism (p : ^ ^ 3^[k]{£) is selfadjoint {resp. skewadjoint) with respect to 
if the following diagram commutes (resp. anticommutes): 

-S- ^*{-w) 

‘P pf 

^[fc](£) 3P*[k]i£-w) 

A differential d is selfadjoint with respect to if and only if .5^ is a morphism of 
complexes (£^,d) (£^*{—w),d*). 

Filtered objects are defined similarly: a decreasing filtration F' £7' oi consists of 
the datum of decreasing filtrations F',F 'such that, for any fc G Z, we have 
C[F-^^^M',F^J^") = 0; then F'^ST = j,C) is well defined 
and we have gr^^ = (gr^^./#', gr^.^", C) (where we still denote by C the pairing 
naturally induced by C). 

Define the decreasing filtration F'3r* by F'=(^*) = {J^"/F-^+^^',F^^’,C*). 
Then gr^(f5^*) = (gr)j^i7)* and, considering the total graded object this is 

compatible with the definition above of adjunction for graded objects. 

Lemma 1.6.12. — Let {3L,F') be a filtered -triple, equipped with a filtered differen¬ 
tial d and a filtered sesquilinear duality of weight w. Assume that d is selfadjoint 
with respeet to . Then SA induces a natural sesquilinear duality of weight w on 
E{ = (BpHygyyjdL) with respect to which the differential di : E{ E(~^^ is selfad¬ 
joint. □ 

1.6. d. Direct images in .^-Triples. — The purpose of this paragraph is to 

define, for any holomorphic map / : A —> T and any object ,C) 

of Triples(A), an object f^£^ in the derived category D+(^-Triples(y)). Such 
an object is a complex ((^'•)°p, C*), where the first term is a complex in 

the opposite category Mod(.^^)°P (given a complex jY' in Mod(.^ 3 ^), we put 
^opk _ ^-k-^ second term a complex in Mod(.^^). Therefore is a 
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morphism xfj'g * 0 ^ ^YmxS/S which is compatible with the differentials, i.e., 

the following diagram commutes: 




l-k 


I /V"^ 


Ck 


O CIykxS/S 


® > e:Y. 


xS/S 


The complex will take the form ((/■|.^')°p, , /fC), where are 

defined in § 1.4.a and is the corresponding complex in the opposite category. 

We will therefore obtain a family of sesquilinear pairings 

(1.6.13) f;c : ^Y^xs/s. 

We will define fj^C when / is a projection and when / is an inclusion. For a 
general /, we write it as the composition of its graph inclusion if and of the canonical 
projection py, and put /-f = 

We will prove 

(1.6.14) 

and, whenever / and g are composable. 


(1.6.15) {g° f)i^ = 9iifi^) 


(a) Case of a projection f : X = Z xY ^ Y and left triples. — Recall (c/. Remark 
1.4.8) that we have (/|.^)s = /i ('^x^xs/y^xs Consider the family of 

morphisms 


if^cy: u{g, 


n-j 

X^xS/Y^xS 


C’^a'is -^s) f* 


xS/YkxS 


^|s) 


Db 


YkXS/S 


defined by 

(1.6.16) (p"”-^ 0 m') 0 (? 7 "+l (g) m") I—>- 7 —f ^(m', m") 77 ”“^ A 77 ”+!. 

(277r)" Jf 


Lemma 1.6.17 

( 1 ) ='((/t..#')°P,/t-^",/tC) an object 0 /Triples(y)). 

( 2 ) We have (f^C*)-^ = Hf^Cy)*. 

(3) If f,g are two composable projections, we have {g o f)^C = g^f^C). 


Proof — We have, by ^{X,X), g-linearity of C, and up to multiplication by (— 1 )", 


if^Cy (V(?7" 1 ^ (g) to') (g (77”+! g to")) 




+ C{Xm', to") a 77 " ^ A 77 ”+! 
+ d'C{m',m") A 77 "“'’“^) A 77 "+! 
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and similarly 

® ® V(? 7 ”+^ 0 m")) 


s{n + j + 1 ) 
(2i7r)” 
e{n + j + 1 ) 
(2i7r)” 


[ A {C(m', Vm") A 77 "+^ + C{m', m”)dri'^+^) 

Jf 

J A {d''C{m', m") A 77 ”+^ + C{m', m”)dr]'^+i). 


Using that £( 7 i + j + l) = (—l)”+'^e(n + j) = (—1)" ^e(n + j), Stokes Formula implies 
that both terms are equal, hence 1.6.17(1). 


To prove 1.6.17(2), remark that we have 

(/tC*)"-^ (( 77 "~*~-^ 0 m") 0 ( 77 ""^ 0 m')) = ( C*{m" 

(2z7r)" Jf 

=f C{m',7^) 77"-i A 77”+-?' 

( 277 r)" Jf ^ ' ' 

= {{fiCy)* (g) m") (g) ( 77 ”“^ (g) 777,')), 

the last equality following from (—l)'^e(n — j) = e{n + j). 

Last, 1.6.17(3) follows from 

(-l)(™-'=)(”+^)e(777 + 77+j+fc) = (-l)('"+'=)("+^')e(m+n+j+fc) = £(n+j)e(7n+fc). □ 


(b) Case of a closed inclusion i : X ^ Y. — Consider first the case of right triples. 
In this case, i^^ is generated by as a .^g^-module. The pairing i^C is extended 
by -linearity from its restriction to (g) z*.^|g, where it is defined as the 

composition of C with the direct image of currents 

(I-AkxS/S -> ‘^TkxS/S 

u I— > Z++ZZ : Ip I—> {u, Ip oi) (7/) G {Y x S)) 

For left triples, define i^C in such a way that (zfC')’’ = Z|(C'’’), where C"" is defined in 
Remark 1.6.4. If X is a submanifold of Y defined by Xj = 0 (j G J C {1,..., n}), we 
identify i-^^ with ^ (g)c C[6a;j^-gj] and we have, for any ip G ^”’”(U x S/S), 

{mC){m' (g) 1 , 777 " (g l),ip) = /c{m',m"), —--7U=)- 

^ llieJ A^^ 

The conclusions of Lemma 1.6.17 clearly hold for the case of closed inclusions. 

Remark. — It may be more convenient to write the form ^pdxj A dxj as 

1 dxj ^ dxj 

2z7r z z 

when checking the compatibilities below. 
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(c) General case. — For a general /, define /-f as the composition as indicated 

above. One has to check first that this is compatible with the previous definitions 
when / is a projection or an inclusion. This is mainly reduced to checking this for a 
closed inclusion f : X ^ Y. 

Then, to conclude that {gof).\ = (/f/t, and to end the proof of (1.6.14) and (1.6.15), 
it is enough to show that, in the following cartesian diagram, 


X X y ^ > X xY' 


P 

Y^ 


-^Y' 


we have p). o (Id xz')| = 

We leave both computations to the reader. □ 

1.6.e. The Lefschetz morphism. — Let c G H'^{X,C) be a real (l,l)-class (the 
Chern class of a holomorphic line bundle for instance). We will show that it induces, 
for any .!^.ar-module a morphism 

L, : ^ 

in such a way that, if is an object of the category Triples(X) 

or the derived category I?(.^-Triples(X)), then he induces a functorial morphism in 
.^-Triples(y): 

(1.6.18) = (L', L") =' {-he, he) : /t'+"^(l). 

It will be enough to apply the following computation to a closed real (l,l)-form 
to € r(X, representing c. 

Let if : X ^ X X Y he the graph inclusion of / and let p : X x Y ^ T be the 
projection. We have ff^ = So we may replace with if,-f^ and assume 

that / is the projection X = Z x Y ^ Y. 

Let w be a real closed (1, l)-form on X. We define L^j : ^ f-\.JY[2] as the 

morphism induced by z~^ujA on ® e ^ .^), where n = A\mX/Y (cf. Remark 

1.4.8). It is a morphism because to is closed and the morphism induced on the co¬ 
homology depends on c only. 

We will now show that, as u is real 2-form, we have a morphism 
X. = {Li,L:) (-L^,L.) : 
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As w is a real 2-form, we have, by Formula (1.6.16) and using that e{n + j + 2) = 
-e{n + j), 

<8> m),ri '^+3 0 ^) = J C{m,-p)z~^uj A A 77”+^' 

= [ C{rn,Jl)if~^~'^ Az-^uj 

(277r)" Jf 

= f C(m,7l)r7"-^-^Az-ia;Ar7"+i 

(2z7r)" Jf 

= {iz)-^fl+^C{rr-^-‘^ (g) m,L"(r7"+J (g)/x)). 



CHAPTER 2 

SMOOTH TWISTOR STRUCTURES 


The notion of a twistor structure has been introduced by C. Simpson in [62] (see 
also [63] ) in order to extend the formalism of variations of Hodge structures to more 
general local systems. The purpose of this chapter is to review the basic definitions 
in the language of .^-Triples, in order to extend them to .^^-modules. Following 
Simpson, we express the Hodge theory developed in [61] in terms of twistors and 
recall the proof of the Hodge-Simpson theorem 2.2.4. Nevertheless, this theorem will 
not be used in its full strength for twistor l?-modules, according to the method of 
M.Saito. It is useful, however, to understand the main result (Theorem 6.1.1). 


2.1. Twistor structures in dimension 0 

In order to explain such a definition, we will Hrst give details on the simplest 
example, i.e., when X is reduced to a point. We will first give definitions for weight 0, 
then give the way to obtain a twistor of weight 0 from a twistor of weight w: this is 
the analogue of the Weil operator C in Hodge theory. The convention taken here will 
look convenient later on. 

2.1. a. Twistor structures in dimension 0 after C. Simpson [62]. — A pure 
twistor of rank d and weight w is a vector bundle on isomorphic to {^pi{w))‘^. 
A mixed twistor is a vector bundle on P^ equipped with an increasing filtration 
W, indexed by Z such that, for each f G Z, g^Y,3^ is pure of weight 1. A pure 
twistor structure can also be viewed as a mixed twistor structure in a natural way. A 
morphism of mixed twistor structures is a morphism of vector bundles which respects 
the filtrations W. There are no nonzero morphisms between pure twistor structures 
when the weight of the source is strictly bigger than the weight of the target. The 
category of pure twistor structures of weight w is equivalent to the category of C-vector 
spaces, hence it is abelian. The category of mixed twistor structures is therefore 
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abelian and any morphism is strict with respect to W (see loc. cit., and also [17, 
Th. 1.2.10], [54, Lemme 5.1.15]). 

2.1.b. Twistor structures in dimension 0 as objects of Triples. — We will 
give an equivalent definition of twistor structures which will be extended to arbitrary 
dimensions in § 4.1. A twistor structure of rank d and of weight w consists of the data 
of two free -modules and Jtf" and of a i^s-linear pairing 

( 2 . 1 . 1 ) 

I'’ 

(in other words, is an object of Triples(pt) where C takes values in 

instead of only “^g), such that (a) and (b) below are satisfied: 

(a) The sesquilinear pairing (2.1.1) is nondegenerate, i.e., its matrix in any local 
basis of J^g and is invertible, so that the associated i^s-linear morphism induces 
an isomorphism 

(2.1.2) ^ (^', ^ao)s- 

(b) The locally free ^pi-module obtained by gluing (dual of Jf", chart 
flo) and (conjugate of , chart floo; c/. §1.5.a) using (2.1.2) is isomorphic to 

^pl {w)'^. 

Having chosen 0 and oo on P^, the category of twistor structures of weight re is a 
full subcategory of Triples(pt): a morphism ip : ,Ci) (J^', 6 * 2 ) 

consists of the data of morphisms p' : p" : of ^ 0 ^-modules 

such that C'i((/?'(m 2 ) ® to") = < 72(7712 ® (^"(to")) for any Zo G S and all m '2 G 
to " G (recall that cr(zo) = —Zo when Zo G S). This category is clearly 

equivalent to the category of semistable vector bundles of slope w on P^, or to the 
category of finite dimensional C-vector spaces. 

The notion of a Tate twist is also well defined: recall that, for k G we put 

(2.1.3) {J^',M’",C){k) = (7f",7r",(tz)-2'=(7). 

The weight of (7f", Jif”, C){k) is w — 2k, if {Jif', Jif”, C) has weight w. 

Weil reduction to weight 0. — Given a twistor 3^ = ,J^'',C) of weight w, its 

associated twistor of weight 0 is by definition 33 = 3'(wl2) = (7f’',7^", {iz)~'^C). 
Notice that, if (/? : I?) ^ <152 is a morphism of twistors of weight w then p also defines 
a morphism ^ Notice also that, for any k G 5 Z, the twistors 33 and 33(k) 
have the same associated twistor of weight 0 . 

Remark 2.1.4. — A triple {333”, ,33^'',C) is a pure twistor of weight w if and only of 
one can find C-vector spaces H' C r(Ho,<^')) C r(flo,J3’'') of finite dimension 
(equal to rk<^' = rk<^") such that 33” = 33^^ Gc H', 33”' = 0'q^ Gc H” , the 
restriction of r(S,(7) to H' G H" takes values in z^C C r(S,i^s), and induces an 
isomorphism H” AfC _ 
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We may also define the category of mixed twistor structures as the category of 
triples with a hnite filtration, such that gr^ is a pure twistor structure of weight £. 
If ,C) is a mixed twistor structure, then and are locally free and 

C is nondegenerate. This category is equivalent to the category of mixed twistor 
structures in the sense of Simpson. 

2.I.C. Hermitian adjunction and polarization. — Recall that the Hermitian 
adjoint S'* of the triple S' = (, C) is the triple S* = 

{cf. Definition 1.6.2). If S is a twistor of weight w, then S* has weight —w. Recall 
also that {S{k))* = S*{—k) for fc e Z and that we have chosen an isomorphism 
(Sik))* ^ S*i-k) like iz. 

Definition 2.1.5. — Let S = be a twistor structure of pure weight w. 

A Hermitian duality of S is an isomorphism S’ : S ^ S*{—w) which is a Hermitian 
sesquilinear pairing of weight w in the sense of Definition 1.6.7, ie., which satisHes 

The associated sesquilinear pairing (c/. (1.6.6)) 

(2.1.6) hs = {iz)-’"C o {S” 0 Id) : —> Ss 

is nondegenerate and Hermitian, i.e., satisfies hs(rn,Jl) = hs{fr,fn) for local sections 
m, ^ of 

def 

Assume now that w = 0. We therefore have S' = S" =_!^ Let Sf be the trivial 
^pi-bundle dehned in (b) above and consider its conjugate in the sense of § 1.5.a. 
This is the trivial vector bundle obtained by gluing Jtf" (chart Dq) and (chart 
Doo), using the conjugate of the map (2.1.2) (also denoted by C) induced by C, that 
we denote by C. We may define a ^pi-linear pairing h : J£f Sf Spi in the 
following way: 

- in the chart Dq, h is the pairing (S'*,*) : Sf" where (, ) is 

the standard duality pairing; 

- in the chart Doo, h is the pairing (*, S*) : ; 

- that both definitions agree near S follows from the fact that hs is Hermitian; 
using C, one may identify hs with hs', for the same reason, h is Hermitian. 

Denote by H the rank d vector space H^{f‘^,Sf’). Its conjugate H is canonically 
identified with H^{W‘^,Jif). Therefore, h induces a Hermitian pairing 

(2.1.7) h = TTji'. H®H —>C. 

c 

Remark 2.1.8. — We have a canonical inclusion H C r(S,c^g) (restriction of sec¬ 
tions). We also have a canonical conjugate inclusion H C r(S, J^g). Then h may be 
identified with the restriction of r(S, hs) to H (g)c H by these inclusions. 
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If 3" has weight 0, we say that the Hermitian duality ^ 3 ^ 3* is a polarization 
of 3 if (c) below is satisfied: 

(c) The Hermitian pairing h defines on H a positive definite Hermitian form. 

Reduction to weight 0. — If ^ has weight w, we say that a Hermitian duality 
y’ : 3 ^ 3*{—w) is a polarization of the twistor structure 3 of pure weight w 
if 3'{wj2) (defined after Definition 1.6.5) is a polarization of 3{wl2), i.e., the posit¬ 
ivity condition (c) above is satisfied for the Hermitian duality 3’{wl2) of the twistor 
structure 3{wl2) of weight 0. This is equivalent to saying that, if H is defined as 
above with 3'{wj2) and H C is the corresponding inclusion, then the restriction 
of hs defined by (2.1.6) to H H is positive definite. 

Notice that, if {3,3") is a polarized twistor structure of weight w, then, for any 
k e (3(k),3(k)) is a polarized twistor structure of weight w — 2k. 

Under the equivalence above, the category of polarized twistor structures of 
weight w (the morphisms being the morphisms of twistor structures) is equivalent 
to the category of C-vector spaces with a positive definite Hermitian form (the 
morphisms being all linear maps). In particular we have: 

Fact 2.1.9. — Let 3i be a subtwistor structure of the polarized twistor structure 
{ 3 , 3 ) (the weight is fixed). Then 3 induces a polarization on the subtwistor, which 
is a direct summand of { 3 , 3 ). □ 

2.1.d. Complex Hodge structures and twistor structures (after [62]) 

Consider the example of §1.3.c with X a point. So, let H he a C-vector space 
equipped with a decomposition H = that we call a complex Hodge struc¬ 

ture. Consider the two decreasing hltrations 

F'P= 0 HP’’^-P’ and = 0 iJ™-?'-?' 

p3p 

and the Rees modules associated to these hltrations 

^/v d|f f^p'P^-p ^ cH, z-^]®H 3 f”' = 0 c C[z, 0 H. 

p C q C 

We will now work with the algebraic variant of twistor structures, where we replace 
^(S) with C[z,z~^], 3F',3F" are viewed as free C[z]-modules, and where we replace 
with 23° = C[z, z~^] 0c[z] We have 

je' = ® ((H^’“’”^)^zPC[z]) = 0 (i?^’'"“^z-PC[z]) 

p ^ p ^ 

M”' = 0 {HP’^-PzP-^C[z]) = ® (^’'"~^z^-pC[z-^]) . 

P P 

= 0 C C[z, z"^] 0 ff D 0 

P C q 


The inclusions 
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define a semistable vector bundle of weight ii; on . The pairing C is induced by the 
natural C-duality pairing (, ): 

x'^zP(^yz^-P^ {x'^,y)z^. 

Let us now compare the notion of polarization with the usual one. The natural 
inclusion j : H ^ !K"° is induced by HP’^~p HP''^~PzP~'^. The conjugate inclusion 
j : 17 is given by i7P’“'“P(_l)p-»z™-p. 

Let fc be a polarization of the Hodge structure as in §1.3.c (with dimX = 0). 
We view k as an isomorphism RP'^-p ^ . Define S' : M”' by 

S' = : UP'^-PzP-''’ (H^''"~Y'"zP and S" = {-l^S' = {-zYk. 

For x,y G HP’™~p^ we have 

hsij{x),jiy)) = {iz)-''’C{S"{j{x)),j{y)) 

= {iz)-'"C{S"ixzP-Y, (-l)P““yz“’-P) 

= {-l)P{iz)-'''C{k{x)zP,yz'^-P) 

= {-l)Pz-'''{k{x),y). 

We therefore recover the usual notion of positivity. 

2.1.e. Graded Lefschetz twistor structures. — Fixe = ±1. A graded Lefschetz 
twistor structure = (Jf", C), .if] of weight w G Z and type e consists of 

- a finite family, indexed by j G Z, of twistor structures Yi = of 

weight w — ej, so that St' = (BjStj, 

- a graded morphism JiS : St' ^ St'(e) of degree —2, such that, for any j, the 

component SS : Stj ^ .ij_ 2 (e) is a morphism of twistor structures of weight w — ej, 
and that, for any j ^ 0, if-l : ^ is an isomorphism. 

Morphisms ip are families {ipj)j of morphisms of twistor structures, which are com¬ 
patible with if. Remark that if = {V,L"), with L' : "^-2 L" : ^ 

if]" 2 (we forget the index j for if). 

Remark 2.1.10. — We will follow the usual convention when writing upper indices: 
put SSt = SS-j; then SS^ has weight w + ej and if is a morphism ^ St't'P'^(e). 

The primitive part of index j ^ 0 of {St',SS) is the twistor structure Pij of 
weight w — ej defined as Kerif^+^ : SSj St'-j- 2 {s{j + !))• We therefore have 

PStj = 

where PJ^” = Ker[L'b+i : ^ and similarly for Pif]'. The prim¬ 

itive parts allow one to reconstruct (i^,if) up to isomorphism using the Lefschetz 
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decomposition: for any j ^ 0, 

(2.1.11) (B ^'^P^j+2ki-sk), ^_, = © ^'=+^P^+2fc(-£(fc + j)). 

k'^0 k^O 

Put with the grading 5^' = and define =^*. Then 

is an object of the same kind as Moreover we have 

^ > {P£rY*{-w + ej). 

Weil reduction to weight 0. — Any graded Lefschetz twistor structure of 

weight w and type e = ±1 gives rise to a graded twistor structure of weight 0 and 
a graded morphism J§f : ^ ^j -2 by putting = £^j{{w — ej)/2) and ££ = . 

We hence have 

- Cj = L' = L', L" = L". 

The category of graded Lefschetz twistor structures of weight 0 is equivalent to the 
category of graded C-vector spaces H = (BjHj of finite dimension, equipped with a 
graded nilpotent endomorphism L : P[ H oi degree —2, such that, for any j ^ 0, 
U : P[j P[-j is an isomorphism. More precisely, the twistor condition on 
gives vector spaces iJj C P" C Jifj' such that Q : H'_^ is 

nondegenerate. Put Plj = H” and use Cj to identify H'_j with iL*. Define L : PI j ^ 
Hj -2 as the restriction of L" to iJ". 

We call this situation the case of weight 0 and type 0 (this is not exactly obtained 
by putting w = 0 and e = 0 in the previous case). 

From this equivalence, it is clear that the category of graded Lefschetz twistor 
structures of weight w and type e is abelian and that any morphism is graded with 
respect to the Lefschetz decomposition (2.1.11). 

Polarization. — A Hermitian duality of is a graded isomorphism : S' ^ 
S'*{—w) which is Hermitian in the sense of Definition 1.6.7, in other words (—l)*"- 
selfadjoint, i.e., a family of isomorphisms 

= iSW,S'J) : ^ ^ 

satisfying S’* = S-j, in other words a family indexed by j G Z of isomorphisms 

q/ . ^ ;y^/ q/I . ^ ;y^/ 

^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ 

with S'' = (—1)“S'', such that, for x G SPYj and y G we have 

CYS'_,x,y) = {izf^C*_Yx,'^) = (zz)2“C'_,(S''y,T). 

We say that this Hermitian duality is compatible with ..Sf if .jSf is skewadjoint with 
respect to i.e., 


(2.1.12) 


.if* o if, + if ,_2 o if = 0. 
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This implies that o = (—o which can be written, using the 
symmetry of as 

{y-j o o (s = ±i). 

This also implies that ^ is completely determined by its restriction to the primitive 
parts and can be rebuild using the Lefschetz decomposition. 

Given a Hermitian duality of (that is, a Hermitian duality of ^ com¬ 

patible with Jf), the composed morphism (j ^ 0) 

(2.1.13) (P^)j O : psr^ P£^PSr^ — {psry*{-w -h ej) 

is thus a Hermitian duality of PS^j- We then say that .5^ is a polarization of {3^, ££) if, 
for any j ^ 0, this Hermitian duality {P,5^)j is a polarization of the twistor structure 
P33j (of weight {w — ej)) as defined in §2.1.c. 

Example 2.1.14. — Assume that w = 0 and that Jtfj = jy-' = Jtfj and Ctj = Cj 
for all j, so that Assume also that = (Id, Id) for all j. The fact that 

.if is skewadjoint with respect to ,5^ means that J§f* = —.2’, z.e., L' = —L". The 
polarization {P5^)j on P^j is the morphism P^j {Pt^j)*(ej) given by 

{L'yL"^) : {L'^P.J^j,PJtfj,Cj) —> {P.J^j,L"^PM’j,{iz)-^^^C-j). 

The positivity condition is that r(S,«) of the Hermitian form (2.1.6) 

{izY^CyVK^y : 'P^ 

takes values in C and is positive definite, when restricted to PHj C r(S,P.i^[s). 

In other words, P^j{—£j 12) with its polarization is isomorphic to the twistor 
structure [PM’j,PJi(’j,{iz)’^^Cj{L"^>,>)^ with polarization (Id,Id). 

The datum of a polarized graded Lefschetz twistor structure (15^, .5f, y) of weight w 
and type e is therefore equivalent to the datum of one of weight 0 and type 0 plus 
that of w,£, i.e., to the datum of {H,L,w,£,h), where {H, L,w,£) is as above and 
ft, is a homogeneous sesquilinear form of degree 0 on iJ G ift, i.e., corresponds to a 
family of pairings 

ft : > C 

c 

such that L is skew-adjoint with respect to ft and is a positive dehnite 

Hermitian form on PHj for any j ^ 0. 

Remark 2.1.15. — The datum of (ift, ft, L) as above is equivalent to the datum of a 
finite dimensional Hermitian C-vector space {H,h) with a SL 2 (K)-action: the torus 
C*-action gives the grading, and L comes from the corresponding sl 2 (M)-action. The 
positivity condition for on PHj is then equivalent to the positivity of the 

form ft(IT«, •) on H, where W corresponds to (_?i J). 
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Remark 2.1.16. — The Fact 2.1.9 also applies to graded Lefschetz twistor structures 
of weight w and type e. Indeed, reduce first to weight 0 and type 0. According to 
Remark 2.1.15, it is then a matter of proving that, given {H,h) with an action of 

def 

SL 2 (M) such that fc(«,v) = h{W>,>) is positive definite, any SL 2 (M)-stable subspace 
H' has a SL 2 (M)-stable /c-orthocomplement: this is clear. 

Remark 2.1.17. — If one forgets the notion of weight and the notion of positivity, one 
may define the category of graded Lefschetz Triples and the notion of Hermitian 
duality on objects of this category by changing above the words “twistor structure” 
with the words “object of Triples”. 

Remark 2.1.18 (Stability by extension). — Assume that we have an exact sequence 
0 ^ ^ SL" ^ 0 in the category of graded .^-Triples (morphisms are 

graded of degree 0); assume that each of these objects is equipped with a graded 
morphism of degree —2 and type e, in a compatible way with the exact sequence; 
lastly, assume that J§f) and are graded Lefschetz twistor structures 

of the same weight w. Then so is Indeed, applying the Weil reduction 

procedure above to all objects, one can assume from the beginning that e = 0 and 
w = 0. We have exact sequences Q ^ ^ ^ £7" 0 for any j. The loc¬ 

ally free ^pi-module corresponding to is an extension of two free ^pi-modules, 
hence is free. We are now reduce to consider exact sequences of graded vector spaces 
0 ^ iL' —> iL —> H" 0 with compatible endomorphisms L, such that, for any j ^ I, 

Lj : H'^ H'_j and Lj : H” H'f^ are isomorphisms. Then, Lj : Hj H^j is an 

isomorphism. 

2.1.f. Two results on polarized graded Lefschetz twistor structures. — Let 

{£7, .if, and {77', J§f', 77') be polarized graded Lefschetz twistor structures of type 
£ = ±1 and weight w and w — e respectively. Let c, v be graded morphisms of twistors 
of degree —1 

c : .7j+i —> .7/, u : — > ■^-i(e) 

such that = V o c and J§f' = cov. Assume that c, v are adjoint with respect to .5^ 

and 77" , z.e., for any j, the following diagram commutes: 

—> ^lj{-w) 
c V* 

and the adjoint diagram anticommutes. 

Proposition 2.1.19 {cf. [54, lemme 5.2.15]). — Under these assumptions, we have a de¬ 
composition 777' = Im c 0 Ker v as a graded Lefschetz twistor structure. 
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Proof. — Remark first that each term of the decomposition is stable under Apply 
the Weil reduction to weight 0. Now, are graded vector spaces with a nilpotent 

endomorphism of degree — 2 , and with sesquilinear forms h,h' of degree 0, 

such that are skewadjoint. There are morphisms c,v of degree —1 such that 

V oc = cov = and which are adjoint or skewadjoint to each other, as above. 
The proof of [54, lemme 5.2.15] applies to this case. □ 

Fix £i,e 2 = ±1. The notion of a (polarized) bigraded Lefschetz twistor structure 
of weight w and bi-type (£ 1 , 62 ) is defined in a natural way, similarly to 
the single graded case: and ££2 should commute and the primitive part in 

is by definition the intersection of Ker and Ker.jSfl^’'’^. The following lemma 

will be useful in § 6.4. 

Lemma 2.1.20. — Let {S',L£\^L£ 2 t!£) be a polarized bigraded Lefschetz twistor struc¬ 
ture of weight w and bi-type (£,£). Put on the grading S/'s, = and set 

S£ = S£\PS£ 2 - Then (S', S?i-\-.^ 2 , is a polarized graded Lefschetz twistor structure 
of weight w and type e. 

Proof. — Reduce to weight 0 and bi-type (0,0). We therefore have a Hermitian C- 
vector space {H, h) equipped with a SL 2 (M) x SL 2 (M) action and a positivity condition 
(c/. Remark 2.1.15). Consider the diagonal SL 2 (R)-action. Then W acts by IF 2 = 
(IF, IT). Now, the positivity of /i(lF*,«) follows from [28, §4.3]. □ 

A differential d on {S',SSi,J£ 2 ,S^) is a morphism of bidegree (-1,-1) 

^ '■ ^31,h F ^2) 

such that dod = 0 , which commutes with ^\,L £2 and is selfadjoint with respect to . 

Proposition 2.1.21 (M.Saito, P.Deligne, cf. [54, proposition 4.2.2], [28, theoreme 4.5]) 

In such a situation, the cohomology Kerd/lmd, with the induced Sfi,Sf 2 ,S^, is 
a polarized bigraded Lefschetz twistor structure (ST,T£\,S£ 2 ,S£^ of weight w and type 
£ 1 ,£ 2 . 

Proof. — Notice first that induces a Hermitian duality on Kerd/ Imd. Notice also 
that the Weil reduction to weight 0 commutes with taking cohomology. It is therefore 
enough to prove the proposition in the case of a bigraded Lefschetz twistor structure 
of weight 0 and bitype 0, 0 defined as above for the single graded case. This is done 
in loc. cit. □ 


2.2. Smooth twistor structures in arbitrary dimension 

2 . 2 . a. A smooth twistor structure S' = (Ff", , C) (or a variation of twistor struc¬ 

ture) weight w on is a smooth object of Triples(A) in the sense of § 1.6.b such 
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that its restriction to each Xo & X (in the sense of Definition 1.6.9) is a twistor 
structure of pure weight w. The rank of is the rank of the bundles 

A polarization is a Hermitian pairing of weight w (in the sense 

of Definition 1.6.7) which induces a polarization by restriction to any Xo & X (in the 
sense of Definition 1.6.11). 

Remark 2.2.1. — We have seen that the sesquilinear pairing C takes values in 
according to Lemma 1.5.3. So the restriction to Xo of each component of the smooth 
twistor structure is well defined. It is also nondegenerate and gives a gluing of 
with defining thus a -bundle on X x P^. 

Lemma 2.2.2 ([62]). — The datum of a smooth polarized twistor structure of weight 0 
on X is equivalent to the datum of a flat holomorphic bundle (V, V) on X with a har¬ 
monic metric h, or the datum of a holomorphic Higgs bundle (E, Of) with a harmonic 
metric h. 


Proof — Given {H, Df, D'f, h) as in §1.3. a, consider the associated operators Df, 
Df, Of, Of. Recall also that Jif = 0'^“ H is equipped with connections D'^ 

and D'^ as in (1.3.1) and (1.3.2). Let C be defined as the kernel of As 
we canonically have = toff, we may identify the locally free “^^-module H with 
its conjugate and view as a '^_^-linear morphism H H '^x ■ Consider on 
H the operators 


nl_ —^ n" 


n' 


def ■ 
^E = ' 




n/i yyi ni 
^~E ~ ^E- 


For local sections u, v of H, we therefore have 


d'h{u,v) = h{Dfu,v) -\- h{u, Dkfv) 
h{0fu,v) = h{u,0Xv) 
and the (0,1) analogues. Extend h as 

hs ■■ ^\s ^ 

^3C\S 

by ‘^^I’g'^-linearity. If we define as above D'-^ = and Df- = D'^, the previous 
relations may be written in a more convenient way: 

d'hs {u,v) = hs [D'^u, v) hs{u, Df^v) 
d"hs{u,v) = hs{D'f^u,v) hs{u, Diyv). 

Define Jtf" = Jlf' and S" = Id, S' = Id. Let C be the restriction of hs to 

The ^(^xx) s"linearity of C is clear from the analogous property of hs- Let us 
verify the g-linearity: for a local section v of we have D'f^v = 0, hence 

Df^v = 0; therefore, given Zo G S, for local sections u of and v of we have 

(using the standard d' operator on functions), 

d'C{u,v) = hs{D'jpU,v) -\-hs{u, D'-^v) = hs{D'^u,v) = C{D'^u,v). 

The ((''-linearity is obtained similarly, exchanging the roles of u and v. 
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Now we will show that ,C) is a smooth polarized twistor structure of 

weight 0 on NT. Denote by the bundle on X x obtained by gluing the dual 
(chart Do, coordinate z) with the conjugate (chart Doo, coordinate z') using 
the isomorphism hs : -^s- induces the isomorphism h : H 

(using the natural inclusions = 1 0 C and H = \ ® H CL the 

natural map H is an isomorphism and Tr^h (c/. (2.1.7)) is identified 

with h. The restriction of these objects to each Xo & X gives therefore a polarized 
twistor structure of weight 0. Now, as we have the restriction 

of to Xo & X is equal to that of and this shows that with 

= (Id, Id), is a smooth polarized twistor structure of weight 0 on X. 

Last, let us show that, by restriction to z = 1, one recovers (V, V). We know that 
D'^ = 0, so the Dolbeault complex ^ resolution of Jif'. As 

and the terms of this complex are -locally free, the restriction to z = 1 of this 
complex is a resolution of 3^' jiz — . But we clearly have J^/(z — \')M’ = H 

and = Dy, so Jf"/(z — = Kei Dy = V. Conclude by noticing that 

the restriction of to z = 1 is Dy. 

Conversely, let (Jf’', Jf’", C, be a polarized twistor structure of weight 0. We 
will assume that Jf"' = 3^' and 3X = (Id, Id) (it is not difficult to reduce to this case, 
c/. Remark 1.6.8). Put and denote by hs : 3^\s ^ 

the ‘^^jg^'-linear morphism induced by C. As it is nondegenerate, we may use 
it to glue 3^'^ (on X x Dq) with 3^ (on X x iloo), and obtain a -linear bundle 

JF. _ 

As {3^' ,3^' ,C) has weight 0, the restriction of 3^ to any Xq G X is the trivial 
bundle on P^, thus the natural morphism 7r*7r*,^ ^ 3if is an isomorphism and 
H ^^^,3^ is a locally free sheaf such that 3f = <8)^“ H. We define 

the metric h on H as 7r*h, where h is constructed as in §2.1.c. As there is a natural 
inclusion H C 7r*^s and a conjugate inclusion H C 7r*.^s (induced by the natural 
restriction morphism tt* ^ 7r|s*)) the metric h may also be defined as the restriction 
of r(S, hs) to H H (c/. Remark 2.1.8). 

The bundle 3if comes equipped with a (1,0)-connection relative to tt : XxP^ ^ P^, 
with poles of order at most one along X x {0}: 

D’^ = D':3F^il]^^P^^p,{Xx{0}) 0 3^. 

Indeed, in the chart Dq, the -structure on 3if' defines such a (1,0)-connection on 
3^3 (c/. §0.3), hence in a natural way on 3if'^. Put the trivial (T*.^.af-structure on 
3^3' = a*c3i3' (a bundle which is purely antiholomorphic with respect to X because 
of c). Therefore, 3i3\xxQ^ ^xxQ n ^ natural connection of type 

(1,0) induced by d' on 
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Let US verify that both z-connections on and correspond each other under 

the gluing h^. For m, ^ local sections of and local sections of we 

have 


d'hs{(pm,ipn) = d'{ipipC{m, n)) = hs{D'{ipm),tpn) + hsi'fm, D', 


as C is X) s"linear and D'{'ijjJl) = d'lp 0 JI. 

A similar definition and construction can be done for the conjugate notion, namely 
a relative connection of type (0,1), with poles along X x {oo}. We denote it by D”. 

Composing D' with the residue along X x {0}, we get an endomorphism of H, that 
we denote by According to the relative triviality of we may write D' as 

D' = D^-z-%, 

where DX is a (1, 0)-connection on H = Similarly, write D" = D'X + z~^9X = 

DX — zOX Define also on Jif 

h/ h/ 

D'-^ = a*c(b") =D'e + z-^9'e = D'^ - z9'e, 

D’-U = a*c{b') = D" - FT 0 - = 

Jr 

The J^[x X) s“liaearity of C implies that hs is compatible with D'j^, D'— on the one 
hand, and with D''~ D'X^ on the other hand, i.e., satisfies, for local sections u.v of 

iFcr(s,j^s), 


d'hs{u,v) = hs{{D'^ + z ^9b)u,v) + hs{u, {DX-z ^9X)v), 
d"hsiu,v) = hs{{D'^ + z9'b)u,v) + hs{u, {DX- z9X)vy 


From this and from flatness properties of the connections which is a con¬ 

sequence of the existence of a or a ^-^-structure, we get all relations needed for 
the harmonicity of h. □ 


Remark 2.2.3. — Keep notation as in the proof above. Let e be a basis of which 
is orthonormal for h^. Then e is contained in H (and therefore is an orthonormal 
basis for h). Indeed, it defines bases and e of and respectively. The 
orthonormality property exactly means that these two bases coincide near S, hence 
define a basis of Consequently, e is contained in H and therefore e is contained 
in H. 


2.2.b. Hodge theory for smooth twistor structures. — Let AT be a com¬ 
pact Kahler manifold with Kahler form w, and let be a smooth polarized 

twistor structure on X of weight w, with J = and y = {S',S") = 

((—1)“ Id, Id). Denote by / : X ^ pt the constant map. 

Hodge-Simpson Theorem 2.2.4. — The direct image ((Bj /| J, -S^L) is a graded polar¬ 
ized Lefschetz twistor structure of weight w and type e = 1. 
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We will be more explicit on the polarization later on. We will restrict to the case 
w = 0. The general case follows easily by changing C to {iz)^C and S' to (— 

Proof. — Let us first recall the results of [61, §2] concerning this point. Let 
{H,Dv,h) be a harmonic bundle on X as in §1.3.a, with associated operators D'^, 
D'f, 9'^ and 9'f;. Put CDoo = D'^ + 6'f. and T>o = D'f. + 9'^, so that Dy = Doo + 
(notice that Doc'Do are not of type (1,0) or (0,1)). The main observation is that 
the Kahler identities 

^Dv = = 2Adp, 

are satisfied for the Laplacian, and that the Lefschetz operator L = ut A commutes 

def 

with these Laplacians. For any Zo G C, let be the Laplacian of Dz^ = Dq+Zq'Poo- 
Then, the Kahler identities proved in loc. cit. for Vo and Boo (which are denoted there 
respectively by D" and D'y^) imply that 

(2.2.5) A,„ =(1 + |2o|")Ad„. 

It follows that the spaces Harm^ {H) of A^^ -harmonic sections are independent 
of Zo and that the harmonic sections are closed with respect to any Moreover, 
Harm’^(iL) is equal to the cohomology of the complex r(A, H, ®zo)). 

The Lefschetz operator induces a 012 -structure on the space of harmonic sections. 
Consider the complex 

[z] 0 ® B;Bo-l-zBooV 

The restriction of this complex to each Zo G flo gives the previous complex. We may 
“rescale” this complex by the isomorphism 

C[z](g)<l’P’« O H ^ ® iL C C[z,z-M(g)<rj’‘? O H 

(2.2.6) c c c 

® m I—!■ z~^r]'P’‘^ 0 m 

so that the differential Bq -I- zBoo is changed into Djp = D'^ + where D'^ = 
D'e + z-^9',, and D'fj^ = D'f. + z9'f are the restriction of D'— and D'X- respectively 
to the chart flo- We have 

O l(c[z]®<P’x ® + = 

ex[z] ^ c j ^ 

It follows that, for Zo 7 ^ 0, the restricted complex ,an is 

nothing but the de Rham complex of the flat holomorphic bundle (I4„, D'e 
with Vz„ = Kei{D'f + Zo9'ff) {cf. § 1.3.a), the cohomology of which is the local system 
Vz^ = KerVz„; and for Zo = 0, the restricted complex is the Dolbeault complex 

i^x ^e)- 
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We now come back to the proof of the theorem. Recall that, as D'^ defines a 
complex structure on ^^ we have 

Therefore, after (1.6.16), we may compute as follows: 

D^) , D^), C^) 

and = /| /is is the natural sesquilinear pairing 

f^hs : H-^ {X- (<r^+- 0 ffs 

induced by 

(g) to] 0 [?7"+/ (g fi] I—I / hs{m,Jl) r]^~^ A 77"+/. 

Strictness of — The cohomology is a coherent -module. Denote 

by its generic rank. Notice that, for any Zo G Dq, the dimension of the space 
,an is equal to that of the space of A^^-harmonic 

{n + j)-forms, hence is independent of Zo- It is therefore equal to for any Zo- 
Consider now the exact sequence 


-1 ~ ^ —> iJ^ (A, (g 

—> • • • 

If /ci = 0 for some i, then is locally free at Zq and fci_i = 0, so is 

locally free at Zo for any j < i. As = 0 for j 0, this shows that f‘^.^' 

is locally free for any j. 

Twistor condition. — We want to prove that, for any j, the sesquilinear pairing /j'C 
is nondegenerate and defines a gluing of weight j. According to the strictness property 
above, it is enough to show the nondegeneracy after restricting to fibres z = Zo for 
Zo G S. Remark also that = Djj The Hermitian metric h induces 

therefore a nondegenerate pairing of fiat bundles compatible with the differential: 

h : (iJ, Dh,.^) g (H, Dh _J 

Poincare duality applied to the de Rham complex of these flat bundles gives the 
nondegeneracy of {f^C)z=zo- 

Remark. — The nondegeneracy can also be obtained as a consequence of the posit¬ 
ivity proved below, without referring to Poincare duality. 


Consider now the inclusion 


-1 igp-j 


X 


H 


en-j 

^SC 
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sending ryP’" ^ P^mtoz i P(g)m. We then have (.(Haring ■’(i/)) C KerZ?^. 

Moreover, we have seen that, for any Zo, the projection of i( HarmJ“'^(iJ)) 

- in the de Rham space ® H, Dy^^)) if zq ^ 0, and 

“ in the Dolbeault space ® H, D'^ + 6'^)) if Zo = 0, 

is an isomorphism of C-vector spaces. It follows that i( Harm^”-’(i/)) is a lattice in 
H~^{X, (S> Djjf)), i.e., that we have 

H-^{X, (<r|+* 0 Dj^)) = 0 t(Harm”-^ (i/)). 


To get the twistor condition, it is now enough to show that C induces a pairing 
i(Harm^“'’ (i/)) 0 (.(Harm^"^^ (iJ)) —> z^C. 


This follows from the fact that, for sections 0 m of 0 H and rf^ ^ (8) /i of 


gn-q,n-p ^ 


) H with p + q = n — j, 


h{m, p)L{rfl'^) f\ l.{P 2 ^) = (~ 1 )" z^h{m, f\ 


The Lefschetz morphism. — The condition on the Lefschetz morphism, dehned on 
§ 1.6.e, comes from the same property for u; A on harmonic sections Harm^~'^(iJ), as 

i(uj) = Z~^UJ. 

Polarization. — We will follow the notation introduced in §2.I.e. Put .!Xj = 

This is a twistor structure of weight —j. We have ,Cj) with Cj = 

C~^, whereat stands for . Moreover we have (7*^ = Cj 

{cf. Lemma 1.6.17(2)). Hence we may put = (Id,Id) : ^ .S^^j. It clearly 

satisfies y* = y-j. Moreover, is skewadjoint with respect to as in (2.1.12), 
because by construction we have y* = —Let us verify the positivity condition 
on the primitive part. We are in the situation of Example 2.1.14, with L" = z~^ijjA = 
i(w)A and e = \. 

Consider first a primitive section pP'‘> (8 mp^q of ® H with p + q = n — j. Then, 
by dehnition, pP'‘^ is a primitive (p, ( 7 )-form. We have (.(ry^’® (g) mp^q) = z“^ry^’* 0 mp^q. 
Taking notation of Example 2.1.14, we want to show that 

(izyc~^ (yy a pP’'^ c) mp^q), i,{pp-‘i ^ > o- 


This amounts to showing that 

(-l)Pp ^^^. f h(mp,q,TO^)ryP’« Aryj^A > 0. 

[ZlTT)'^ Jx 

This classically follows from the primitivity of ry^’"^, because, denoting by * the Hodge 
operator, we have e{n — j)iP~‘^pP’^ A y = j! * ryP’"? (see e.g., [22, §8.C]) and h is 
positive definite. 

By decomposing any primitive section of S’x'^ 0 H with respect to an orthonormal 
basis of H, we get the positivity statement for it. 
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Given any primitive harmonic section in Harrn^”^ (H), we apply the previous result 
to any of its {p, q) component, with p + q = n — j, to get the positivity. □ 
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SPECIALIZABLE e^^-MODULES 


One of the main tools in the theory of polarized Hodge Modules [54] is the notion 
of nearby cycles (or specialization) extended to 1^-modules. It involves the notions 
of Bernstein polynomial and Malgrange-Kashiwara filtration, denoted by V. The 
purpose of this chapter is to introduce a category of -^ar-modules (or Triples) for 
which a good notion of specialization may be defined. 

In §3.1, we recall with details the basic properties of the H-filtrations for 
modules. We follow [51, 46]. 

In §3.2, we briefly review the construction of the Malgrange-Kashiwara filtration 
for coherent ^x-niodules (see e.g., [46]). We keep notation of §3.1.a. Recall that this 
filtration was introduced by M. Kashiwara [33] in order to generalize previous results 
by B.Malgrange [40] to arbitrary regular holonomic .^-modules. The presentation 
we give here comes from various published sources (e.g., [51, 46, 54]) and from an 
unpublished letter of B.Malgrange to P.Deligne dated January 1984. 


3.1. B-filtrations 

3.1. a. Let X' be a complex manifold and let X be an open set in C x X'. We 

denote by t the coordinate on C, that we also view as a function on X, and by St the 
corresponding vector field. We set Xq = t“^(0) C X (which is open in X') and we 
denote by J^Xo (resp. ideal in (resp. in 

Denote by the increasing filtration indexed by Z associated with Xq: for 

any (x, z) € 

= {P G I p ■ C VJ G Z} 

where we put if £ ^ 0. In any local coordinate system (x 2 ,... ,Xn) = x' 

of X', the germ P G is in 14^.2: iff 

- P = aj{t,x',z)itdty^Qi,, if fc = 0: 

- P = with Q G Vo^sr, if k e -N (i.e., 

- P = Qj^i with Qj G Bo^.ar, if A: G N (i.e., Vk^x = T,'j=o = 

E-=o^o^^-SD- 
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Set = Vk^sc n ffsc. This is nothing but the filtration on ^ar- The 

following can be proved exactly as for f^jf-modules (see e.g., [46]): 

- Vk^ar ■ Ve^ar C Vk+£.^ar with equality for fc, f < 0 or fc, ^ ^ 0. 

- Vk^ar^aro = •^ar^arg for any k e Z. 

- (nkVk^ar)iarg = { 0 }- 

Definition 3.1.1. — Let ^ be a left ^^-module. A V-filtration of ^ is an increasing 
filtration indexed by Z, which is exhaustive, and such that, for any G Z, we 

have Vkt^a: • Ui./^ C Uk+i.-^- 

Remarks 3.1.2 

(1) We will identify the sheaf of rings gr^t^a: Vot^ar/V-it^a:, which is suppor¬ 
ted on with the ring t%aro[tdt], still denoting by tSt the class of tdt in gr\S^,sc- In 
particular, S^.sCg is a subring of gv^^sc- The class of fSt commutes with any section 
of ^arg- 

(2) Given a holomorphic function / : A' ^ C on a complex manifold X' and a 
.^^/-module we will usually denote hy if ■. X' ^ X = <C, x X' the inclusion of 
the graph of /, by t the coordinate on C, and we will consider fo-filtrations on the 
.^ar-niodule zy 


3.1.b. Coherence 

Coherence of the Rees sheaf of rings. — Introduce the Rees sheaf of rings Ryt^a: = 
• 9^; where g is a new variable, and similarly Ry^ar = 0fcI4^ar • g^, which 
is naturally a ^^-module. Let us recall some basic coherence properties of these 
sheaves on . 

Let aC he a. compact polycylinder in 3^. Then Ry0a:{aC) = Rv{^a:{aC)) is 
Noetherian, being the Rees ring of the J^^j,-adic filtration on the Noetherian ring 
^a:{k>C) (Theorem of Frisch). Similarly, as ffsc,{x,z) is flat on ffa:{k>C) for any {x, z) G 
Xf, the ring {Ryffx){x,z) = Rv^x{Xf) is flat on Ryffx{Xf). 

Let us show that RyGa: is coherent on . Let % be any open set in SC and let 
V?: {Ry0a:)\o^ {RvGa:)\^ be any morphism. Let XC be a polycylinder contained 

in Then, Ker(p(,X^) is finitely generated over Ryffa:{'XC) by noetherianity and, 
if X is the interior of XC, we have Ker(/3|^ = Keri^(cl^) by 

flatness. So Ker(/3|^ is finitely generated, proving the coherence of Ryffa:- 

Before considering RyXx^ consider the sheaf ^^[r, ^ 2 , ■ • •, ?«] equipped with 
the R-filtration for which r has degree 1, have degree 0, and inducing 

the R-filtration on i^ar- Firstly, forgetting r, we have Ry ar [£, 2 , ■ ■ ■, ^n]) = 
{Rv^ar)[£ 2 , ■ ■ • ,Cn]- Secondly, Rfc(i^jr [r, 6, ■ ■ •,■?«]) = J2j^o Vk-fiffa:[£ 2 , ■ ■ ■,£n])T^ 
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for any k € 1 j, hence we have a surjective morphism 

Rv^a:[^2, • ■ • ,Cn] <8)c C[r'] —> Rv{^sr[T,^2, ■ • •,■?«]) 

If ^ C is any polycylinder, then (Rv^sr(<^))[T',^ 2 , ■ ■ ■ y^nj is Noetherian. 
Therefore, Rv(^sr[T,^ 2 , ■ ■ ■ 5 'fn])(^) is Noetherian. 

As Rv^^sc can be filtered (by the degree of the operators) in such a way that, 
locally on , grRy^sr is isomorphic to Rvi^ar[T,^ 2 , ■ ■ ■ ,^n]), this implies that, 
if is any sufficiently small polycylinder, then Ry^sri^) is Noetherian. Using 
the previous results and standard arguments, one concludes that Ry^^x is coherent. 

Good V-filtrations. — Let {^, U,^) be a U-filtered .^^-module. The filtration is 
good if, for any compact set C ^, there exists fco ^ 0 such that, in a neighbour¬ 
hood of JG , we have for all k ^ ko 

U-k^ = and Uk^ = ^ "d^Uko^, 

O^j^k—kQ 

and any is Vo.^. 2 r-coherent. 

The filtration U,^ is good if and only if the Rees module (BkUk^ • is coherent 
over Ry^x- Equivalently, there should exist, locally on a presentation ^ 
^ ^ 0, inducing for each k gZ a presentation Uk^x Uk^x ^Uk^ ^0, 

where the filtration on the free modules are obtained by suitably shifting 

V.^X on each summand. In particular, we get 

Lemma 3.1.3. — Locally on 3L, there exists ko such that, for any k ^ fco, 
t : U-k.y^ U-k-i.M is bijective. 

Proof. — Indeed, using a presentation of as above, it is enough to show the lemma 
for with a filtration as above, and we are reduced to consider each summand 
t^X with a shifted standard U-filtration U.t^x- There, we may choose ko such that 
Uko^sr = n 

In a similar way we get: 

Lemma 3.1.4. — Let 'W he a coherent Vot^x-'module and let S' be its t-torsion sub- 
sheaf i.e., the subsheaf of local sections locally killed by some power oft. Then, locally 
on hXL, there exists i such that ST n t^'% = 0. 

Proof. — Consider the t-adic filtration on VoS^x, i.e., the filtration VjSix with f ^ 0. 
Then the filtration t~^'% is good with respect to it, and locally we have a surjective 
morphism (Vb-^.ar)” ^ ^ which is strict with respect to the U-filtration. Its ker¬ 
nel STS is coherent and comes equipped with the induced U-filtration, which is good. 
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In particular, locally on there exists jo < 0 such that = t for 

any j ^ 0. For any j ^ 0 we therefore have locally an exact sequence 

As t : Vk^% 3 t^ Vk-i^x is bijective for fc ^ 0, we conclude that t : 

is so, hence ^ n = 0. □ 

Proposition 3.1.5. — If ^ is a coherent submodule of ./M and U,.yM is a good 

def 

filtration of , then the Vfiltration U,^ = .yV n [/.^ is also good. 

Proof. — It is now standard (it follows from coherence properties of the Rees module 
®kUk.^ ■ q'^, see e.g., [44]). □ 

Remarks 3.1.6 

(1) It is straightforward to develop the theory in the case of right .^ar-modules. 

def 

If U.(y^) is a R-filtration of the left module , then U,{u)sc = a:ay 

U,{y^) is the corresponding filtration of the corresponding right module. This cor¬ 
respondence is compatible with taking the graded object with respect to U,. The 
operator —(jtt (acting on the left) corresponds to fSt (acting on the right). 

(2) Given an increasing filtration U, (lower indices), we define the associated de¬ 
creasing filtration (upper indices) by = U-k-i. If 5(—(Sjt -|- kz)) ■ = 0 for 

all /c G Z, we have h'{t<3t — Iz) ■ gr^jy/K = 0 for all ^ G Z, if we put b'{s) = b{—s). 

3.I.C. R-filtration and direct images. — The purpose of this section is to es¬ 
tablish the compatibility between taking a direct image and taking a graded part of 
a R-filtered .^.^-module. We will give an analogue of Proposition 3.3.17 of [54]. 

Definition 3.1.7. — Let be a left .^^-module equipped with an exhaustive in¬ 
creasing filtration [/../# indexed by Z such that Vkl%ay ■ Ui./^ C Uk+t.y^ for any 
k,£ G Z. We say that is monodromic if, locally on , there exists a 

monic polynomial 6(s) G C[z][s] such that 

(1) b{—(Qtt + kz)) ■ gi^y^ = 0 for all /c G Z, 

(2) gcd(6(s — kz), b{s — £z)) G I2.[z\ \ {0} for all k ^ £. 

For right modules, we use the convention of Remark 3.1.6(1). 

Theorem 3.1.8. — Let f : X ^ Y be holomorphic map between complex analytic 
manifolds and let t G C be a new variable. Put F = fxld:XxC^Y xC. Let 
be a right Fia:xC-fnodule equipped with a V-filtration (relative to the function 

t : X X C ^ C). Then U.yM defines canonically and functorially a V-filtration 

Assume that F is proper on the support of .M. 

(1) If yM is good and U,.JT is a good V-filtration, then U.JF'^(F^y^) is a good 
V-filtration. 
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(2) If moreover ,U.^) is monodromic and is strict, then one has a 

canonical and functorial isomorphism of -modules (k G Z) 

gr£^(^*Ft^) is monodromic and strict. 

Remark 3.1.9. — In the last assertion, we view gr^^ as a right ^ar-module, and /-f 
is defined as in § 1.4.a. By functoriality, the action of teit descends to Jf'*(/-fgr^.^). 

Proof. — We will use the isomorphism for (see Remark 1.4.3(2)), i.e., we 

take the direct image viewing as a S^scy.'CI'C equipped with a compatible action 

_ H 

of St. Put ,jV' = f\y^. This complex is naturally filtered by C/.^' = f^V.y^. 
Therefore, we define the filtration on its cohomology by 

U.M’\F^.yg) = U.M’\f^.y^) image> ^*(/t.^)]. 

Notice that, for any j, f^Uj.y£ is the direct image of C/j.^ viewed as a S^sCy.CIC- 
module, on which we put the natural action of tSf. 

The relation with the Rees construction is given by the following lemma: 

Lemma 3.1.10. — Let {.jV' ,U,JP’) he a V-filtered complex of tli^xC-'m-odules. Put 
UjjrfpP’) image . Then we have 

.jP’\RuPP')/q-toision = RuM’f.yV’). 

In particular, if RyPP’ has tM'grxC-coherent cohomology, then is a good 

V-filtration. 

Proof. — One has a surjective morphism of graded modules ,3^'^{Ru,yV') 
RudlP'^{.yP’), by definition, and this morphism induces an isomorphism after tensor- 
ing with C[g, < 7 “^]. □ 

Lemma 3.1.11. — If is good, then any coherent -submodule is good. 

Proof — As a coherent Vo.^. 2 r-submodule of induces on any subquotient of a 
coherent Vb-^. 2 r-submodule, we may reduce to the case where has a good filtration. 
It is then enough to prove that any coherent Vo'^.ar-submodule ^ of is contained 
in such a submodule having a good filtration. If ^ is a ^^-coherent submodule 
of which generates then jP is contained in ^ for some fc, hence the 

result. □ 

This lemma allows one to apply Grauert’s coherence theorem to each Uj, in or¬ 
der to get that each ffiJjJP has Vo.^.^-coherent cohomology under the properness 
assumption. We conclude that for each i,f, UjM’'' f^JP is Vb-^.ar-coherent. 

In order to end the proof of (I), we need to prove that each f^xPP is a good 
R-filtration. We will compute directly the Rees module associated with this filtration, 
in order to get its coherence. Let us first consider the analogue of Lemma 3.1.11. 
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Keep notation of §3.1.b. The graded ring Ry^sc is filtered by the degree in the 
derivatives q^xj and the degree-zero term of the filtration is with sc = 

0SC for /c ^ 0 and = 0 sc for k ^ 0. 

Let U.^) be a K-filtered right ^^-modnle and let Ru^ be the associated 
Rees module. We therefore have the notion of a good filtration on Ru^ (by coherent 
graded i?y ^^-submodules). If Ru^ has a good filtration (or equivalently if Ru^ 
is generated by a coherent graded i?y^^-module), it is Ry^ sc-coherent and has a 
left resolution by coherent “induced” graded i?y.^ar-niodules, of the form 
Rv^SC, where G is graded Ry 0sc-coherent. We may even assume (by killing the 
g-torsion) that each term G^Ryff^ Ry0isc has no q-torsion, or in other words that it 
takes the form Ru{L ^3c\ where L is ^^-coherent, having support contained 
in Supp./#, and equipped with a good K-filtration (z.e., a good J^afo'^dic filtration) 
and U,(L S^sc) is defined in the usual way. 

We say that Ru^ is good if, in the neighbourhood of any compact set C 

, Ru^ is a finite successive extension of graded Ry^sc-cnodnles having a good 
filtration. 


Lemma 3.1.12. — Assume that .M is a good tMsc-module and let U,.M be a good 
V-filtration of ./M. Then Ru.M is a good graded Ry3isc-module. 

Proof. — Fix a compact set C 30. First, it is enough to prove the lemma when 
has a good filtration in some neighbourhood of dXf, because a good K-filtration 
U..y£ induces naturally on any subquotient of a good K-filtration, so that 
Ru.y03' is a subquotient of Ru.y03. 

Therefore, assume that is generated by a coherent ^ar-module i.e., = 

h^SC • ^■ Consider the K-filtration generated by i.e., = V.i^sc • ^■ 

Then, clearly, Ry0sc ■ = ©feV'fe^.ar • =^9^ is a coherent graded Ry 0sc-cnodnle 

which generates Ru'.y^■ 

If the filtration U"./^ is obtained from by a shift by —i G Z, i.e., if Ru"y^ = 

q^Ru'^ C q“^], then Rjjny^ is generated by the Ry0sc-coherent submodule 
q^Ry0sc • ■ 

On the other hand, let G'fM be a good K-filtration such that Ru".y^ has a good 
filtration. Then any good K-filtration U,./^ such that Uk.^ C for any k 

satisfies the same property, because Rjjy^ is thus a coherent graded submodule of 
Ru"y^, so a good filtration on the latter induces a good filtration on the former. 

As any good K-filtration U,y£' is contained, in some neighbourhood of in the 
good K-filtration C/'.^ suitably shifted, we get the lemma. □ 


To end the proof of Part (1), it is therefore enough to prove it for induced modules 
= L S2^sc^ with L coherent over 0sc and Fg^ppL proper. We will indicate it 
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when f : X = Y x Z ^ Y is the projection. We then have 


= Uj{L ®f ^.^^xc) 


/- 


/- 


f.2rxc/^xc 


■^arxc/s^xc, 


because the Wfiltration on gx^'CI’WxC is nothing but the t-adic filtration. Now, we 
have 


f\Uj{L ^scxc) = Rf*Uj{L / ^^‘S^xc) 

= Uj{Rf^,L .^^xc), 

if we filter the complex Rft,L by subcomplexes i?/*[/j(L) and we filter the tensor 
product as usual. By Grauert’s theorem applied to coherent i?v^^xC-sheaves, 
Rf*RuL is i?vi^^xC-coherent, hence i® .Rv-^^xC-coherent. After 

Lemma 3.1.10, we get 3.1.8(1). □ 

In order to get Part (2) of the theorem, we will first prove: 


Proposition 3.1.13. — Let {.xV’,U,jZ’) he a V-filtered eomplex of t^^xC-ixiodules. 
Assume that 

(1) the complex gr^^* is strict and monodromic, 

(2) there exists jo such that for all j ^ jo and all i, the left multiplication by t 
induces an isomorphism t : Uj.xV^ —> 

(3) There exists ig G Z such that, for all i ^ io and any j, one has Jif^fUjYZ') = 0. 

Then for any i,j the morphism j.xV') is injective. Moreover, the 

filtration defined by 

UjM’fiYZ’) = image [M’fiUjxV’) —> jYfiyZ’)] 
satisfies = jYfigr^yZ'). 


Proof — It will have three steps. 

First step. — This step proves a formal analogue of the conclusion of the proposition. 
Put 

UjM^’ = /U(,jV' and = lim . 

i j 

Under the assumption of Proposition 3.1.13, we will prove the following: 

(a) For all k ^ j, UkM"’ UjM^’ is injective (hence, for all j, UjxV’ is 

injective) and UjjV'jU = \JjjY'jU. 

(b) For any k < j, JY’^{UjxV’fUkxV’) is strict. 

(c) Jiffitfpr') =\im^ jrfiUjyP'/UeYP'). 

(d) Jtf'^{UjyP') is injective. 

(e) jrfijT) = \im. jY’fitLpV'). 
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Define = image . Then the statements (a) 

and (d) imply that 

For i < k < j consider the exact sequence of complexes 

0 —> Uk^'/Ue^' —> Uj^'/Ui^V' —> UyyV'jUk^' —^ 0. 

As the projective system (UjjV 'trivially satisfies the Mittag-Leffler condi¬ 
tion (ML), the sequence remains exact after passing to the projective limit, so we get 
an exact sequence of complexes 

0 —> uZ^' —> > Uj^’IUk^' —> 0 , 

hence (a). 

Let us show by induction on n ^ 1 that, for all i and j, 

(b)„ /Uj-n^') is strict (hence (b)); 

Indeed, (b)i follows from Assumption 3.1.13(1). Remark also that, by induc¬ 
tion on n ^ 1, 3.1.13(1) implies that, for any n,£,i, J^''{UelUi-n) is killed by 
Ui=e-n+iH^tt + kz). 

For n ^ 2, consider the exact sequence 

-. jr*(c/,_i/[/,_„) ^ 

^ Jf''+l(C/,_l/[/,_„)^••• 

Any local section of Im^/; is then killed by 6(9tt + jz) and ni=j-n+i + kz), 
hence by a nonzero holomorphic function of z. By strictness (b)„_i applied to 
Jif^'^^{Uj-i/Uj-n), this implies that V' = 0, so the previous sequence of is exact 
and jUj-n) is also strict, hence (b)„. 

By the same argument, we get an exact sequence, for all ^ < A: < j, 

(3.1.14) 

0 —> /UijV') —> lUijV’) —> /Uk^’) —> 0. 

Consequently, the projective system /Ui^’))i satisfies (ML), so we get 

(c) (see e.^., [37, Prop. 1.12.4]). Moreover, taking the limit on i in the previous exact 
sequence gives, according to (ML), an exact sequence 

0 —> /UkJ^') —^ 0, 


hence (d). Now, (e) is clear. 
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Second step. — For any i,j, denote by StJ C the t-torsion subsheaf of 

We will now prove that it is enough to show that there exists jo such 
that, for each i and each j ^ jo, 

(3.1.15) 

Assume that (3.1.15) is proved (step 3). Let j < jo and let £ ^ j. Then, by 
definition of a Wfiltration, acts by 0 on UtJV'/UjjV', so that the image of 
/UjjV') in c^*(C/jc/F*) is contained in £7^ , and thus is zero. We there¬ 
fore have an exact sequence for any i: 

0 —> /Ujjr’) —> o. 

Using (3.1.14), we get for any £ the exact sequence 

0 —> > ^^^(grf^•) —> 0. 

This implies that Jf'*(^') is injective. Put = 

image [jf'*([/^^’) ^ . We thus have, for any i,£ G Z, 

grfjr*(^-)= jTXgrf^'). 

Third step: proof of (3.1.15). — Remark first that, according to 3.1.13(2), the mul¬ 
tiplication by t induces an isomorphism t : Uj^’ Uj-i^T’ for j < jo, and that (d) 
in Step one implies that, for all i and all j ^ jo, the multiplication by t on 
is injective. 

The proof of (3.1.15) is done by decreasing induction on i. It clearly hods for i ^ io 
(given by 3.1.13(3)). Assume that, for any j ^ jo, we have = 0. We have (after 
3.1.13(2)) an exact sequence of complexes, for any £^ 0, 

0 —> — Uj^yT’ —> Uj^yT’/Uj-e.A^' —> 0 . 

As = 0, we have, for any £ > 0 an exact sequence 

/Uj-eyV’) —> 0 , 

hence, according to Step one, 

According to Lemma 3.1.4, for £ big enough (locally on ST^, the map STf 

jjV')ft ^is injective. It follows that £7- ££t£'^{UjjV’) is injective 

too. But we know that t is injective on j£f'^{Uj.yV') for j ^ jo, hence £7f = 0, thus 
concluding Step 3. □ 

We apply the proposition to jV' = /f.^ equipped with U.^' = to 

get 3.1.8(2). That Assumption (1) in the proposition is satisfied follows from the 
assumptions in 3.1.8(2). Assumption (2) is a consequence of the fact that is a 
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good ^-filtration and Lemma 3.1.3. Last, Assumption (3) is satisfied because / has 
finite cohomological dimension. □ 

3.1.d. Regularity. — We keep notation of § 3.1.a. We can identify the sheaf 
of differential operators relative to the function t (constructed from the sheaf ^x/c 
by the Rees procedure) as the subsheaf of Vb-^ar of operators commuting with t. 

We say that the R-filtered .^ar-module is regular along if, for all 

fc G Z, Uk^ is .^^/c"Coherent near If such a condition is satished for some good 
filtration U,^, it is satisfied for any. In an exact sequence, the extreme terms are 
regular along if and only if the middle term is so. 

By an argument analogous to that of Lemma 3.1.11, and applying Grauert’s the¬ 
orem, one proves that, in the situation of Theorem 3.1.8, if ^ is good and regular 
along X {0}, then is regular along '3^ x {0}. 


3.2. Review on specializable f^jv-modules 

We keep notation of § 3.1.a. A coherent left ^x-module M is said to be specializable 
along ATo if any local section m of M has a Bernstein polynomial bm{s) G C[s] \ {0} 
such that bm{—dtt)m G • m (the filtration V.{^x) is defined as in § 3.1.a; we 

usually assume that bm is minimal for this property). 

An equivalent definition is that there exists, locally on AT, a good R-filtration U,M 
and a polynomial bu{s) G C[s] \ {0} such that, for any fc G Z, we have 

(*) bu{-{dtt + k)) ■ gy'iM = 0. 

Indeed, in one direction, take the R-filtration generated by a finite number of local 
generators of M; in the other direction, use that two good filtrations are locally 
comparable. 

If we decompose 6 ( 7 (s) as a product 61 ( 3 ) 62 ( 3 ) then, putting 
(**) U'f, = Uk-i + bi(—{dtt + k))Uk, 

we get a new good R-filtration C/' with polynomial bu' = 6 i(s — 1)62(3). Therefore, 
an equivalent definition of specializability is that there exists, locally on A", a good 
R-filtration U.M and a polynomial 6(7(3) G C[s] \ {0} satisfying 

(3.2.1) the roots of bjj do not differ by a nonzero integer, 

such that (*) is satisfied. 

For such a good hltration U.M and any a G C, put 

= U Kei[{dtt + a)” : gr^M —> gr^M]. 

’ n 

We then have = 0 unless a G 6y^(0) -I- Z, and gr^M = 

For any A: G Z, there are “linear morphisms 

t:gr^M—>gr^_iM and - dt : M —> gr^+^M. 
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These morphisms are compatible with the decomposition with respect to the gener¬ 
alized eigenvalues of —dtt and induce morphisms 

t ■ and - dt : 

for any a € <C. The hrst one is an isomorphism if a ^ 0 and the second one if a ^ — 1, 
as dtt [resp. tdt) is invertible on if a ^ 0 [resp. a ^ —1). We denote by 

can : _-yM '4’^oM the morphism induced by —dt and by var : _^M 

the morphism induced by t. 

If U.M is any good Wfiltration of M defined on some open set of X, with Bernstein 
polynomial bjj, then any other good Wfiltration U'^M, dehned on this open set or on 
any subset of it, has a Bernstein polynomial bjj', and this polynomial satisfies bpj} (0) C 
bpj^{0) + Z. If we assume that U.M satisfies (3.2.1), then any other good Wfiltration 
U'.M defined on the same (or on a smaller) domain, and satisfying bp}}{0) C &)^^(0), 
is equal to U.M. 

Consequently, if M is specializable, given any section a of the projection C ^ C/Z, 
there exists a unique good C-filtration U^M, globally dehned on X, such that any 
local Bernstein polynomial bij<T satishes bpjl{0) C image ct. Any morphism between 
specializable ^x-modules is strictly compatible with the hltration U"^. 

Let £ : C ^ R be a R.-linear form such that £(Z) C Z. It dehnes a relation on C: 
oil 02 iff ({oil) ^ ({a 2 ). One usually takes £(a) = Re(a), but we will need below 
(see Proposition 3.3.14) to consider various such linear forms. 

Let m be a local section of M. If bm is the Bernstein polynomial of m, we dehne the 
Aorder of m as OTde{m) = max{£(a) | 6m(a) = 0}. Dehne the C-hltration by the £- 
order V^^M by the following property: a local section m is in M iff ord^(m) ^ k. 
If M is specializable, this hltration is good. It is the hltration associated to the section 
of C ^ C/Z which has image in {s | £{s) G [0, ![}. 

It will be convenient, later on, to view this hltration as indexed by R with a discrete 
set of jumps, corresponding to the zeros of the possible bm- Let us recall this notion. 
Let Ar be a hnite set in R and put Ar = Ar - 1 - Z. A good V-filtration of M indexed 
by Ar is by dehnition a family (a G Ar) of good C-hltrations indexed by Z 

which satisfy the following properties: 

- C ifaspb, 

For any a G Ar, one then dehnes UaM If < a denotes the largest element 

of Ar which is strictly smaller than a, then one puts gr^M = UaM/U<^aM. 

If U.M and U'.M are two good C-hltrations satisfying (3.2.1), then there are 
isomorphisms —> ip^^M which are compatible with t and —dt. Indeed, by 

the uniqueness above, U and U' may be related by a hnite sequence of transformations 
of type (**) for which, at each step, bi and &2 do not have any common root. It is 
thus enough to prove the assertion when U and U' are as in (**), and gcd( 6 i, 62 ) = I- 
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In such a situation, we have an exact sequence 

0 C/fc-i/C/Li ^ U'jU'k-1 — C/fc/C/fe-1 ^ 0. 

On the one hand, the natural morphism U'l^/Uk-i Uk/Uk-i is injective with image 
equal to Kevb 2 {—dtt + k), as gcd( 6 i, 52 ) = 1. On the other hand, Uk-i/Uk -2 
Uk-i/U'f._^ is onto and induces an isomorphism Kerbi{—dtt + k — 1) Uk-i/Ul_-^. 

The assertion follows. 

As a consequence, taking a section cr as above, the modules are globally 

defined, and are independent of cr up to a canonical isomorphism. They are equipped 
with the action of a nilpotent operator, locally obtained as the action of —dtt. We 
denote them simply by ■ Notice however that, to define can and var, one needs 

an equation {t = 0 } for Xq and a corresponding vector held 9*. 

Any coherent sub or quotient module of a specializable ^x-module is so. For a 
specializable ^x-module, 

(1) can : xpt-iM r/’qoAf is onto iff M has no coherent quotient ^x-module 
supported on Xq, 

(2) var : is injective iff M has no coherent sub ^x-module 

supported on Xq, 

(3) 'iptfiM = Imcan 0 Kervar iff M = M' 0 M" with M' satisfying 1 and 2 and 
M" supported on Xq. 


3.3. The category (AT, t) 

3.3. a. Keep notation of §3.1.a. We will work with increasing hltrations. To get a 
decreasing hltration U' from an increasing one t/., put = C/-/ 3-1 (see Remark 
3.1.6(2)). 

We will introduce the Malgrange-Kashiwara hltration in the setting of 
modules. When the set A below is contained in M, the presentation can be simplihed, 
as the Malgrange-Kashiwara hltration is then dehned globally with respect to z, and 
not only locally. For A C C general, the dehnitions below are suggested by Corollary 

5.3.9. 

The strictness assumption is important, as emphasized yet in Theorem 3.1.8: for 
Hodge modules, it means a good behaviour of the Hodge hltration under the operation 
of taking nearby or vanishing cycles. Moreover, it important to notice that, under a 
strictness assumption, the “nearby cycles” are dehned globally with respect 

to z. 

Definition 3.3.1 . — A coherent left .^^-module is said to be specializable along 
if there exists, locally on X, a hnite subset A C C and for any local section m 
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of there exists a polynomial bjn{s) = OaeA — {a + £)* satisfying 

bm{—^tt) • m G V-\l^sc • w (for left modules), 
m • bm{tSt) G TO • (for right modules). 

An equivalent definition is that there exists, locally on a good F-filtration 
U and a polynomial 6 [/(s) of the same kind, such that, for any A: G Z, we have 

(*) &[/(—(Sit + fcz)) • gr^^ = 0, resp. ■ bu{tBt — kz) = Q. 

Indeed, in one direction, take the V^-filtration generated by a finite number of local 
generators of in the other direction, use that two good filtrations are locally 
comparable. 

Remark that any coherent ^.ar-submodule or quotient of ^ is specializable if ^ 
is so (take the induced filtration, which is good, by Proposition 3.1.5). In particular, 
the category of specializable ^.ar-modules is abelian. 

If we decompose 6 c/(s) as a product bi(s)b 2 (s) then, putting 

(**) Ul = Uk-i+bi{-{^tt + kz))Uk, 

we get a new good P-filtration U. with polynomial bjj' = 61(5—1)62(5). Therefore, an 
equivalent definition of specializability is that there exists locally a good P-filtration U 
with polynomial 6 ( 7 ( 5 ) = na 6 A('® — a * zY°‘ for some integers Va and A is contained 
in the image of a section a of the projection C —> C/Z. In other words, U,^) is 
monodromic (c/. Definition 3.1.7) with a particular form for 6 . 

The constructions made in §3.2 may be applied word for word here, provided that 
we avoid singular points with respect to A A + Z (c/. §0.9). Indeed, we need such a 
nonsingularity assumption to get that gcd( 6 i, 62 ) is invertible when 61 = 0 and 62 = 0 
do not have common components. In the neighbourhood of such singular points (in 
particular in the neighbourhood of 0 ), we will need the constructions of the next 
subsections. 

The choice of the generating set A may be changed. Put A = A + Z and, for 

def 

any Zo G Dq and a G A, set ^zo(a) = a' — C,oa" (recall that C,o = Imzo, so that 
(zo{c() = Re(a' + izoa"); remark also that ^z„(a + 1) = A'z„(Q!) + 1, cf. §0.9); set also 
A{Zo) = {a G A I I?z„(a) G [0, ![}. Then, the specializability of ^ is equivalent to the 
local existence of a good P-filtration with polynomial bjj(zo){s) having roots 

in A(zo). 

3.3.b. It will be convenient to work with filtrations indexed by /r + Z for some finite 
set /r C M, that we now define. Let be a coherent .^^-module and Ir C R be 
a finite set contained in the image of a section of R ^ R/Z. A good filtration of ^ 
indexed by Jr + Z consists of a family (a G Ir) of filtrations indexed by Z, 

which are good with respect to and such that one has 

(3.3.2) a + ki^b + e^ C 
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We denote Ua+k-^ = and = C/a^/C/<a^- We may also view U,^ 

as a filtration indexed by K with jumps at /r + Z at most. 

Saying that ^ is specializable is then equivalent to saying that, near any (xo, Zo) G 
it has a good filtration indexed by ^z„(A) = £z^{A{zo)) + Z such that, for any 
ct € M, 

(3.3.3) {-dtt - a-k zY°‘■ ^ = 0, 

aeA 

^2o (“)=“ 

where the integers Va only depend on a. mod Z. Remark that the set of indices (hence 
the order of the filtration) depends on the point zg- This is suggested by Corollary 
5.3.1 below. 

Lemma 3.3.4. — Assume that ./M has, in the neighbourhood of any point {xo,Zo) € 
a good filtration indexed by ^z^(A), satisfying (3.3.3) and such that 

gr^^ is a strict s^g-module for any o € K. Then, 

(1) for any coherent submodule ,yV C , the filtration n JT 

is a good filtration satisfying the same properties; 

(2) such a filtration is unique; it is therefore globally defined on some neighbourhood 

of X X (M + f^o); it will he denoted by and be called the Malgrange-Kashiwara 

filtration of along X x (R + i^o); 

(3) this filtration is equal to the filtration by the £z^-order along 

(4) any morphism (p : .M jY between such s:-wiodules is compatible with the 

-filtration; 

(5) the construction of the -filtration is locally constant with respect to z; 

( 6 ) near any Zo € fig one has, for any a G £z^{A), 

izQ (a)=a 

with 

U„ Ker [(g^t + a * z)” : ^ ; 

(7) for any a G A, there exists a strict coherent s^Q-wiodule il}t,a.^ equipped with 
a nilpotent endomorphism N such that, near any Zo G fig, 

N) ~ -( 6 it + axz)). 

Proof 

(1) The filtration fl xC is good (by Proposition 3.1.5) and 

clearly satisfies (3.3.3). For each a G £z„{A), gr^' jV is a submodule of gr^' , 
hence is also strict. 

(2) Let and be two such filtrations on , that we may assume to 

be indexed by the same set £zfiA). Locally, there exists £ G N such that, for all 
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a G £z^(A), one has 


Tj'i^o) ^ Tjizo) ^ rr'(zo) ^ Tji^o) 
^a-£ Y ^a+£ ^0+2^' 


Let m be a local section of Ua^°'^^ and assume that there exists b G ]a,a + P\ such 
that m G \ Then, there exist polynomials Bu{s) and Bu'{s), where Bu 

has roots a-k z with iz^ (a) ^ a and Bu> has roots ak z with £zo (c«) = b, such that 
Bu{—^tt) • m G C and Bi;r{—Btt) ■ m G Hence, there exists 

p{z) G C[z\ \ {0} such that p{z)m G As is strict, this implies that 

/{z^ liz^ 

m G , a contradiction. This shows that m G Ua ° ■ Exchanging the roles of U 

and U' gives the uniqueness. 


(3) Let us first dehne the hltration by the £z^-order for a filtered module satisfying 

(3.3.3). Let {xo,Zo) G and m G According to the proof of (1), we will 

assume that, locally at {xo, Zo), the section m generates 

There exists a minimal polynomial bmis) as in Definition 3.3.1 such that a relation 
&m(—9tt) • m G V-\£^sp ■ m is satisfied. The £z^-order of m along ^ is the largest 
a G M for which there exists a with ^z„(q;) = a, such that a * z is a root of &m- 
This defines an increasing filtration of ^, called the filtration by the order. It is not 
necessarily good a priori. Denote it by and denote by the hltration 

obtained in ( 2 ). 

We clearly have Vy ^ C Va “ for each a G K. Let us prove the reverse 

fz ) (z ) 

inclusion. Assume that m has £z„-order a. If m G Vf ‘’A# — Vff with b ^ a, 
there exists some integer £ ^ 0 such that 

bmi-Qtt) ■ ■ ■ bmi-Qtt + £z)-me 

We also have 

{—'dtt — akzY°‘-m&V^f^^, 

^za{a)=b 

for some ^ 1. If 5 > a, we deduce from both relations that there exists p{z) G 
C[z] \ {0} such that p{z) ■ m G and, by strictness of gr^*^°'^, we have 

(z ) 

m G Vff a contradiction. 

(4) It is clear that any morphism between two .^.ar-niodules satisfying (3.3.3) is 
compatible with the hltration by the t'z^-order. The assertion follows then from (3). 

(5) We hx a compact set in X. The constants £, 77 below will be relative to this 

compact set. We say that the hltration is locally constant at Zo with respect 

to z if, for any a G K and any e > 0 sufficiently small, there exists rj = p{zo, a, e) such 
that, for any z G Az^(ji) (disc of radius rj centered at Zo), we have 

(3.3.5) V}l\{.^z) = vti{.^)z, yi:i(^z) = Ei:;)(^),. 

By considering Fig. 3.a, one shows that this property is true for the hltration by the 
t^z-order, hence the result by (3). 
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(6) Locally on , there exists such that = Ker(3tt + a * zY'^. The 

roots of the minimal polynomial of —Stt on gr^* ^ are the a-k z for a such that 
lz„ {a) = a. By Lemma 0.9.2, the various akZo corresponding to distinct a are distinct, 
hence, if z is sufficiently close to Zo, the roots a k z remain distinct. Therefore one 
has a Bezout relation between the polynomials {dtt + akzY^ for a G £~^{a), and the 
decomposition follows. 

(7) Fix Zo G Oq, set a = £z^(a) and fix e, 77 > 0 as in (5) so that, moreover, for any 

z G (77), we have £z(a) G ]a — e, a + e]. If e is small enough, we have gr^*^°'.^z = 
C+efo'' s-iiy -2^ € ^zoiv)- By (5), we can compute Yt,a using the 

filtration VY'^^z'- 

= Ker [ - {Btt + ak zY^ : 

Fix z G Az^(? 7). By construction, if /? G A is such that £z{P) G ]a — e,a + e], then 
£zo{P) = ^za{oi) (on Fig. 3.a, each such fH corresponds to a line cutting the intersection 
of the horizontal strip of width 2e and the vertical strip of width rj). By Lemma 0.9.2, 
\i (3 Y oc, we then have (3 k Zo Y oik Zo and this remains true for any z near Zo, so 
that z ^ {(3 — a) k z \s locally invertible. For & G ]a — £, a + e] and b Y Yia), the 
operator — (Stt + a * z) acting on gr^'^'.^z = (see (6) above for 

the decomposition) may be written, on each summand, as the sum of the nilpotent 
operator — (Sjt + (3 k z) and of the invertible operator [{(3 — a) * z] Id. It is therefore 
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invertible. This implies that 



and that the natural projection (which is now defined) from to 

is an isomorphism Xz^zo onto ipl 

In order to show that the various glue as a sheaf on ^o, it 

is enough to show that the family of isomorphisms Xz',z is transitive, i.e., Xz",z = 
Xz",z' o Xz',z whenever z' G Az and z" G Az' H A^. This follows from (3.3.5) which 
holds for z,z',z". □ 

Remarks 3.3.6. — The strictness assumption in Lemma 3.3.4 is used only near the 
points of Sing A (^). More precisely, the lemma holds without any strictness assump¬ 
tion if we extend the coefficients by tensoring over by the ring Sing A(^)) 

obtained by inverting polynomials vanishing on Sing A. If we allow to divide by such 
polynomials, the proof gives the uniqueness of the Malgrange-Kashiwara filtration, as 
well as its coincidence with the filtration by the order. 

Let be as in Lemma 3.3.4. 

(1) If ip : ^ ^ jV is any morphism, then gr^^ sends '4’t,a.^zo in i^t.a^zo- It 

is globally defined. Denote by '■ the morphism induced locally 

, yi^o) 

by 

(2) What prevents the filtration to be defined independently of z is that 
Va T^z) jumps for values of a depending on more precisely for a = a' — C,a", 
a G A. If A C M (e.f?., if the local monodromy of the perverse sheaf corresponding 
to Sdr(^) around 0 is quasi-unipotent or unitary), then the Wfiltration is globally 
defined on Otherwise, the natural order on the set I?z(A) may depend on z, as 
shown on Fig. 3.a. One may compare the various Va T^z) for z in a neighbourhood 
of Zo if no jump occurs at a for these germs. This explains that, given any a, we 
compare the various V^^^{.y^z) (see Fig. 3.a). 

If A C K, then the previous lemma is simpler, as I^zo(o) = cs. for any a G A. 
The order does not depend on Zo and the ly-filtration is globally defined. Moreover, 
for any a G A. 

In Corollary 5.3.1, we will view £z(<t) as a growth order indexing a parabolic 
filtration. This growth order depends on C,. A similar problem occurs when defining 
the Stokes structure of a meromorphic connection of one variable, as for instance in 
[ 43 , p.56]. 

(3) The nilpotent endomorphism 

— (St< -I- a * z) : 

is denoted by N. There exists a unique increasing filtration M(N). of by 

submodules, indexed by Z, such that, for any £ ^ 0, N maps M^ into Mfc _2 for all k and 
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induces an isomorphism gr^ —s- for any f' ^ 0. It is called the monodromy 

filtration of N (c/. [ 20 , §1.6]). Each has a Lefschetz decomposition, with 

basic pieces the primitive parts {£ 0) 

Ker [N^+i : —> gr^e- 2 A,a^] ■ 

Notice however that gr^i/'t.a-^ need not be strict, even if is so. 

(4) By an argument similar to that of the lemma, one shows that t : 'fit,a 

'fit,a-i^ is injective for a fit) and (5t '■ 'fit,a‘^ V't.Q+i-^ is so for a fi —1. Notice 
that, by Lemma 3.1.3, we also get that t : 14 °4# ^ is injective for a < 0, 

because 4.4°)^ is good. 

Notice also that, for any a with Rea 0, the morphism t : 'fit,a^\s 'fit,a-i‘^\s 
is an isomorphism. Indeed, we already know that t is injective. Moreover, as Re a 0, 
we have a-kzjz fi 0 for any 2 G S, and therefore tSt is invertible on 'fit,a-i^\s, hence 
the surjectivity of t. 

(5) Recall that if Zo fi tK, then a*Zo = 0^a = 0. For such a Zo and for a 0, 
dtt is therefore invertible on 'fit,a‘^ in a neighbourhood of Zo- This implies that, in 
a neighbourhood of such a Zo, we may replace “injective” with “isomorphism” in (4) 
above. 

(6) There is a diagram of morphisms 

can = —dt 

var = t 

where var is induced by the action of t and can by that of 6t. 

(7) For right .!^^-modules, N is defined as the endomorphism induced by the right 
action of tdt — a* z, can by that of S* and var by that of t. 

Corollary 3.3.7. — Assume that .Jfi is as in Lemma 3.3.4 and let Zo & LIq. Let K he 
a compact set of X and let 17 be an open neighbourhood of Zo such that exists 

on K xLl. Let W G K be an open set. If m G r(lF x there exists a finite set 

A(m) C C and v : A{m) —>■ N* such that 

( 1 ) 7 G A(m) 'fit,~f.^\WQxQ 7^ 

(2) p( 7 ) 4 the order of nilpotency o/N on V't, 7 ‘^|Woxn; 

so that, putting bm{s) = n 7 GA(m)(® - one has bm{-3tt) ■ m G V-\S^sc • m. 

In other words, a Bernstein polynomial exists in a more global setting than in 
Definition 3.3.1. 


Proof — One can assume that ■ m, according to Lemma 3.3.4(1). Use 

then that the good filtration ■ m is comparable to the Malgrange-Kashiwara 

filtration V,4o)^ on RT x 17. □ 
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Definitions 3.3.8 (Strict specializability) 

(1) A specializable .^x-module is said to be strictly specializahle along if one 

can find, locally near any point {xo,Zo) G >%, a good filtration satisfying 

(3.3.3) and such that moreover 

(a) for every a G M, gr^'^°'^ is a strict .^aro"™oclule (hence is the 

Malgrange-Kashiwara filtration of ^ near Zo); 

(b) t : is onto for liz„{oi) < 0 ; 

(c) 9t : ^t,a+i^ is onto for ^z„(a) ^ —1 but a ^ —1. 

(2) A morphism ip : ^ ^ jV between two strictly specializable ^^-modules is 

strictly specializable if, for any a G A, the morphisms are strict. 

(3) The category y‘^{X,t) has strictly specializable .^^-modules as objects and 
strictly specializable morphisms as morphisms. 

(4) Let / : A ^ C be an analytic function and let ^ be a .^.^-module. Denote 

hy if : X ^AxC the graph inclusion. We say that ^ is strictly specializable 
along / = 0 if if^+.y£' is strictly specializable along X x {0}. We then set = 

'ipt,aiif,+.^)- These are coherent .^.^-modules. If / = t is induced by a projection, 
we have, by an easy verification, 'ipt,aiif,+.^) = */,+ (V'/.a-^) for any a. 


Remarks 3.3.9 

( 1 ) As we have seen in Lemma 3.3.4(6), Condition (la) implies that, for every 
a G M, we have a local decomposition gr^ “ ^ = 0QgA^ (a)=a'4’t,a-^■ 

(2) Notice that, according to 3.3.6(4), we may replace “onto” with “an isomorph¬ 

ism” in 3.3.8(lb) and (Ic). Therefore, there is, for any fc G Z and near Zo, a preferred 
isomorphism , obtained by suitably composing 3.3.8(lb) and 

3.3.8(lc); this isomorphism is not globally defined with respect to z, unless a is real. 

Moreover, locally, t : Vy °A# ^ is an isomorphism for a < 0: indeed, it 

is an isomorphism for a <C 0, as the filtration is C-good; apply then 3.3.8(lb). 

(3) Conditions 3.3.8(lb) and (Ic) are automatically satisfied if we restrict to z ^ 
Sing(A), as we remarked in 3.3.6(5). These are really conditions near the singular 
points with respect to A, as defined in §0.9. 

(4) Assume that ^ and yK are strictly specializable along If ‘f ■ ^ xC 

is any .^^-linear morphism, it induces a morphism ipt.af ■ , by 

Remark 3.3.6(1). According to 3.3.8(lb) or 3.3.8(lc) (and to (2) above), in order to 
get the strict specializability of (p, it is enough to verify strictness of ipt.aP for one 
representative a of each class in A/Z, and for a = —1,0. Assume now that p is 
strictly specializable. Then we have locally gr^*' °V = (a)=a'4’t,aP, which is 

therefore also strict. 

(5) Let C/Ao)^ be a good R-filtration indexed by ^zo(A) which satisfies (3.3.3), 
3.3.8(lb) and (Ic), but satisfies 3.3.8(la) for a A 0 only. Then one shows by induction 



74 


CHAPTER 3. SPECIALIZABLE ^^-MODULES 


that dt : gra''^°^ gfa+T'*^ is an isomorphism if a > — 1 and therefore 3.3.8(la) is 
satisfied for any a. 

Lemma 3.3.10. — Let ip : .M jV he a strictly specializable morphism between 
strictly specializable modules. Then p is V-strict, Kert^ and Coker are strictly 
specializable and, for each a, one has 

%ft,a Ker p = Ker 'ift.aP and ift,a Coker p = Coker 4’t,aP- 

Proof. — Fix Zo and forget about the exponent (zo). As indicated in Remark 3.3.6, 
the result holds after inverting polynomials of the variable z vanishing on Sing A(./#)U 
Sing A (c/C). The assumption on p is made to control the behaviour near the singular 
set. 

Let us prove the R-strictness of p. We have to show that, for any a G M, we have 
Im(y 9 n Va-yV = pfYay^)). As both filtrations Imtp C V.JP and p{y.y£)) of Imp are 
good (Artin-Rees for the first one), there exists fc G N such that, for any a G K. we 
have Im(p n Va-k^^ C piVay^)). Therefore, if, for any a, the morphism VajVa-kip) 
is strict for the induced R-filtrations on ValVa-k{y^) and VajVa-ki^), then p is 
R-strict. 

Let us now show, by induction on the length of the induced R-filtration, that, for 
any a', a with a' < a, the morphism Va/Va>{p) is R-strict and that Coker Ra/Ra'(v 3 ) is 
strict. This is by assumption if the length is one. Let a" G ]a', a[ be a jumping index 
and let n be a local section of pfVa^^) C Ra"c/C + Ra'cA^. There exists a polynomial 
p{z) such that p{z)-n is a local section of p{Va"y^) + Va'-yy, as indicated above. Hence 
the class of p{z)n in Coker Ra/Ra"((/j) is zero. By induction, the previous module is 
strict, hence the class of n itself vanishes, that is, n G p{Vf'.y£) + Ra'^yR. In other 
words, ValVa'{p) is R-strict. As a consequence, we have gr^„ Coker Ra/Ra'(lyj) = 
Cokergr^,,!/? for any a” G ]a',a], which is strict by assumption, hence, by Lemma 
1.2.2(1), Coker Ra/Ra'((p) is strict. This gives the R-strictness of p. 

Put on K.eT p and Coker the filtration naturally induced by R. This is a good 
filtration satisfying (3.3.3). We know that it satisfies 3.3.8(la) on Ker(/? (Lemma 
3.3.4(1)), so we call it R. Ken^. By the R-strictness of p that we have just proved, 
we have an exact sequence 

0 —> gr^ Kerp —> gr^.^ ^ Cokerv? —> 0 . 

By assumption and Remark 3.3.9(4), Coker gr^i^ is strict, so U. Coker (/? also satisfies 
3.3.8(la). By Lemma 3.3.4, it is equal to the R-filtration on Coker (/?. Now, 3.3.8(lb) 
and (Ic) are clear. □ 

Proposition 3.3.11. — Let yM be a strictly specializable -module. 

(a) If = y£' 0 y£", then yM' and y£" are strictly specializable. 

(b) If y^ is supported on then R<o.^ = 0 and y£' = i+Vny^. 

(c) The following properties are equivalent: 
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( 1 ) var : injective, 

( 2 ) ^ has no proper sub-tji^-module supported on 

(3) ^ has no proper subobject in y‘^{X,t) supported on tXo- 

(d) If can : is onto, then ^ has no proper quotient satisfying 

3.3.8(la) and supported on t%o. 

(e) The following properties are equivalent: 

(1') = Im can 0 Ker var, 

( 2 ') ^ 0 with satisfying (c) and (d) and supported 

on 


In (b), one should put an exponent (Zo); however, as a consequence of the proof, 
the lattice A is then contained in Z, and therefore the various filtrations glue 

as a global F-filtration, so that the statement is not ambiguous. 


Proof. — We work locally near Zo and forget the exponent (zo) in the notation. Be¬ 
cause of Properties 3.3.8(lb) and (Ic) and Remark 3.3.9(1), we may replace tpt,o with 
grQ and with in 3.3.11(c), (d) and (e). 

(a) For xV = .M' or .M”, put l/aYF = 14*^ H jV. Then C/.^ = IJ.Ji' 0 U,^" 

is a good filtration of ^ satisfying (3.3.3). As gr^c/F is a submodule of gr^^, it is 
strict. From Lemma 3.3.4 one concludes that and it follows that 

and are strictly specializable with and 1/.^" = . 

(b) As t is injective on k<o^, one has y<o^ = 0. Similarly, gr^^ = 0 for a ^ N. 
As t is injective on gr^^ for fc ^ 1 (c/. Remark 3.3.6(4)), one has 

Vb-^ = Ker [t : ^ —> .M]. 

As 3t : gr^^ ^ gr^_^_^^ is an isomorphism for fc ^ 0, one gets 

Ji = ® Vb^S? = t+Vb-^- 

fc^O 

(c) (cl) (c2): It is enough to show that the mappings 


Ker [t : ^ 



Ker \t : gr^ 


gr-m 


are isomorphisms. It is clear for the right one, since t : V<o^ ^ V<_i^ is an 
isomorphism. For the left one this follows from the fact that t is injective on gr^^ 
for a ^ 0 according to Remark 3.3.6(4). 

(c2) (c3): let us verify <J= (the other implication is clear). Let denote the 

t-torsion submodule of ^ and the submodule generated by 

Ker [t : .M —> . 


Assertion 1. 


ST' is a subobject of .JT in S^'^{X,t). 
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This assertion gives the implication <J= because, by assumption, = 0, hence 
t : ^ ^ is injective, so ^ = 0. 


Proof of the assertion. — Let us show first that is ^^-coherent. As we remarked 
above, we have ^ = Ker[t : gr^^ ^ gr^^^]. Now, ^ is the kernel of a linear 
morphism between ^^g-coherent modules, hence is also -coherent. It follows 
that is .^ar-coherent. 

Let us now show that .17' is strictly specializable. Notice that is strict because 
it is equal to 

Ker [t : —> gr^;^..#] . 

Let be the hltration induced by on S''. One shows as in (b) that 

17<o.l7' = 0 and S' = 0 for a ^ N. Let us show by induction on k that 

Uk S' = S} + SfSj + ■ ■ ■ + Sj- 


Denote by U^S' the right hand term. The inclusion D is clear. Let (xo,Zo) € So, 


G UkS^^^ and let I k such that m G 




^o)' 


If ^ > A: one has m G 




i‘^(xo,zo) hence Pm G 0 = 0. Put 

m = mo + Stmi + • • • + d^mi, 


with tmj =0 (j = 0 ,One then has t^d^me = 0 and, as 


t^^lmt = - jz) ■ mi = {-ifP.z^mi 

3=0 

and So is strict, one concludes that mi = 0, hence m G This implies 

the other inclusion. 

As gT^S' is strict (because it is contained in gr^./#), one deduces from Remark 
3.3.6(4) that dt : gr^S' gv^^,^S' is injective for fc ^ 0. The previous computation 
shows that it is onto, hence S' is strictly specializable and U.S' is its Malgrange- 
Kashiwara filtration. 

It is now enough to prove that the injective morphism grg S' —>■ gr^ is strict. 
But its cokernel is identihed with the submodule Im[t : ggo Sd gr)(]^./#] of gS_YS(i, 
which is strict. □ 


(d) If can is onto, then ./M = Sa: ■ V<_oS^. If ./M has a t-torsion quotient S 

satisfying 3.3.8(Ia), then V<o.l7 = 0, so V<io-^ is contained in Ker[./# ^ S\ and so 
is Sgc ■ V<^oS( = , hence .17 = 0 . 

(e) (el) (e2): Put 

UoS^' = P<o-^ -b ^tV-iS£ and So = Ker [t : — s- . 

The assumption (!') is equivalent to = Vo-Si' © So. Define 

Uk.y^' = ■ UoS£' and UkS£" = VktSsd ■ So 
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for fc ^ 0. As Vk^ = Vk-i^ + StVfe_i^ for fc > 1 , one has Vk^ = Uk^' + Uk^" 
for fc ^ 0. Let us show by induction on fc ^ 0 that this sum is direct. Fix fc ^ 1 and 
let m e Uk^' n Uk^"■ Write 

m = m'k_i + ^tn'k_i = m'k_^ + Btn'k_i 

with G Uk-i^' and G Uk-\J^" ■ One has = 

^An'k-i] in Vkx^jVk-i^: hence, as 

St : Vk-iJtjVk-iJi VkJilVk-iJ^ 

is bijective for fc ^ 1, one gets [n'f._A = [n'l-A i’^ Vk-\x^jVk-i-^ and by induction 
one deduces that both terms are zero. One concludes that m&Uk-i^' H Uk-i^” = Q 
by induction. 

def 

This implies that ^ with = \JkUk^' and defined similarly. 

It follows from (a) that both and are strictly specializable and the nitra¬ 
tions U, above are their Malgrange-Kashiwara filtrations. In particular satisfies 
(c) and (d). 

(e2) ^ (el): One has V^o^" = 0. Let us show that Imcan = giQ and 
Kervar = The inclusions Imcan C gr^^' and Kervar D gr^^" are clear. 

Moreover gr^^' n Kervar = 0 as satisfies (c). Last, can : gAA^^' gr^^' is 
onto, as satisfies (d). Hence gr^^ = Imcan©Kervar. □ 

Coro/Zary 3.3.72 (Kashiwara’s equivalence). — The functor i+ induces an equivalence 
between the category of coherent strict -'modules (and strict morphisms) and the 
full subcategory ^^^{X,t) of dX‘^{X,t) consisting of objects supported on An 

inverse functor is tptp- 

Proof. — It follows from Proposition 3.3.11(b). □ 


Proposition 3.3.13 (Strict specializability along {P = 0}). —Assume that is strictly 
specializable along {t = 0}. Put f = P for r ^ 2. Then ./# is strictly specializable 
along {/ = 0} and, if we denote by i : {t = 0} ^ X the closed inclusion, we have 
(■i/'/,a-^ 7 N) = (i+'ijt.ra.^/r) for any a and an isomorphism 
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Proof. — We fix Zo and we forget about the exponent (zo), when working in a neigh¬ 
bourhood of Zo- We may write as a (8)cC[u](S„)-module, 

with 

9^ (to 0 (5) =m® 9^(5, 

9t(TO 0 (5) = (9iTO) ® 5 — {rP~^'m) ® 9„(5, 
u{m ® 5) = (Pm) 0 S, 

{m<^6) = {P'a^m) 0 5, 

and with the usual commutation rules. For the sake of simplicity, we will write 
instead of Mgc (^c C[m]( 9„) and Vq^^xc instead of (^c C[m](u9„). 

For a ^ 0, put 

Vaif,+^ VoPi'sTxC ■ {Vra-^ 0 <5), 
and for a > 0 define inductively 

Va'if,+^ = y<ai/,+.^ + duVa-lif^+^ ■ 

Assume that a ^ 0. Using the relation 

(9„u + a * z)(m 0 S) = -([(9tt + ra* z)m] 0 S — (5t{tm 0 S)), 
one shows that, if 

(9tt + (ra) * z)'''''=‘Vra^ C U<™^, 

^zo {roi)—ra 

then 

(9„m + a-k Uac Vcaif,+.^, 

£zo {ct)—0. 

thus (3.3.3) for a < 0. 

If TOi,..., mi generate over Vb.^arj then mi0S, ..., m£0S generate 14*/, 

over Vq^^scxC, as follows from the relation 

(dttm) 0 S = {dtt — rduu){m 0 S). 

It follows that 14*/,is Vb-^. 2 rxC-coherent for any a 4 0, hence for any a. 

For any a we clearly have 

14—l*/,A^'^^ CZ (^TCSp. I4a 1*/,A‘^^ U k4aAl*/,A^^^^ “f 9^I4*/,A‘^^) 

with equality if a < 0 {resp. if a ^ —1), as an analogous property is true for 
Therefore, V,if^+x^ is a good U-filtration. 

According to Remark 3.3.9(5), it is now enough to prove the second part of the 
proposition, hence we now assume that a 4 0. 
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We have Vaif,+^ = ^<a*/,+^ + X]fe>o 3* One shows, by considering 

the degree in 6 „, that the natural map 

®kgrra^^t -' S^aH, + -^ 

®k[mk]Qt '—> [E Sf(TOfe (g) (5)j 

k 

is an isomorphism of .^.^r-modules. The desired assertions follow. □ 

Proposition 3.3.14 (Restriction to ^ = Zo). — Let Zo G Oq and let be a strictly spe- 
cializable -module with Malgrange-Kashiwara filtration near Zo- Put 

Mz^ = l{z — Zo).M. 

(1) For any a G R, we have, near Zo, 

n{z- Zo).^ ={z- Zo) ■ 

The filtration U,{Mzf) naturally induced by on ^/(z— Zo).^ is good with 

respect to V.^x (zo 0) or to V.gi^(zo = OJ and, for any a, 

gr^(M,J = - Zo)grr“V. 

Moreover, gT:ff{Mzf) is naturally decomposed as the direct sum 0Q|f^ {a)=a'4’t^,a ^zoj 
with 

{{Z - Zo)tpt,a^- 

Last, 

(z ) (z ) 

. t : tpl a Mz„ V't a-iMzo Is an isomorphism */^z„(o) < 0, 

. 9t : Mz^ V’t^a+i-^zo '^s an isomorphism if f-zoicP) ^ ~1 but a fz —1, 

(z \ iz ^ 

We still denote by N : iplf^’Mz^ iplf.'Mz^ the nilpotent endomorphism induced 
by N, and similarly for can and var. 

(2) If Zo fz 0, then 

(a) Mz^ is specializable along Xq as a S>x-module, 

(b) —{dtt + a'k Zofzo) = N/^o is nilpotent on Mz„, 

(z ) (z ^ 

(c) dt : ^ fy)- Q+i-^zo is an isomorphism if I zo{^) ^ ~1 but a — 1. 

(3) If Zo ^ Sing A, in particular if Zo ^ iR, the induced V-filtration U,Mz„ is a 
Malgrange-Kashiwara filtration Vj-^^o)Mz„ (for some ^.-linear form Lz„ depending on 
Zo only) and we have 

V't.a^^Zo = i>t,{a*Zo)/zoMz„; 

in particular, tp) 0 Mz„ = '4>t,aMzo for a G R, e.g., a = —1,0; moreover, N induces 
ZqNz^ , can induces Zo canz^ and var induces vaTz„ (where , can^^,, var^^ are defined 
in §3.2 for MzJ. 

Proof — We work locally near Zo and forget (zo) in the notation. Let m be a local 
section of 14(^) D (z — Zo).y^■ Then m= {z — Zo)n where n is a local section of 14^ 
for some b. If & > a, then n induces a torsion element in gr]( hence n G 
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by 3.3.8(la). This gives the first assertion. The other assertions are clear (c/. §3.2). 
Let us give more details when Zo ^ Sing A. If we fix a, the roots of the minimal 
polynomial of —dtt on gr^(AIzo) the j = (a*Zo)izo where a satisfies £zo{ce) = «■ 
If Zo ^ Sing A, then 7 a is a M-linear form on 7 (because a ^ {a-k z^jZo is a 
R-linear automorphism of C), that we denote by Notice that, as Zo ^ Sing A, 

we have 7 € Z only if a G Z and therefore (Z) C Z. The filtration U, is then equal 
to the Malgrange-Kashiwara filtration associated with Lz„ (see §3.2). 

If Zo G Sing A \ {0}, the roots of the minimal polynomial of —dtt on gr^ (Afz„) may 
differ by a nonzero integer, hence the filtration U, is not useful to compute tpt{Mz^). 

On the other hand, if Zo G M*, we have = Re and Re(a * Zq/zq) = Re(a), 
so the roots of the minimal polynomial of —dtt on gr^(Afz„) are the a for which 
Re(a) = a. In the case Zo = 1 (corresponding to the functor Sdr), we also have a 
perfect correspondence with can and var. □ 

Remark. — With the only assumption of strict specializability, we cannot give general 
statements concerning the behaviour of Properties (b) to (e) of Proposition 3.3.11 by 
restriction to z = Zo ^ 0. We will come back on this in Proposition 4.1.19. 

We may now reformulate Theorem 3.1.8 for strictly specializable modules. Let us 
take notation used in this theorem. 

Theorem 3.3.15. — Assume that .JT is good and strictly specializable along X x {0}, 
and that F is proper on the support of .M. Assume moreover that, for any 01 , the 
complexes f]'ift,a-^ ore strict. Then the xc-modules are strictly spe¬ 

cializable along Y x {0}. Moreover, for any a, we have a canonical and functorial 
isomorphism 

Proof. — We may work locally near Zo G Oq and we forget the exponent (zo). Notice 
that, because of Remark 3.3.9(1), the complex /.fgr^./# is strict for any a G K. 
Denote by U.,AY^{F^.y£') the filtration induced by M’''{f^V,.y£'). We may apply to it 
the conclusions of Theorem 3.1.8 (after extending it to the case of filtrations indexed 
by /r+Z). This filtration satisfies (3.3.3) and, by assumption, 3.3.8(la). It is therefore 
equal to the Malgrange-Kashiwara filtration (c/. Lemma 3.3.4). We hence have 

Oi'—a 

As the image of JY’^{f^ipt,a‘^) gr^ is clearly contained in 'tfit,adY''‘{F^.M), 

it is therefore equal to it. 

The canonical isomorphism d^'^{f^'(pt,a-^) have con¬ 

structed is a priori only defined locally near Zq. However, it is locally independent of 
the choice of Zo- to see this, replace gr^ above with V)j+£V W-e ^ small enough, 

and argue as in the proof of Lemma 3.3.4(7). Therefore, it is globally defined with 
respect to z. 
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As t : Va^ Ya-\^ is an isomorphism for a < 0, it also induces an isomorphism 
^ As is injective for any a 

and has image VaJF''{F-^^), this shows that satisfies 3.3.8(lb) and, by 

the same argument, 3.3.8(lc). □ 

Remark 3.3.16. — It is enough to verify the strictness condition of the theorem for 
those a such that Re(Q;) G [—1, 0[ and for a = 0: indeed, strictness is a local property 
with respect to z, and one may apply locally 3.3.8(lb) and (Ic). 

3.4. Localization and minimal extension across a hypersurface 

3.4. a. Localization of a strictly specializable .^^-module. — Consider the 

sheaf of rings Notice that we have as 6^ = 

This ring has a L-filtration defined by = t~'^yo^ar- One can 

define the notion of a good L-filtration for a coherent .^.^[t“^]-module as well 
as the notion of specializability. Then Lemma 3.3.4 applies similarly, and shows the 
existence of a canonical l/O^i-filtration. 

The situation simplifies here, as t : Va ° I4_i is an isomorphism for 
any a. It follows that t : is an isomorphism for any a, and we do 

not need to consider the (can, var) diagram. Moreover, strict specializability reduces 
here to Condition 3.3.8(Ia), as we are not interested in Condition 3.3.8(lc). 

Lemma 3.4.1. — Let .JL be a coherent ^-module which is strictly specializable along 
t = 0. Then .JL is a coherent ^[t~^]-module which is strictly 

specializable along t = 0. Moreover, the natural morphism .JL .JL induces, in the 
neighbourhood of any Zo & LIq, an isomorphism of ^-modules 

Va<0, vy‘’'>Ja. 

Proof — Wehave./#= as a i^^[t“^]-module. Locally, the injective 

map ^ .JSC induces, by flatness of over G, an injective map 

Gsrlt~^] Citf'ar ^ , which is onto because J/i = so that 

k^O k^O 

As grg^'^°*.r# is killed (locally) by some power of t, we also have = Ggrlt~^] 

Put then = t~^ 0 for any a G [—1, 0[ and any k G Z. This 

defines a filtration of which has all the properties required for the Malgrange- 
Kashiwara filtration. As t : —> 14^.^ is bijective for a < 0, we get the 

required isomorphism. □ 

Lemma 3.4.2. — Let.M be strictly specializable along t = 0. Put./^ = ® ■ 
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(1) for any a ^ N, we have C 

(2) for any a with Rea G [—1,0[, we have V't.a-^ls = V't.a-^ls- 
Proof 

(1) We know, by Lemma 3.4.1, that the inclusion is an equality near Zo if izo (c«) < 0- 
Fix now a ^ N. Locally near Zo, there exists /c G N such that ^z„(a — k) < 0. We 
have a commutative diagram 

I 

where the left vertical arrow is injective, by Remark 3.3.6(4), hence the result. 

(2) Choose fc G N* big enough so that ^z{a — k) <Q for any a with Rea G [—1,0[ 
and any 2 G S. Notice now that, for any £ ^ 0, {a — £) * z 0 for z G S, as 
Re(a — ^) 7 ^ 0 (c/. § 0.9). Therefore, as tdt + {a — £)* z is nilpotent on 

tdt is bijective on it and thus the map t : 'ipt,a-i‘^\s is onto, so 

that the left vertical map in the diagram above, restricted to S, is onto, as was to be 
proved. □ 

Definition 3.4.3 (Nearby cycles). — Let be strictly specializable along < = 0 and 
put ./# = ^“ such that Rea G [—1,0[, put 

Remarks 3.4.4 

(1) By the definition of strict specializability, we have, for any a ^ N, a local (with 

respect to z) isomorphism given by a suitable power of t or of 9t. 

(2) On the other hand, by Lemma 3.4.2(1), we have C and 

= '^t,a.^\Si for any a with Rea G [—1,0[. 

(3) Last, if a is real and in [—1,0[, we have as (’z(a) = a < 0 

for any z. 

Remark 3.4.5 (Strict specializability along {V = 0}). — Proposition 3.3.13 (forgetting 
the assertion on can and var) applies to strictly specializable .^ar[t“^]-modules. Re¬ 
mark that, with the notation of loc. cit., the action of u is invertible on 
Therefore, we deduce that, if Rea G [—1,0[, (4'/^^./#, N) = z+(4>t_ra-rra]‘^, N/r), 
where [ra] G Z is such that Re(ra — \ra]) G [—1,0[. 

3.4.b. Minimal extension across a hypersnrface 

Proposition 3.4.6. — Let .M be a strictly specializable ap[t~"^]-module. In the neigh¬ 
bourhood of any Zo G LIq, consider the -submodule of generated by 
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Then, the various glue as a coherent ^-submodule ^ of ^, 

which is the unique strictly specializable -submodule of ^ satisfying 

( 1 ) Msr[t~^] , 

(2) can is onto and var is injective. 


Moreover, the filtration defined by 


(3.4.6)(*) 




Va^°'^if a < 0, 
'EeeN,a'<o z/ o ^ 0. 

a' -\-£^a 


is its Malgrange-Kashiwara filtration near Zo- 


Dc^nzY/on 3.4.7 (Minimal extension). — We call the .^ar-submodule of given 
by Proposition 3.4.6 the minimal extension of ./M across t = 0. 


Proof of Proposition 3.4.6. — The question is local on tjP, so we work in the neigh¬ 
bourhood of some compact set in X and on some disc Az„{ri), on which 
exists. We denote by A the set of indices of this filtration. 

Let us first prove that does not depend on Zo- We have to prove that, if rj is 
small enough, then for any z G Az„{ri), the germ is equal to the germ ° ■ 

The problem comes from the fact that may not induce at z. Fix 

£ > 0 such that 

(3.4.8) Jb 

Then, after Lemma 3.3.4(5) and (3.3.5), we have, for rj > 0 small enough and any 

2 e A^„(?7), 

(3.4.9) V^l‘’'>^z = vlf;'>^z = vl.l'>^z c V^l^^z- 

Therefore, C In order to prove the reverse inclusion, it is enough to 

show the inclusion 

(3.4.10) C Vlf'j.^z + = V^^}Jaz + 

because if rj is small enough, we have Kco° equivalently, it is enough 

to show that, for any a G A and any z ^ Zo near Zo such that ^zo(q^) G ] ~ £)0[) 
the operator dtt is onto on Recall (c/. Lemma 0.9.2) that, if a is such that 

^zo(q^) = 0; then a*Zo = 0 if and only if a = 0. Therefore, for any £ > 0 small enough 
there exists rj > 0 such that 

(fzo(Q!) G ] — £, 0[, z G Az^(? 7 ) and a G A \ {0}) a * z ^ 0. 

As —{dtt CK* z) is nilpotent on the previous choice of £, rj is convenient to 

get (3.4.10). 

Clearly, each is .^ar-coherent on the open set where it is defined. Let us 

now show that it is strictly specializable along t = 0. Near Zo, comes 

equipped with a filtration defined by (3.4.6)(*). This P-filtration is good. 
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and ^ is specializable. This filtration satisfies Properties 3.3.8(la), (lb) and (Ic): 
indeed, this follows from the strict specializability of ^ for (la) with a < 0 and 
for (lb); for (la) with a = 0 , notice that gr^ is identihed with the image of 

9t : ^ grj^^ by construction, hence is strict, being contained in the 

strict module gr^*' for (Ic), this follows from the definition of the F-filtration; 

apply then Remark 3.3.9(5). Therefore, ^ is strictly specializable. 

Similarly, St : is onto, by construction, as is identified 

with 

image [St : • 

As t : is an isomorphism, we conclude that, for var is injective. 

Let us end with the uniqueness statement. Let ^ C ^ satisfying 3.4.6(1) and 
(2). Then, by Lemma 3.4.1 and 3.4.6(1), As can is 

onto and as ^ satisfies 3.3.8(lc), we have ^ near Zo, hence the 

desired uniqueness assertion. □ 


3.5. Strictly S(upport)-decomposable .^^-modules 
Definition 3.5.1. — We say that a .^^-module is 

- strictly S-decomposable along if it is strictly specializable along and sat¬ 
isfies the equivalent conditions 3.3.11(e); 

- strictly S-decomposable at Xo & X if for any analytic germ / : {X,Xo) (CjO), 
if^+.fiC is strictly S-decomposable along x {0} in some neighbourhood of Xo] 

- strictly S-decomposable if it is strictly S-decomposable at all points Xo G X. 


Lemma 3.5.2 

(1) is strictly S-decomposable along {t = 0}, then it is strictly S-decomposable 
along {P' = 0 } for any r ^ 1. 

(2) //./# = 0 ./# 2 ; then .JL is strictly S-decomposable of some kind if and only 

if .M\ and are so. 

(3) Assume that .JL is strictly S-decomposable and Z is pure dimensional. Then 
the following conditions are eguivalent: 

(a) for any analytic germ f : {X, Xo) (C, 0) such that /“^(0)nZ has every¬ 
where codimension one in Z, satisfies both conditions 3.3.11(c) and (d); 

(b) near any Xo, there is no coherent submodule of .JL with support having 
codimension ^ 1 in Z; 

(c) near any Xo, there is no nonzero morphism ip : ./^ JV, with strictly 
S-decomposable at Xo, such that Innp is supported in codimension 1 in Z. 
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Definition 3.5.3. — Let Z be a pure dimensional closed analytic subset of X and let 
^ be strictly S-decomposable. We say that ^ has strict support Z if the equivalent 
conditions of 3.5.2(3) are satisfied. 

Proof of Lemma 3.5.2. — The first point is a direct consequence of Proposition 3.3.13 
and the second one is clear. For the third one, let us show for instance (3a) (3c). 

Let ip : ^ yF, with ^ strictly S-decomposable at Xo, such that lunp C. f~^{0). 

Then 3.3.11(d) implies that Imip = 0. Conversely, given / such that /~^(0) has 
everywhere codimension one in Z, decompose as in 3.3.11(e). Then (3c) implies 

that ./#" = 0 . □ 

We will now show that a strictly S-decomposable holonomic .^.ar-module may 
indeed be decomposed as the direct sum of holonomic .^ar-modules having strict 
support. We first consider the local decomposition and, by uniqueness, we get the 
global one. It is important for that to be able to define a priori the strict components. 
They are obtained from the characteristic variety. 

Proposition 3.5.4. — Let .M he holonomic and strictly S-decomposable at Xo, and let 
{Zi,Xo)i(=i be the minimal family of closed irreducible analytic germs {Zi,Xo) such 
that Char.^ C UiT^.X x Oq near Xo- There exists a unique decomposition .yMx„ = 
of germs at Xo such that .y^Zi,x„ = 0 or has strict support {Zi,Xo)- 

Proof — We will argue by induction on dimSupp.^. First, we reduce to the case 
where the support S of ./# (see after Definition 1.2.4) is irreducible. Let S' be an 
irreducible component of S at Xo and let S" be the union of all other ones. Let 
/ : (X,Xo) (C, 0) be an analytic germ such that S" C /“^(O) and {S',Xo) /“^(O). 

Then, according to 3.3.11(e), near Xo, has a decomposition = .M' , with 

supported on S' and satisfying 3.3.11(c) and (d), and supported on S". 

Conversely, if we have any local decomposition ./^ = with {Si,Xo) irre¬ 

ducible and .y^Si (strictly S-decomposable after Lemma 3.5.2(2)) having strict sup¬ 
port Si, then Si C S' or Si C S" and 

By induction on the number of irreducible components, we are reduced to the case 
where (S, Xo) is irreducible. We may assume that dim S > 0. 

Choose now a germ / : {X, Xo) (C, 0) which is nonconstant on S and such 
that /“^(O) contains all components Zi except S. We have, as above, a unique 
decomposition 0 of germs at Xo, where ./#' satisfies 3.3.11(c) and (d), 

and is supported on /“^(O), by Proposition 3.3.11(e). Moreover, and are 
also strictly S-decomposable at Xo- We may apply the inductive assumption to 

Let us show that .M' has strict support S near Xo'- if is a coherent submodule 
of ./#' supported on a strict analytic subset Z C S, then Z is contained in the union 
of the components Zi, hence is supported in /“^(O), so is zero. □ 

By uniqueness of the local decomposition, we get: 
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Corollary 3.5.5. — Let ^ be holonomic and strictly S-decomposable on X and let 
{Zi)i^j be the minimal (locally finite) family of closed irreducible analytic subsets Zi 
such that Char^° C UiTf^.X xC*. There exists a unique decomposition .M = 
such that each ./^Zi = 0 or has strict support Zi. □ 

A closed analytic irreducible subset Z of X such that 0 is called a strict 

component of 

Corollary 3.5.6. — Let be two holonomic -module which are strictly S- 

decomposable and let {Zi)i^j be the family of their strict components. Then any 
morphism ip : ^ ^Zj vanishes identically if Zi Zj. 

Proof. — The image of p is supported on Zi H Zj, which is a proper closed analytic 
subset either of Zi or of Zj, if Zi Zj. □ 

The following will be useful: 

Corollary 3.5.7. — Let ./M be holonomic and strictly S-decomposable. Then .M is 
strict. 

Proof. — The question is local, and we may assume that ^ has strict support Z 
with Z closed irreducible analytic near Xq. 

First, there exists an open dense set of Z on which ^ is strict. Indeed, by Kashi- 
wara’s equivalence on the smooth part of Z, we may reduce to the case where Z = X, 
and by restricting to a dense open set, we may assume that Char./# is the zero section. 
Hence we are reduced to the case where ./# is ^^-coherent. If t is a local coordin¬ 
ate, notice that zMjt./^ = , as the filtration dehned by C/fe./# = t~^./M for 

fc ^ 0 and C/fe./# = ./# for k 0 satisfies all properties of the Malgrange-Kashiwara 
hltration. Let to be a local section of ./# killed by p{z). Then to is zero in ./M jtz^ by 
strict specializability. As is ^^r-coherent, Nakayama’s lemma implies that to = 0. 

Let now to be a local section of ./# near Xo killed by some p{z). Then ■ to is 
supported by a strict analytic set of Z near Xo by the previous argument. As ./# has 
strict support Z, we conclude that to = 0. □ 

Let us end this paragraph with a result concerning sesquilinear pairings: 

Proposition 3.5.8. — Let .M', .M" be two holonomic Si^ -module which are strictly S- 
decomposable and let {Zfji^j be the family of their strict components. Then any ses¬ 
quilinear pairing C : ® 0 s -^z-\s ®^Xi,xs/s vanishes identically if Zi 7 ^ Zj. 

Proof. — The assertion is local on AT x S, so we fix Zo G S and Xo & X and we 
work with germs at {xo,Zo). Assume for instance that Zi is not contained in Zj 
and consider an analytic function, that we may assume to be a local coordinate t 
by Kashiwara’s equivalence, such that t = 0 on Zj and t ^ 0 on Consider C 

as a morphism ./# 2 i|s ^ /#'oTO ^^|^ (./#^'.|g, iDbxgxs/s)- Fix local -generators 
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m",... ,m'l of ( 3 ,^ 2 ^)- By 3.3.11(b), there exists g ^ 0 such that = 0 for 
all k = Let m' G and let p be the maximum of the orders of 

C(m')(m'^) on some neighbourhood of {xo,Zo). As is we have, for any 

k = 

_ y-p+l+Q' _ 

tP+^+<iC{m'){m'^) = —=q -FC'(m')(mJ!) = 0 , 

hence = 0. Applying this to generators of ^Zi (x^ zo) shows that all 

local sections of C{^z. are killed by some power of t. 

As ^z. has strict support Zi, we know from Proposition 3.3.11(d) that 
•^z^ {x„ Zo) generates ^^z^(xoZo) therefore enough to show 

that = 0 . 

On the one hand, we have CiV^ ° Ji'z. ^o)) = 0 for /c <C 0: indeed, by 
Lemma 3.1.3, t : ^'z. ^^)) ^ zo) isomorphism for 

(z ) 

fc ^ 0 , hence acts injectively on C(V)) ° J('z. ^^j), therefore the conclusion follows, 

as t is also nilpotent by the argument above. 

(z ) 

Let now fc < 0 be such that C'(V);_Y‘^Zi (xo zo)) “ section 

of ■y^'z.Xxo.^oV of f®™ na| 4 o(a)e[fc.fe-i[(® - «* 2 )'^“ such 

that b{—dtt)m' G (xo zo)> fio^oe b{—dtt)C{m') = 0 ; on the other hand, we 

have seen that there exists N such that = 0, hence, putting B{s) = 

n^o('S ~ ff ^fso satisfies B{—Btt)C{m') = 0; notice now that b{s) and B{s) 
have no common root, so there exists p{z) G C[z] \ {0} such that p{z)C{m') = 0. 
According to (0.5.1), we conclude that C{m') =0. □ 


3.6. Specialization of a sesquilinear pairing 

3.6. a. Sesquilinear pairing on nearby cycles. — We keep notation of §§ 1.5 and 

3.1.a. Let and be two objects of and let 

C : .^I'g ® .^ig —> Sfa^Kxs/s 

be a sesquilinear pairing. In the following, we will assume that the .^.^-modules are 
also good (in the applications they will be holonomic). The purpose of this paragraph 
is to define, for each a G C a sesquilinear pairing 

'4^t,aC . ® ^ ^f’XongXS/S? 

ffs ' 

compatible with N, i.e., such that, with obvious notation, 

(3.6.1) 2 pt^aC(N[m], [p]) = {iz)'^'>pt,aC{[m],X[p\), 

where N denotes the action of — (Sjt + a * z) on Ft,a- Using the notation of Tate 
twist introduced in (2.1.3) and the notion of morphism of Triples)A) introduced 
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in Definition 1.6.1, we will put jV = (N',N") with N" = iN and N' = —N" = —iN, 
so that JV is a morphism of Triples(Xo): 

(3.6.2) ^ C) —> 

which satisfies jV* = —jV. 

Remarks 3.6.3 

(1) Once such specializations are defined, we get, according to the compatibility 
with N, pairings 

: gr^^V’t.a-^l's O grf ' ®bxogXS/S • 

In other words, using the notion of graded Lefschetz Triples introduced in Remark 
2.1.17, the graded object 

(gr“V't,a-^,gr“ 2 -^) ‘= (© (gI■-^V't.a‘^^grf V't.a.tC'),gr“ 2 -^) 

is a graded Lefschetz triple with e = — 1. 

( 2 ) As C is ^(^xx) it easily follows from the definition of tpt,aC that we 

know all ipt,aC as soon as we know them for Re(Q;) € [—1,0[ and for a = 0, according 
to 3.3.8(lb) and (Ic). 

In order to define the specialization of C, we will use the residue of a Mellin 
transform, that we consider now. 

Let .M 'be two objects of y'^{X,t) and let C : .^|g ( 8 )^g .^|g ^ ^^Auxs/s 
be a sesquilinear pairing. Fix (xo, Zq) G Aq x S. For local sections m', m" of .y^" 
defined in some neighbourhood of {xo,Zo) in A x S the distribution C{m',m") has 
some finite order p on nbAxs(a;o, ^o)- For 2 Res > p, the function is C^, so for 
any such s, ,m") is a section of Sb^Kxs/s on nbAxs(a^o, Zo). Moreover, for 

any relative form 7 /> of maximal degree with compact support on nbAxs(a;o, 2 o), the 
function s (|tp®C'(m',m"),i/') is holomorphic on the half-plane {2Res > p}. We 
say that |fp^C(m',m") depends holomorphically on s on nbAxs(a;o,-Jo) x {2 Re s > p}. 

Let x(t) be a real C°° function with compact support, which is = 1 near t = 0. 
In the following, we will consider differential forms ip = p A x(t) ■^dt A dt, where p is 
a relative form of maximal degree on Aq x S. 

Proposition 3.6.4. — Let he as above. Then, for any {xo,Zo)&Xo x S, 

there exists an integer L ^ 0 and a finite set of complex numbers 7 satisfying 
7 ^ 0 -zo) ^ such that, for any element m' of zo) 

and m" of -zo)’ correspondence 

(3.6.4)(*) (f I—> J^F(s — 7 * 2 / 2 )'^ - (|tp^C(m', m"), (p A x(t) ^dt A eft) 

7 

defines, for any s G C, a section 0 /X)bxoj,xs/s em nbAoxs(a;oAo) which is holo¬ 
morphic with respect to s G C. 
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The proposition asserts that the distribution 

(p I—> m"),p A xit) A dl) 

extends as a distribution on nbxoxs(a;o 5 -Zo) depending meromorphically on s, with 
poles along the sets s = —k + 7 * z/z {k G N), and with a bounded order. Notice 
that changing the function x will modify the previous meromorphic distribution by 
a holomorphic one, as is C°° for any s away from t = 0. The proposition is a 
consequence of the following more precise lemma. 


Lemma 3.6.5. — Let {xo,Zo) G Xq x S and let 01,02 G M. There exist L ^ 0 and 
a finite set of x satisfying 


^ — ^ '^2:0(7) ^ ® 1 ) '^ — 20(7) ^ ® 2 ) 


A ( _ 2 , ) 

such that, for any sections m' G ^ ^ and m" G ^ -z )> ^^e cor¬ 

respondence 


(3.6.5)(*) p I —> ]^r(s- 7*2/2)^ • Ax(t) ^dt A dt) 

7 


defines, for any s G C, o section of 'Zibx^^xs/s on nbxoxs(a;o 5 -^o) which is holo¬ 
morphic with respect to s G C. 

Assume moreover that the class of m' (resp. m") in gr^^*' .z^'f^x z ) {fosp. in 

gr^J -^Ix^^^zo))’^Aai-^lxo.zo) (’’’osp. in'fit,a 2 z^(xa-zo))- Then the product of 
r factors can be indexed by a set of j satisfying moreover 

(3.6.5)(**) 2 Re( 7 ) < 01+02 or, if ai = 02 a, 7 = a. 


Proof — Let bm'{S) = n 7 GA(m')(‘^ ~ be the Bernstein polynomial of m' 

{cf. Corollary 3.3.7), with 1 ^( 7 ) bounded by the nilpotency index L of N. It is enough 
to prove that n 7 GA(m') r(s — 7 *z/z)'^('''^ is a convenient product of T factors. Indeed, 
arguing similarly for m", one obtains that the product indexed by A{m') H A{m") is 
convenient. It is then easy to verify that Conditions (3.6.5)(**) on 7 are satisfied by 
any 7 G A(m') C A{m"). Remark that ^ 2 ^( 7 ) +^- 2 ^( 7 ) = 2 Re( 7 ). 

Notice first that, for any local section Q of Vo'^. 2 r,(a;o, 2 o)) and any C^-form if on 
nbxxs(a;o 5 Zo) with compact support, the form {\t\‘^'^'if)-Q is with compact support 
if 2 Re s > p. Applying this to the Bernstein relation Q = bm' (—Stt) — tP for m', one 
gets 

0 = {[bm'i-Stt) - tP]C{m', m”), 

(3.6.6) = (C(m',m"), d^P®'*/') ’ [bm'i-^tt) - tP]) 

= bm'izs){C{m',m"), + (C(m',m"), 

for some ry, which is a polynomial in s with coefficients being C°° with compact 
support contained in that of p. As is for 2 Re s + 1 > p, we can argue by 
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induction to show that, for any tp and k G N, 

(3.6.7) s I—> bra'{z{s - /c + 1)) • • • &™/( 2 s)(|tp^C'(TO',m"), V') 

extends as a holomorphic function on {s | 2Res > p — k}. Apply this result to 
Ip = if A xit) A dt to get the lemma. □ 

Remark 3.6.8. — The previous proof also applies if we only assume that C is 
y) g-linear away from {t = 0}. Indeed, this implies that \bm'(,—^tt) — 
tP]C{m',m") is supported on {t = 0}, and (3.6.6) only holds for Res big enough, 
maybe ;g> p. Then, (3.6.7) coincides with a holomorphic distribution defined on 
{s I 2Res > p — A:} only for Res 0. But, by uniqueness of analytic extension, it 
coincides with it on Re s > p. 

A distribution on Xq x S/S which is continuous with respect to 2 and holo¬ 
morphic with respect to S can be restricted as a distribution to sets of the form 
s = a -k zjz. This restriction is continuous with respect to z. By a similar 
argument, the polar coefficients along s = a k zjz oi the meromorphic distribu¬ 
tion (|tp^C'(TO', m"), • A x(t) A dt) exist as semi-meromorphic distributions on 
nbxoxs(a;o 5 2 o) (be., the exists a polynomial p{z) such that, after multiplication 
by p(z), the distribution is continuous with respect to z). The possible poles are the 
z G S such that there exists 7 as in (3.6.5)(**) with (7 — n — a)*z = 0, nGN and 
n 0 if 7 = a. 

Lemma 3.6.9. — Let [to'] he a local section of %pt^a.^' near {xo,Zo) and [to"] a local 
section of ipt,a-^" near (cco,—Zo). Then, the polar coefficients of the distribution 
(|t|^^C'(TO', to"), • A x(A) ^dt A dt) along s = ak zf z do neither depend on the choice 
of the local liftings m',m" of [to'], [to"] nor on the choice of Xt Aafce value in 

S&AorXS/S- 

Proof. — Indeed, any other local lifting of to' can be written as m' + p!, where p' is a 
local section of By the previous lemma, (|t|^^C(p', to"), •Ax(A) ^dtAdt) 

is holomorphic along s = akzjz. Notice also that a different choice of the function x 
does not modify the polar coefficients. 

We want to show that the polar coefficients do not have poles in some neighbour¬ 
hood of S. The possible poles of the polar coefficients, as we have seen above, are 
such that (7 — n — a) Az = 0, with n G N and n 0 if 7 = a. Now, (3.6.5)(**) shows 
that the only possible 7^0 are such that Re( 7 ) < Re(Q;), hence for any 7 ,n that 
we have to consider, we have Re (7 — n — a) < 0, hence ^ 0. Now, there can be no 
z G S with (7 — n — q;)*z = 0 (by §0.9, we should have z = and 7 — n — a purely 
imaginary). □ 
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According to this lemma, we get a sesquilinear pairing 


(3 6 10) ^ 

{[m'], [m"]) 


i’t,aC 


-> S&XomXS/S 

(|tp®C(m',^),. A x{t) ^dt A di), 


where m', m” are local liftings of [m'J, [to"]. The compatibility (3.6.1) of tpt,aC with N 
follows from (recall that a-k zj z is real). 


Definition 3.6.11. — For Rea G [—1,0[, the specialized sesquilinear pairing ^t,aC is 
defined as ipt.aC, according to Remark 3.4.4(2). 

Remark 3.6.12. — We have defined a functor ipt.a, and similarly '^t,a if Re a € [—1, 0[, 
from the category of strictly specializable objects of Triples) AT), i.e., objects = 
(..#', C) such that and .y£'" are in t), to the category Triples(Xo) 

by putting = (V't,a‘^^ V't.aC')- This functor clearly commutes with 

any Tate twist by k G ^Z. 

Remark 3.6.13 (Behaviour with respect to adjunction). — As x(t) -^dt A dt is real, we 
have ipt.aiC*) = {ipt.aC)*. li y ■. S' ^ d^*(—w) is a sesquilinear duality of 
weight w on then is a sesquilinear duality of weight w on As 

d’t.aS' and ipt,aS" commute with N, we have xF* o = —'4’t,adX o .A" (recall 

that jV = (—iN,fN)). Then is a graded triple in the sense given in § 1.6.C 

and gr^V't.a-F' is a (graded) sesquilinear duality of weight w on it. Last, we see that 
gr“ 2 AF is skewadjoint with respect to gr^i/'t.a-F’; in other words, gr^V't.Q'^ is a Her- 
mitian duality of (gr^ipt^a'^, Sr^ 2 ^)- Consequently, (2.1.13) defines a Hermitian 
duality on the primitive parts. 

If for instance .AC' = ./M" = and C* = C, so that 5^ = (Id, Id) is a Hermitian 
duality of weight 0, we have 'ipt,a{C)* = ipt.aiC), and we are in the situation of 
Example 2.1.14. The sesquilinear pairing on the primitive part 

PA.a.fC : Pgyf'tpt.aAC^s O Pgrfipt,aAC\s —> ®faxoRxs/s 
is given by the formula 

(3.6.14) P^t,c.,,C = {iz)-%,^,tC{(inY., V). 


Remark 3.6.15. — Assume that .iF is a smooth twistor. In particular, C takes values 
in (7°° functions. Then tpt-iCA is equal to the restriction of CA along {t = 0} as 
defined in Definition 1.6.9. 


Remark 3.6.16. — Let f = P for r ^ 1. Let i/ be the graph inclusion of / and let 
i : {t = 0} ^ be the closed inclusion. Similarly to Proposition 3.3.13, one shows 
that d’f.aC = i+1pt,raC. 
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3.6.b. Vanishing cycles and sesquilinear pairings. — If or are sup¬ 
ported on Vq, we have '4’t,aC = 0 for any a. We should therefore also define the 
“vanishing cycle analogue” (j)t,oC in order to recover an interesting sesquilinear form 
on in any case. We continue to assume in the following that 

are strictly specializable along {t = 0 }. 

The function — In the following, we always assume that z varies in S. Let x(d) 
be a C°° function of the complex variable 9 such that x h&s compact support on C 
and X = 1 near 0 = 0. For s such that Re s > 0, the function 

s, z) = J m^de A de 

is continuous with respect to t and holomorphic with respect to s (notice that the 
exponent fzjO — tjOz is purely imaginary, as z G S). It also varies smoothly with 
respect to z. For any p G N, the function /^, when restricted to the domain 2 Re s > p, 
is CP in t and holomorphic with respect to s. 

Define Ix,k,i by replacing with 0*0^ in the integral defining in 

particular, we have = Ix,o,o and Ix,k,k(t, s, z) = Ix(^’ s + k,z) for any fc G Z. 

Remark 3.6.17. — We can also use the coordinate r = 1/0 to write Ix{t, s, z) as 

I^{t,s,z)= I fl(r)^drAdr 

where now y is C°°, is = I near r = oo and = 0 near t = 0. It is the Fourier transform 
of |r| x(j) np to a scaling factor z: put t = ^ + ir] and tf^z = y + ix\ then 

s,z) = ^J |^|-2(^+i) ^ dy. 

If we denote by the Fourier transform with kernel A df, then the 

inverse Fourier transform has kernel A di. 

For Re s large enough, using Stokes formula, we obtain 

i^dx,k—^di.^^ — z(s “t" k^Ix^k.i(tj S, z) '^) 

tdx.k,t—l{ti S) ■ 2 ') = z(s -|- lf)Ix,k,t.{t^ S^z) (^; S) ■ 2 '); 

with Idx/de,k+i,ii dg^/oe k i +1 ^ C°°{C x C x S), holomorphic with respect to s G C. 
In particular we get 

s - 1 , z) = -s'^Ixit, s, z) H-, 

where “• • • ” is C°° in {t, s, z) and holomorphic with respect to s G C. This equality 
holds on Re s > I. This allows one to extend as a C°° function on {t 7 ^ 0} x C x S, 
holomorphic with respect to s. 

For Re s > 1, we have 

dtl^{t,s,z) =and dJxit, s, z) =s, z), 
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hence 

t^t^x ~ ZsI^ + i Q and = zsix + ^^dx/d9,0,l' 

By analytic extension, these equalities hold on {t 7 ^ 0} x C x S. 

Definition of — Let m',m" be local sections (near {xo,Zo) and {xo,—Zo) with 

Zo & S) of Vb■^^ Vb^" lifting local sections [m'], [m"] of ■ Using the 

previous properties of /y, one shows as in Lemma 3.6.5 that, for any test form ip on 
and any compactly supported C°° function x(t) such that x = 1 near t = 0, the 
function 

s '—' s, z)C(m', m"), p A xit)^dt A di) 

is holomorphic for Re s big enough and extends as a meromorphic function of s with 
poles at most on s = 0 and on sets s = x* zjz with Rey < 0. 

We put 

(3.6.18) ((/)(,oC'([m'], [to"]), p) Res^^o to"), p A /y(t, s, z)x{t)^dt A df). 

This residue does not depend on the choice of x and Xi nor on the choice of the 
representatives to', to" in ,Vo^" {cf. Lemma 3.6.9), and defines a section of 
®E’Aorxs/s- As we can take x and x real, one obtains that (j)t,o{C*) = {ftflC)*. 
Arguing as for ■ft,aC, one gets the analogue of (3.6.1). We define then 

(3.6.19) C) =' (lAco^', ftfiC), 

and we have a morphism jV : in Triples(Xo)- 

Remark 3.6.20. — Let us explain the definition of (j>t,oC. Consider the one-variable 
distribution with compact support {xC(rn',m"),p). Its Fourier transform is a dis¬ 
tribution of the variable r, that we localize near r = 00 and to which we apply the 
functor to obtain ftpC. This procedure is similar to a microlocalization with 

respect to the variable t. 

The morphisms 'd’an and 'far. — We define 

'^an = (var, z can) and = (—z can, var). 

Once they are known to be morphisms in Triples(Xo), they clearly satisfy 
'fdro'iaan = .zKpt.-n '^o.no 'far= g. 

Lemma 3.6.21. — The morphisms ^an and 'far are morphisms in Triples(Xo).' 

3.6.22 (Behaviour with respect to adjunction). — Let : ST ^ ST*{—w) 
be a sesquilinear duality of weight w. Using the canonical isomorphism (1.6.3) 
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((/)(,o-3^(l/2))* ^ 0t,o^*(-l/2) given by (Id^^ q^//, - o^/), we get a commut¬ 

ative diagram 




^an 

and an adjoint anticommutative diagram. 




tar 

■> 4't,oy*{-w - 1/2) 


Proof of Lemma 3.6.21. — Let us show that '^an is a morphism in Triples(Xo), 
the proof for "^r being similar. Let [wq] {resp. [m'!_f\) be a local section of 
{resp. We have to show that 

(3.6.23) ReSs=o z{C{mQ, m" j), ip A s, z)xit)^dt A dt) 

= ReSs=_i {C{mQ,m'f^),p 

We can replace s,z) with —I^ i Q(t,s — l,z), so that the left-hand term in 

(3.6.23) is 

(3.6.24) ReSs=_i {C{mQ, m'f^),p A s, z))xit)^dt A dt). 

Denote by T the one-variable distribution {xC{mQ,m'f.^^),p) obtained by integra¬ 
tion in the Xq direction. It has compact support by definition of y. Therefore, its 
Fourier transform yP is a C^-function of r, z, which has slow growth, as well as all 
its derivatives, when t ^ oo. The function in (3.6.24) is then written as 

(3.6.25) -z J ^T(t, z)|T|“^^®+^^x(r)^dTAc?r. 

On the other hand, the function in the RHS of (3.6.23) is 

{T,t\tf^x{t)^dtAdt) = {yT,y-^{t\t\^^x{t)^dtAdt)) 

(3.6.26) f 

= J yT{T,z)-y-\t\tf-^x)^dTAdm 

(in order to get this expression, we replace y with y^ in (3.6.23), which does not 
change the residue, as previously remarked). 

The function s, z). — Let us state some properties of the function 

4.i,o(t,s,z) =*' y-^it\t\‘^‘x)- 

(1) Denote by Ix,k,i{T, s, z) {k, £ G Z) the function obtained by integrating 
Then, for any s G C with Re(s -I- 1 -I- (fc -I- i)/2) > 0 and any z G S, the func¬ 
tion (t,s,z) 4_fc,£(r, s,z) is C°°, depends holomorphically on s, and satishes 

Unir^oo dxtti'’’’ ~ ^ locally uniformly with respect to s,z (apply the classical 
Riemann-Lebesgue lemma saying that the Fourier transform of a function in is 
continuous and tends to 0 at inhnity). 
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(2) We have 


(3.6.27) 


Tlx,k,t — —z{s + — zlQy^/Qt^k,e 

Tlx,k,e = —z{s + — zlg^igjk,e 




where the equalities hold on the common domain of definition (with respect to s) 
of the functions involved. Notice that the functions IdT,k,i and lQ^/gi,k i are C°° on 
X C X S, depend holomorphically on s, and are infinitely flat at r = oo (because 
\t\'^^dfjx is C°° in t with compact support, and holomorphic with respect to s, 
so that its Fourier transform is in the Schwartz class, holomorphically with respect 
to s). 

It follows that, for Re(s + 1) + (fc + ^)/2 > 0, we have 


(3.6.28) 


Tdr Ix,k,i — —z{s + k + ~ zldx/dt,k+l,ei 

T’drlx,k,l = -z{s + ^ + ^)Ix,k,l - zlgt^k/+l- 


(3) Consider the variable 9 = with corresponding derivation dg = —r’^dr, 
and write s, 2 ) the function Ix,k,i in this variable. Then, for any p ^ 0, any 

s G C with Re(s + 1 + (fc + ()/2) > p and any z G S, all derivatives up to order p of 
Ix,k,e{d, s, z) with respect to 9 tend to 0 when 0^0, locally uniformly with respect 
to s,z (use (3.6.28) and (3.6.27)); in particular, Iy^^k,i{T, s, z) extends as a function of 
class on P^ x {Re(s + 1 + (fc + ()/2) > p} x S, holomorphic with respect to s. 


The function s, z) is C°° in t and holomorphic in s on {s | Res > —3/2}. 

Using the function x ( t ) as above, we conclude that the integral 

(3.6.29) J ^T{t,z) ■ xiT))^dT Adf 

is holomorphic with respect to s for Res > —3/2. It can thus be neglected when 
computing the residue at s = — 1. The question reduces therefore to the comparison 
of Ix,i,o{t, s, z) and |.^|- 2 (s+i) ^ ^ 

Put Jx,i,o{t, s,z) = t /x.i.o(u s, z). Then, by (3.6.28), we have 

_c>Jx, 1,0 7 —i^-^x.i.o 7 

~ ~'Jdx/dt,l,0, T g- — ~'Jdx/dtp,l^ 

and both functions Jdx/dt,i,o and Jg^/gjo 1 extend as C°° functions, infinitely flat at 
r = 00 and holomorphic with respect to s G C. Put 

Kxir,s,z) = - / [Jox/at,i,oi^T,s,z) + jQ^,Qj^Q-^{XT,s,z)]dX. 

Jo 

Then is of the same kind. 
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Lemma 3.6.30. — For any s in the strip Re(s + 1) € ] — 1, —1/4[, the function r 
s, 2 :) satisfies 


lim Jx,i,o{t,s,z) 


r(s + 2) 
^ r(-s) 


Proof — We can assume that x is a C°° function of |tp, that we still write x(I^P)- 
For simplicity, we assume that x = 1 for 1^1 ^ 1- Then the limit of Jx,i,o is also equal 
to the limit of the integral 


J(t, s,z)= [ tT 

By a simple change of variables, we have 


dt dt 
t t 


J{t,s,z)=z / -^du A du. 

J\u\^\t\ 

Using the Bessel function J±i(a;) = ^ we can write 

J{t,s,z) = 2 z [ J-i( 2 p)p 2 U+iifip 
ip^lrl 

= —f Ji{p)p'^^^~'~^''dp, as Ji = —J-i- 

J / 9 ^ 2 | t | 

For Re(s + 1) € ] — 1,—1/4[, the limit when |t| of the previous integral is equal to 
22 (s+i)r(s + 2)/r(-s) (c/. [68, § 13.24, p. 391]). □ 


From Lemma 3.6.30, we can write, on the strip Re(s + 1) € ] — 1/2, —1/4[, 

(3.6.31) 44 . 0 ( 1 -, s, z) = -ZT~^ 

where s, z) = —zt~^ |.^|- 2 (s+i) jg qoo on C x C x S, infinitely flat at r = 00 
and holomorphic with respect to s. For any p ^ 0, apply (9^9-)*’ to the previous 
equality restricted to t 0 (where both sides are C°° in t and holomorphic with 
respect to s; preferably, multiply both sides by x(t)), to get, for s in the same strip. 


Ix,i,o{t,s+p, z) 


_ |.^|- 2 (^*+P+i) r(s+p + 2 ) 

' ' r(-s-p) 


+ {BrB^rKx{T,S,z) 


where the last term remains infinitely flat at r = 00 . It follows that (3.6.31) remains 
true on any strip Re(s+ 1) G]p— 1/2,p— l/4[ with p ^ 0 and a function Kx'^ instead 
oiKx- 

Choose p such that the two the meromorphic functions considered in (3.6.23) are 
holomorphic on the strip Re(s + 1) G ]p — 1/2, p — l/4[. The difference between 
r(s + 2)/r(— s) times the function in the LHS and the function in the RHS coincides, 
on this strip, with a holomorphic function on the half-plane {s j Res > —3/2} (taking 
into account (3.6.29) and It is then equal to it on this whole half-plane, hence 

has residue 0 at s = — 1 . □ 
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Let us emphasize two cases: 

(1) Denote by i the inclusion {t = 0} ^ X. Remark that, if and are in 

t) and are supported on {t = 0}, so that and = z+^q', then 

any sesquilinear pairing C on (g)^g ^g is equal to for some sesquilinear 

pairing Co on ^Q|g ^o\s- I^ideed, by s"liii6^rity, C is determined by its 

restriction to ; conclude by using that tC'(TOQ, TOq) = Citm'o, mg) = 0. 

We have ^g = and ^g' = . Moreover: 

Lemma 3.6.32. — The pairing 4>t,oC is equal to Co- 
Proof. — By definition, as x(0) = 1, we have for Res 0, 

{C{mo,m'f^),ip A s, z)xit)^dt A dt) = {Coirn'o^m'i^), (p) ■ lx{0,s,z). 

As x(0) = 1, we have ReSs=g /^(O, s, z) = 1. □ 

(2) Assume that can is onto. 

Lemma 3.6.33. — Let mg, mg he local sections o/Vg./#', Vg./#" lifting local sections 
[mg], [mg] of ■ Then 

{(ftpCilrn'o], [m)f]),.) = Ress=g ^(|t|^^C'(mo, mf)). * A xit)^dt A dt). 

Proof — There exists a local section of such that [mg] = i can[m" 

We have 

{\l?'""""^^C{m'o,m'f^)., • A x{t)^d,t A di) = {\tf ■''C{tmo,tm'^^), • A x{t)^dt A di) 

= (|tp'*C'(tmg, tNm" i), • A x{t)^dt A dt) 

= ((—i9tt|t|^®)C'(tmo, m" i), • A x{t)^dt A di) + J(s, z) 

= —iz{s + l)(|tp^C'(tmQ, m" ^), • A x(t)'ipdt A dt) + J(s, z) 

= -(i 2 )"^(s + l)(|tp^C'(tmo,m"i),. A xif)ipdtAdt) + J{s,z), 
where J(s, z) is meromorphic with respect to s and has no pole along s = —1. There¬ 
fore, as (/)t,gC'([mo], [mg]) = ^t,gC([mo],ican[m"i]) = (iz)“Vt,-iC'(var[mo], [m" ^j), 
we get 

((/)(,gC)[mg], [mg]),.) = (zz)“^ ReSs=_i (|tp^C'(tmo, • A xif)ipdt A dt) 

= ReSs=-i —^(|tp^'*+^^C'(mo,mo),. Ax(t)2^dt A dt) 

= Res^^g ^(|tp^C'(mo,mo), • A x{'t)^dt A di). □ 

Corollary 3.6.34. — Let SA = {JA',C) be an object of di-Tiiples^X). Assume 
that ./M',.M" are strictly specializahle along {t = 0}. The following properties are 
equivalent: 

(1) = Im%n0Ker';thr in .^-Triples(X), 
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( 2 ) ^ ^ 0 ^ m Triples(X), with ^ supported on {t = 0 } and being 

such that its '^an is onto and its 'far is injective. 

Proof. — The part for is Proposition 3.3.11. That (ftpC decomposes is 

proved as in Proposition 3.5.8. □ 

3.6.C. Direct images and specialization of sesquilinear pairings. — We take 
the notation used in Theorem 3.1.8. 

Corollary 3.6.35. — Let = {.JiC,C) he an object of t%-TiT\p\es{XxC). Assume 
that satisfy the conditions in Theorem 3.3.15. Then, for any a with Rea G 

[—1,0[, we have Moreover, we have = 

and, with obvious notation, = M’''{f^^an), 'fdr^i(F.,sr) = 

■AfKh'far). 

Proof. — Apply Theorem 3.3.15 for ./#" and %n, 'far. It remains to controlling 
the behaviour of ipt.aCjcjtpC under Fp Now the result is a direct consequence of 
the definition of ipt.aC, (pt.oC, as we can compute with local sections of Po^^ 
knowing that, for = fAF or , the filtration is V../#). □ 


3.7. Noncharacteristic inverse image 

3.7. a. Noncharacteristic and strictly noncharacteristic .^^-modules along 
a submanifold. — Let be a holonomic .^^-module with characteristic variety 
Char.^ contained in Ax LIq, where A C T*X is Lagrangian. Let Z C A be a 
submanifold of X and denote hy i : Z ^ X the inclusion. We say that is 
noncharacteristic along Z if T|A n A C Tf^X for some choice of A as above. 

Locally on Z, we may choose a smooth map t = {ti,... ,tp) : X ^ such that 
Z = t~^(0) and we may view t as a projection. We may therefore consider the 
sheaf .^ar/cp of relative differential operators with respect to the projection t. The 
following is classical and easy: 

Lemma 3.7.1. — If is noncharacteristic along Z, then./^ is (locally on Z) ^j^v- 
coherent. If Z has codimension one, then .M is regular along Z. 

Proof. — Indeed, if is noncharacteristic along Z, then any local good filtration 
F.y^ of as a .^^-module is such that gr^.^ is gr^.^^/Cp-coherent. □ 

Definition 3.7.2. — The .^.^-module ./# is strictly noncharacteristic along Z if it is 
noncharacteristic along Z and the (ordinary) restriction .^\z is strict. 

Remark 3.7.3. — If / : Z ^ A is any morphism between smooth complex manifold, 
we may similarly define, for a holonomic .^ar-module ./#, what “(strictly) nonchar¬ 
acteristic with respect to /” means. Decompose / as en embedding followed by a 
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projection. Then ^ is always strictly non characteristic with respect to the projec¬ 
tion. Hence, in practice, it is enough to check this property for embeddings. 

Lemma 3.7.4. — Let Z be a smooth hypersurfaee. Assume that .M is strictly non¬ 
characteristic along Z. Then, 

(1) is strictly specializahle along Z, 

( 2 ) we have (7^ ^\z- 

Proof. — We may work locally on X. Assume that Z is defined by a local equation 
t = 0. As ./# is noncharacteristic along Z, Lemma 3.7.1 shows that is specializable 
and regular along t = 0 , and we may choose as a good H-filtration the filtration given 
by V-i.y£' = Ji, = t^Ji for A: ^ 0 and gr^./# = 0 for a ^ —N* (here the 

filtration is independent of the choice of Zo as the indices are real). The restriction 
is equal to grl^j^./# and is still holonomic with characteristic variety contained 
in Aq X Oo, where Aq is the image of A\z by the cotangent map T*i : T*X\z T*Z. 
Moreover, the action of tdt on vanishes, because for a local section m of 

Stm is also a local section of 

With the assumption of strictness of jtJL, we conclude that JL is strictly spe¬ 
cializable and regular along Z. In such a situation, the H-filtration defined above 
is the Malgrange-Kashiwara filtration and we have lt.J7i. 

Moreover, t ■. J( ^ J( \s. injective, because = V-\JL (c/. Remark 3.3.6(4)), i.e., 

•^\z = ^\z- 

Last, remark that can and var are both equal to 0, as = 0- CH 

An adjunction morphism. — Let tt : X ^ X he a proper analytic map between 
complex analytic manifolds, which is an isomorphism almost everywhere (say that tt 
is a proper modification of X). Assume that tt = p o i, where z : A ^ A x is 
a closed inclusion and p : A x ^ A is the projection. Let be an holonomic 
.^^^-module which is strictly noncharacteristic with respect to tt. By Lemma 3.7.4, 
is a holonomic .^jx-module. 

Lemma 3.7.5. — Under these conditions, there is a natural adjunction morphism l : 

Proof. — Put n = dim A = dim A. The right module associated with 

is u)^ Using the contraction isomorphism (0.6.1), we identify the 

complex 

(lO^ (g) TT~^.y£') (g) Sp~ cfy = Zi (g) A’0S^ (g 

with the de Rham complex 
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of the (inverse image of) the left .^ar-inodule M the right ^^-structure 

being trivially induced by that on ■ Using the isomorphism (0.7.4), this complex 
is isomorphic to the de Rham complex 

0 7r“^(^ar ~ (g) T^~'^{^x ®ex 

We now have a morphism 



—(g) TT ®ear J^)) ^ 

hence a morphism ^ 7 r!J.( 7 r“'".^)’’. □ 

3.7.b. Noncharacteristic inverse image of a sesquilinear pairing. — Con¬ 
sider first the case of the inclusion of a smooth hypersurface Z = {t = 0}. If C 
is a sesquilinear pairing, then is defined by the formula of Definition 3.6.11. 

Notice that, by applying the same argument as in Lemma 3.6.5, for any local sections 
m' of and m" of , the function (s) has at most simple poles at 

s = — 1 , —2 ,... and no other poles. 

If = (./#', , C) is an object of Triples(X) with holonomic, and if 

are strictly noncharacteristic along Xq, then one may define S' as ipt,-iS. 
The following result will be useful in the proof of Theorem 6.1.1 (c/. §6.4(3)). 

Proposition 3.7.6. — Assume that is strictly noncharacteristic along the smooth 
hypersurface Z C X. Let j : X \ Z ^ X denote the open inclusion. Given any 
sesquilinear pairing C° : j*S<L\s ®es J**^s ®faA\Zxs/S; there exists at most one 
sesquilinear pairing C on which extends C°. 

Proof — The question is local on X x S, so let Xo & Z, Zo & S. Assume that we 
have a coordinate system {t,x') such that Z = {t = 0}. We may consider relative 
differential forms of maximal degree, namely forms ip = a ■ dx' A dx' where a is a 
section of Let m',m" be sections of -^(xo.-zo)- Assume that C 

is a sesquilinear pairing on . Then, for a relative differential form ip of maximal 
degree supported in nb(xo,.Zo), {C{m', m"), ip) is the section of Sbu^xs/S; where 
L? = {|^l < -R}) defined by 

ri{t, z)-^dt A dPi i—> (C{m', to"), ip A r]{t, z)-f:^dt A dt) . 

We can view {C{m', to"), ip) as a distribution on Dr with values in the Banach space 
(^^(S), using the formula above. 

Assume that we have two extensions Ci,C 2 of C°. For to',to" as above, put 
u = Cl (to', to") — C 2 (to',to"). It is then enough to prove that, for any relative 
form Ip, the distribution {u,ip) on the disc is equal to 0 : indeed, for any test form ip 
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supported in nb(a;o, Zo), we can write (p = tp A x, for some relative form ip and some 
test form x on the disc; then, {u, ip) = ((w, ip),x) = 0 - 

Denote by p the order of the distribution u on nb(a;o 5 Zo). We have 

(3.7.7) {u,ip) = ^ Aa.b(i)’)S“3j(5o, 

for some Xa,bW ^ z ^ where Jq G ©boKxs/s denotes the Dirac distribution at 
t = 0. Let us show that all Xa,b{'4’) vanish identically. This is true if ip vanishes at 
order ^ p + 1 along {t = 0}. We may therefore assume that ip does not depend on 
t,t. Using the Bernstein equation for m', we obtain, for a convenient choice of N, 


B{tSt) • TTl' 


N 

[ n 




j 


According to (3.7.7), the coefficient of S“S^(5o in ■ {u,ip) is p,a{z)Xa,b{ip), with 

pLa(,z) invertible on S. On the other hand, for any j, by (3.7.7) applied to ip ■ Pj, 
{u, Ip ■ Pj) = 0, hence tP~^^{tdt)^ {u, ip ■ Pj) = 0. Therefore, all Xa,b{'P’) vanish. □ 


3.7.C. Specialization along two normally crossing divisors. — We will need 
the results below in the proof of Theorem 6.1.1, §6.4. The result is an adaptation of 
[54, §§3.5.11-3.5.18]. 

Assume that we are in the following situation: let Y = Fi U >2 be a normal 
crossing divisor in a smooth manifold X and let 3^ = ,C) be an object 

of Triples)A). Assume that are holonomic with characteristic variety 

contained in Ax Dq, for some Lagrangian variety A C T*X. Assume also that 
are strictly noncharacteristic along Yi, V 2 and Z = YinY 2 in n neighbourhood 
of Z. We will work in local coordinates near a point of Z: we put Yi = {a;i = 0}, 
U 2 = {X2 = 0}. 


Lemma 3.7.8. — Under these conditions, for .M = .YP or ./M" and near each point 
ofZ, 

- ./P is strictly specializahle along Yiand Y 2 , 

- '4>xj,a.Y7i vanishes for a ^ —N* and j = 1 , 2 , 

- ipxi,-i.yP' = ./Mlx\.yM is strictly specializahle along {x 2 = 0 } and eonversely, 

- we have ipx 2 ,-i'f’xi,-i.^ = = .zPlx\X 2 .yP, 

- for any local sections m' of .M' and m" of .M", the two-variable Mellin transform 

{C{m',m"), ‘P{^)) has only simple poles along lines si = —1 — k, S 2 = 

— 1 — k,£ and no other poles, 

- we have ipx^-itpxi-i^ = ‘<pxi,-iipx 2 -i^ ■ □ 

We now will compute the specialization of along X 1 X 2 = 0. Denote by / the 
monomial X 1 X 2 and let i/ : X ^ A x C be the graph inclusion. Let t be the 
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coordinate on C, so that if{X) = {t — f = 0}. Assume that and 

that = (Id, Id) is a Hermitian duality of weight 0 on . 


Lemma 3.7.9. — Under the same eonditions, for = .M' or .M", the x xC-^nodule 
ifX-^ strictly S-decomposable along {t = 0}, we have = 0 for a ^ h and 

there are local isomorphisms 




iYi,+i’xi-i‘^ ® *T2,+V’x2,-i-^ */^ = 0, 

iz,+'ipxi-ii’x2,-i^ */^=l- 


Last, the sesquilinear pairing on the primitive part given by Formula (3.6.14) coincides 
with the corresponding specialization of C. 


Proof. — We will only insist on the computation of xft,-iC, as the computation of 
iftii f ,+-^) is done in [54]. We have ip^-^ = ©fceN-^ (^dfS{t — X1X2) with the usual 
structure of a .^^xC-module. By loc. cit., we have V-i{ifx-^) = • (-#© d) and, 

for fc > 0, 

Wi_fc(z/,+.^) = t'=Wi(v,+.^), i/_i+fc(i/,+.^) =^gfWi(i/,+.^). 

e^k 

Moreover, (tSt)^ vanishes on gr]( 2 (*/,+*^) and the monodromy filtration is given by 
M_ 2 Wi(v,+.^) = V-2{if,+.^), 

M_iV-i{ifx^) = tdt ■ V-iiifx.^) + V-2iif,+.^), 

MoV-iiifx-x^) ■ {{x\,X2)J^ ©d), 

MiWi(v,+.^) = Wi(i/,+.^). 

These formulas lead to the isomorphisms given in the lemma. It is also clear that can 
is onto, and one shows that var is injective, identifying therefore with 

gr^i'ft-i{if,+-^)- This gives the strict S-decomposability of .JiL along {/ = 0}. 

Let us now compute Formula (3.6.14) for £ = 0,1. For that purpose, let m', m" be 
local sections of .y£. They define local sections m' ® 5 and m" © d of lAi(t/,+.^). 
Assume first that i = 1. For a local section (p of we have to compute 

{iz)~^ ReSs=_i (^ifxC[{—itdt)m' © S, m" ® 6), \t\'^^x{t)F U ^dt A di'j. 

Then it is equal to (see also the computation of (3.8.2) below) 

Ress=-i(s + 1 )(C'(to', m"), xixiX 2 )ip), 

that we have to compare with ReSsi=_i ReSs 2 =-i(C'(ni', m"), |x2|^*^x(xia;2)v3)- 

By Lemma 3.7.8, both residues coincide. 

Assume now that i = 0 and take m', m" G {xi,X 2 ).x^. If m' = xim and m" = 0 : 2 / 1 , 
then the function (C{m,fl), |a;ia; 2 | * has no pole at s = —1, after Lemma 

3.7.8. If for instance m' = xim and m" = xipi, then {iY2,+'ipx2,-iC'(jn'^17), f) s-nd 
ReSs=-i{C{m,JI),\xif^~'~‘^\x 2 f'^x{^i^ 2 )p) coincide. □ 
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3.8. A local computation 

Let S' = (./#', Si"^ C) be a smooth twistor structure (c/. § 2.2) on a complex mani¬ 
fold X. The purpose of this paragraph is to compute the nearby cycles of {SC, , C) 
with respect to a function / which takes the form f{xi,..., Xn) = xi • ■ • Xp for some 
local coordinates xi,... ,Xn on A and for some p ^ 1. The goal is to show that, hrst, 
S is strictly specializable along / = 0, and to compute the primitive parts in terms 
of the restriction of S to various coordinate planes, in the sense of Definition 1.6.9. 
As, by definition, these restrictions are smooth twistor structures, this will imply that 
the primitive parts are so. The computation is local on X. 

For £ ^ p, denote by the set of subsets I C {1,... ,p} having cardinal equal 
to £. For I G denote by S its complement in {1,... ,p} and by ii the inclusion 
{xi = 0} A. 

Proposition 3.8.1. — Let S be a smooth twistor structure of weight w on X. Then, 

(1) the S!St;-triple S is regular and strictly specializable along / = 0 (with a set A 
of eigenvalues contained in 'L), and is strictly S-decomposable along / = 0, with only 
one strict component; 

(2) for a G [—1, 0[, we have ipf^aS = 0 unless a = —1 and, for any £ 0, there is 

a functorial isomorphism 

0 ^ PgTff:p.,(S){£/2), 

J&Xt+i 

where denotes the monodromy filtration. 

Proof. — Let us begin with the trivial smooth twistor S = {ffsc, Gsc, C) where C is 
trivially dehned by C{1, 1) = 1. Except for the computation of 'ffC, this is proved in 
[54, §3.6]. We will recall some details in order to compute ipfC. We put yj = Xp+j for 
j = 1,... ,n — p. If 5 denotes the .^.arxC-generator of if^+Gsc, we have the following 
relations: 

p 

t6 = f{x)S, Xid,^J =-{tQt-£ z)6, dy.6 = 0, 

This shows that d G V-i{if^+Gsc) and that gT^{if^+Gsc) = 0 for a ^ Z. Regularity 
along {t = 0} is also clear. It can be shown that V-i{if^+Gsc) = Vo{Sscxc) • d 
and that any local section of V-i{if^s-Gsc) has a unique representative modulo 
V- 2 {if,+ Gsc) of the form 

da-l 

X! 9{xi‘(a),y)x~"-{-tBt)''Pa-li-tdt)itS), 

aGNP k^O 

with Pa-i{s) = n?=inKf^a,-i(s - (see [52]), da-i = #{i ] a* - 1 > 0}, 
P{a) = {i j Oi = 0} and g holomorphic in its variables. One may also show that 
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sections of Pgr^grYiif,+ ^s: are uniquely represented by elements of the form 

g(xi<=,y)xy‘‘^Faj-ij(-tdt)(tS) 

|/l=t+l 

which can be rewritten as 


/C{l,....p} bieW 
\I\=i+l 

It can be shown that, for j G P, 

[g{xic,y)dl^^{xJ^H6)] = d^^{g{xic,y))d^^^^{xJ^H6) mod Mf_i. 


One then gets an isomorphism 

g{xic,y)dl\{x~['^H5) I—> g{xic,y)nl\. 

One may compute similarly PgrYg^^if^+ffx (see [54, 51, 52]) and can,var, and 
prove in that way that is strictly specializable and strictly S-decomposable along 
{/ = 0 }. 

Let us now show that the previous isomorphism is an isomorphism of ^-triples, 
once the left one is twisted by (^/2), i.e., the corresponding C is multiplied by {iz)~^. 
Fix J S ^i+i and, for any test form (p with support contained in the fixed coordinate 
chart, put p = pj /\ rijeJ ■^dxj A dxj. On the one hand, we have 


{ij+i*jC{l,l),p) = ( pj. 

J {xj=0\jl£j} 

On the other hand, according to Example 2.1.14, as N" = iN = —itdt, we have to 
compute 

(3.8.2) ReSs=-i ^i/,+C'((— Xj^'’tS), |<|^^x(t)(/3 A ^dt A cBj. 

Remark first that 

(3.8.2) = (iz)“'^ReSs=_i (^if^+C{xjcS,xjcd),{'iQttY{\t\'^'‘xit))‘P ^ ^dt A 
= ReSs=_i (s 0 lYlif,+^{xj'=5, xjc6), |tp®x(t)(/3 A i^dt A cH 

as the term containing derivatives of x will not create any residue. Putting t = t — f, 
we have 

|tp«x(t)0A A dt 


_ 2-77^ 

■^dr A dr 


= i/rx(/v, 


and, by definition of if^ 


+ ) 


(3.8.2) = Ress=_i (s 0 1)M |a;jc|^ |/|^® x(/)V3 
L Jx 
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The integral has a pole of order £ + 1 ats = —1 produced by 



and the coefficient of the pole is ^J- This gives (2) for 

If now ^ is any smooth twistor, remark that, for ^ or , we have 

^ with its usual twisted structure of .^^-module, and that 

the action of t and 9t comes from that on sc ■ As ^ is assumed to be ^^-locally 
free, the filtration of defined by V"q,z/,+^ = ^ ^a{if,+ ^sc) satisfies 

all properties of the Malgrange-Kashiwara hltration. It is then easy to deduce all 
assertions of the proposition for ^ from the corresponding statement for i ■ D 




CHAPTER 4 

POLARIZABLE TWISTOR ^-MODULES 


4.1. Definition of a twistor ^-module 

We will follow the inductive method of [54, § 5.1] to define the notion of (polarized) 
twistor ^-module. 

Let X be a complex analytic manifold and let w G Z. We will define by induction 
on d e N the category w) of twistor Six-modules of weight w on X, having 

a support of dimension ^ d. This will be a subcategory of the category 3^- Triples(X) 
introduced in §1.6. We will also define the full subcategory MT<^(X, re) of regular 
twistor ^x-modules 

Definition 4.1.1 (Twistor ^-modules). — The category w) is the full subcat¬ 
egory of Triples(X) for which the objects are triples C) satisfying: 

(HSD) .M' are holonomic, strictly S-decomposable, and have support of dimen¬ 
sion < d. 

(MT>o) For any open set U C X and any holomorphic function / : (7 ^ C, for any a 
with Re(a) G [—1,0[ and any integer £ ^ 0, the triple 

grf4/,a.^",(7) (gr^^4/,a(./#'),grf4/,a(.^"),grf 

is an object of MT^£i_i((7, w-|-7). 

(MTq) For any zero-dimensional strict component {xo} of or we have 

where , Co) is a twistor structure of dimension 0 and weight w. 

Regular objects may be defined similarly: 

Definition 4.1.2 (Regular twistor ^-modules). — The category MT^^(7f, w) is the full 
suheategory of Triples(7f) for which the objects are triples (./#', .Si£", C) satisfying: 
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(HSD) are holonomic, strictly S-decomposable, and have support of dimen¬ 

sion < d. 

(REG) For any open set U C X and any holomorphic function f : U ^ C, the 
restrictions are regular along {/ = 0}. 

(MT>o) For any open set U C X and any holomorphic function / : [/ ^ C, for any a 
with Re(a) G [—1, 0[ and any integer 0, the triple 

is an object of MT^);_^({7, w-f £). 

(MTo) For any zero-dimensional strict component {a^o} of or , we have 

where {M”,Co) is a twistor structure of dimension 0 and weight w. 

Clearly, ic) is a full subcategory of MT,gd(X, ic). Let us justify all un¬ 

derstatements made in the definition of the category MT(X, w). Notice that we have 
used the functor of Definition 3.4.3. Remark first: 

Proposition 4.1.3. — C) is an object o/MT^d(X, ii;), then and 

are strict, as well as gr^ipf^a-^', for any analytie germ /, any a G C 

and any £ € Z. In partieular, and are strict for any a G C. 

Proof. — Set .Jjl = or . The strictness of follows from (HSD), after 
Corollary 3.5.7. The strictness of for Rea G [—1,0[ is by definition. To 

get the strictness of gr^if/^a-^ for any a ^ N, remark that the property is local 
with respect to z. Use then the filtration and its graded pieces, and use the 

isomorphisms t or to increase or decrease Rea, depending whether £z^(a;) < 0 or 
^zo(q^) ^ — 1 , if a ^ N. 

Let us show the strictness of for a = 0 (hence for any a G N). We 

can assume that ./# has strict support. If / = 0 on the support of then the 
monodromy filtration is trivial and the strictness of is a consequence of the 

strictness of , by Kashiwara’s equivalence 3.3.12. Otherwise, we know by [54, 
Lemma 5.1.12] that var : M.) ^ (i/’/,-i-^, M._i) is injective and strict, i.e., 

induces an injective morphism after grading. Therefore, each gv^ipf is strict. 
The strictness of follows then from Lemma 1.2.2. □ 

Notice also that we have locally finite strict S-decompositions = (Bz'-^z' and 
= (Bz"-^z" where Z' belongs to the set of strict irreducible components of .y£' 
and Z" to that of For any open set U G X, the irreducible components of 

all Z' GU form the set of strict components of and similarly for . For 

/ : [/ ^ C, we have = 0 for any a ^ N if / vanishes identically on the strict 
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component Z[j of and has support of codimension one in Z[j otherwise. The 

support of has therefore dimension ^ d — 1. 

According to Proposition 3.5.8, the component Cz',z" of C on 
vanishes unless Z' = Z". We denote therefore by Cz the component of C when 
Z = Z' = Z" is a common strict component of and . We thus have a 
S-decomposition 

(4.1.4) {JiC, C) = Cz) 

indexed by the set of strict components of or . We will see below (Corollary 
4.1.6) that the set of strict components is the same for and , and that each 
{^z, ^zi Cz) is a twistor ^-module of weight w. 

With such a notation, (MTq) is concerned with the zero-dimensional strict com¬ 
ponents, which are not seen by (MT>o). Assume for instance that we work with 
right .^ar-modules. Take local coordinates xi,... ,Xn at Xo- Then (MTq) says that 
‘^{Xo} = C[6a;i,... ,Sa;„] and is ob¬ 

tained by ^{X,X), g-linearity from its restriction to Z)es ^\s- There, it is equal 
to Co • Sx„, where Sx„ denotes the Dirac current at Xo and Co ■ ^\s is 

given by (2.1.1). 

It is easy to see now that the set of zero-dimensional strict components is the 
same for and if {xo} is not a strict component of ./#" for instance, then 

‘'^{xo} ~ ® ~ nondegenerate, this implies that Jf' = 0 , 

therefore ~ ^ strict component of . 

We will now give the basic properties of twistor .^-modules. 

4.1. a. Locality. — For any open set U C X, there exists a natural restriction 
functor (and a regular analogue) 

MT^diX,w) MT^d{U,w). 

Moreover, if C) is any object of Triples(Ar) such that, for any open set U 

of a covering of X, , C)\u is an object of MT^d(17, w), then , C) is 

an object of the category MT^d)^, w). 

4.1. b. Stability by direct summand 

Proposition 4.1.5. — If (./#', C) = © .^ 2 ) ® ‘^ 2 ^ ® C' 2 ) an object 

ofMT^d{X,w), then each (./#/,./#/', C^) (i = 1,2) also. Moreover, regularity is 
conserved. 

Proof. — The property of holonomicity restricts to direct summands, as well as the 
property of strict specializability (3.3.11(a)) and, as Property 3.3.11(e) also restricts 
to direct summands, it follows that strict S-decomposability restricts too. It is easy 
to see that (REG) restricts to direct summands. Then argue by induction on d for 
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(MT>o). For (MTo), use the fact that a direct summand of a trivial holomorphic 
vector bundle (on P^) remains trivial. □ 

Corollary 4.1.6. — If {.JI',C) is an object of the category MT^£;(X, ii;), then 
the strict components of .M' and .M" are the same and the S-decomposition (4.1.4) 
holds in MT<jd(X, w). Moreover, w) is the direct sum of the full subcategor¬ 

ies MT(^z)iX,w) consisting of objects having strict support on the irreducible closed 
analytic subset Z C X of dimension ^ d. 

Proof. — Assume that there is a strict component Z' of ./#' which is not a strict 
component of Then we have an object (.^^,,0,0) in MT^(i(A,ic), according 

to the previous proposition. Argue now by induction on dimZ', the case dimZ' = 0 
having being treated above. Let / be the germ of any smooth function such that 
/“^(O) n Z' has codimension one in Z'. By induction, we have ~ ^ for any 

a ^ N. By Kashiwara’s equivalence on some open dense set of Z', we may assume that 
Z' = X, that .J^z' is -coherent, and we may choose for / a local coordinate t, so 
that we conclude that z^'ziItzM'zt = 0. By Nakayama’s lemma, we have zM'zi = 0 near 
t = 0, hence = 0 by definition of the strict support. This gives a contradiction. 
The remaining statement is easy. □ 

4.1. C. Kashiwara’s equivalence. — Let i denote the inclusion of A as a closed 
analytic submanifold of the analytic manifold X'. Then the functor i_|_ induces an 
equivalence between MT(A, w) and MTx(A',w) (objects supported on X), which 
induces an equivalence between the regular subcategories. 

Remark 4.1.7. — It follows from Remarks 3.4.5 and 3.6.16 that, if (MT)>o is satisfied 
for some holomorphic function /, it is satisfied for all r ^ 1. Therefore, it is enough 
in practice to verify (MT)>o for holomorphic functions which are not a power. A 
similar reduction holds for strict S-decomposability in (BSD), according to Lemma 
3.5.2(1). 

4.1. d. Generic structure of twistor ^x-modules 

Proposition 4.1.8. — Let [ Jll', .JH", C) be an object of MT{X, w) having strict support 
on the irreducible closed analytic set Z C X. Then there exists an open dense set 
Z' C Z and a smooth twistor structure of weight w on Z', such that 

Proof — Restrict first to a smooth open set of Z and apply Kashiwara’s equivalence 
to reduce to the case where Z = X. On some dense open set of X, the characteristic 
variety of and ./#" is contained in the zero section. By Proposition 1.2.8(3), 
and are i^^-locally free on some dense open set X' of X, and by 1.2.8(2), put¬ 
ting or we have with respect to any local coordinate t. 

Consequently, is supported on { 2 ; = 0} if a ^ —N*, hence vanishes because 
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of strictness {cf. Proposition 4.1.3). We thus have ^jt^ = and the mono- 

dromy filtration on it is trivial. Moreover, this is a ^.^ro-locally free module and, after 
Remark 3.6.15, is the restriction of C to t = 0, so we may continue until we 

reach a twistor structure of dimension 0. Therefore, (^', C) is a smooth twister 
structure according to the definition given in §2.2. □ 

4.1.e. Morphisms 

Proposition 4.1.9. — There is no nonzero morphism (in i^-Triples(X)J from an ob¬ 
ject in the category MT(X, ii;) to an object in MT(X, ic') if w > w'. 

Proof — Let (p : ,C\) (^2J•^2^C'2) be such a morphism. According to 

Corollary 4.1.6, we may assume that both have the irreducible closed analytic set Z 
as their strict support. As the result is clear for smooth twistor structures (there is no 
nontrivial morphism from to if ic > ic'), it follows from Proposition 

4.1.8 that the support of Imi^ is strictly smaller than Z. By definition of the strict 
support {cf. Definition 3.5.3), this implies that Imi^ = 0. □ 

Proposition 4.1.10. — The categories MT(A, ic) and MT*'“^^(A, w) are abelian, all 
morphisms are strict and strictly specializahle. 

Proof. — It is analogous to that of [54, Prop. 5.1.14]. Let us indicate it for 
MTb)(X, ic), the case of MT(A, ii;) being similar. Introduce the subcategory 
(A, rc) of Triples(A), the objects of which are triples with a finite fil¬ 
tration W, indexed by Z such that, for each £, is in MT*'“'^(A, w -|- £). The 

morphisms in MTW^'^^(A, ic) are the morphisms of Triples(A) which respect the 

filtration W. Consider both properties: 

fr') 

(ad) MT)^{i(X, w) abelian, all morphisms are strict and strictly specializable; 

(bd) MTW<);(A, w) abelian and morphisms are strict and strictly compatible with 
the filtration W. 

Remark first that (ao) follows from Kashiwara’s equivalence of §4.1.c and the 
corresponding result in dimension 0 (cf §2.1.b). 

(a^) (bd)- Notice first that, by Proposition 4.1.3 and Lemma 1.2.2, the objects 

fr') 

in MTW<(j(A, w) are strict .^ar-modules. According to Proposition 4.1.9 and [54, 

fr') 

Lemme 5.1.15], (a^) implies that the category MTW^(j(A, w) is abelian and that 
morphisms are strictly compatible with W. Using Lemma 1.2.2 once more, we con¬ 
clude that all morphisms are strict. 

(bd_i) (ad) for d ^ 1. The question is local. Let p = (p',p") : {Ji[,Jif,C\) —> 
(^2^‘^2^C*2) be a morphism of pure twistor i^-modules of weight w. According 
to Proposition 4.1.9, we may assume that all the .^ar-modules involved have strict 
support Z (closed irreducible analytic subset of A) of dimension d. We will first show 
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that Ker Lp and Coker (p are also strictly specializable, S-decomposable and have strict 
support Z. 

Let / be the germ of an analytic function not vanishing identically on Z, that we 
may assume to be a local coordinate t, using the graph embedding of / and according 
to Kashiwara’s equivalence of §4.1.c. By (bd_i), ipt,a‘P is strict if a ^ N, according 
to 3.3.8(lb) and (Ic). We will show below that 

- and are strict (hence so are 'ipt,k‘p' and ipt,w" for any fc G N, 

according to 3.3.8(lc)), 

- can is onto for Keri^' and Keriyj", and 

- var is injective for Coker tp' and Coker (p". 

The first assertion will be enough to show that <p' and ip" are strictly specializable, 
hence Kert^',... ,Cokeri^" are also strictly specializable (Lemma 3.3.10). The two 
other assertions will insure that these modules satisfy Properties 3.3.11(c) and (d), 
hence are strictly S-decomposable along {t = 0} and have neither sub nor quotient 
module supported on Z C\ {f = 0}. Applying this for any such / implies that 
Keri^',. • ■ jCokeri^" are strictly S-decomposable and have strict support Z. Now, 
Keri^',..., Coker 1 ^" are clearly holonomic and regular along {t = 0}, hence they are 
also strict (c/. Corollary 3.5.7). We now have obtained that p is strict and strictly 
specializable. 

Let us come back to the proof of the previous three assertions. As var is injective 
for and we identify to the restriction of -ip' on ImN C 'ipt, 

and similarly for p". By the inductive assumption, the morphism 

(y) 

is strict, for fc = 1,2 and Im^ is an object of MTW^(j_;^(Xo, w). Using once more 
this inductive assumption, the restriction of '>pt,-iP on Im^ is strict, hence the first 
point. 

In order to show the other assertions, consider the following diagram of exact 
sequences (and the similar diagram for p'): 


-iKeT(p'' - 


- 

i’t-W 

V't,-; 


can 

YJ 

can 

V’i.oV?" 


can 



- 

-N 

\ 

var 

\l 

var 



var 


0 ^ ipt-i Kerp” - 5 - - 1^1 - ^ 


> Coker ^ 0 

can 

-A Coker p" 0 
var 

A Coker ^ 0 


We have to prove that the left up can is onto and that the right down var is injective. 
This amounts to showing that ImNi n Ker = Ki{Ker ipt,-ip") (because this 

is equivalent to ImcanC Ken/’t^oA’^^ = ca.n{Ker'ipt,op")) and ImN 2 C lmipt,-ip'' = 
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N2(Imi/>t__i<y9"). This follows from the lemma below applied to the germs of the 
various sheaves. 

Lemma 4.1.11. — Let Ei,E 2 be two 1,-modules, equipped with nilpotent endomorph- 
isms Ni, N 2 . Let X : El ^ E 2 be a morphism commuting with Ni, N 2 , which is strictly 
compatible with the corresponding monodromy filtrations M(Ni), M(N 2 ). Then 


ImNi n Ker A = Ni(Ker A) 


ImN 2 n Im A = N 2 (Im A). 


Proof. — By the characteristic property of the monodromy filtration and by the 
strict compatibility of A, we have M(Ni) n Ker A = M(Ni|KerA) and M(N 2 ) n ImA = 
M(N 2 |imA)- Moreover, each gr^A decomposes with respect to the Lefschetz decom¬ 
position. It follows that the property of the lemma is true at the graded level. 

Let us show the first equality, the second one being similar. By the previous remark 
we have 

ImNi n Ker A n M(Ni)^ = Ni( Ker A n M(Ni)^_i_ 2 ) -I- ImNi n Ker A n M(Ni)^_i, 
and we may argue by induction on £ to conclude. □ 

To end the proof of (bd-i) (ad), it remains to be proved that Keri^ and Coker 
satisfy (MT>o). It follows from the abelianity of MTW<);_j^(X, ic) and from the 
strict specializability of ip that 'I't_Q,Ker(p and Coker(with Rea G [—1,0[) are 

fr') 

in MTW<;(j_]^(X, ic) and, as we have seen in Lemma 4.1.11, the weight filtration is 
the monodromy filtration. This gives (MT>o), concluding the proof of Proposition 
4.1.10. □ 


Corollary 4.1.12. — Given any morphism (p : i^i ^ i ^2 between objects ofMT{X,w) 
and any germ f of holomorphic function on X, then, for any a ^ N, the specialized 
morphism is strictly compatible with the monodromy filtration M. and, for each 

£ G 1, f,ctP decomposes with respect to the Lefschetz decomposition, i.e.. 


grf = 


(^> 0 ), 

M^'^-^Pgr^ {£ ^ 0). 


In particular we have 


grf^t.a Ker(/9 = Kergrf 


and similarly for Coker, where, on the left side, the filtration M. is that induced 
naturally by or, equivalently, the monodromy filtration of PT acting on 

Ker 1 ^ = Ker□ 


Corollary 4.1.13. — If £7 is in MT^d(-^, w), then the Lefschetz decomposition for 
grY'^t,a£i^ (withRe{a) G [—1,0[) holds in MT,gd-i(-^, tw + ^)- 
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Proof. — Indeed, ^ ^ gr^ 2 ^t,a'^(~l) is a morphism in the category 

MT^d-i (^5 + £), which is abelian, so the primitive part is an object of this cat¬ 

egory, and therefore each term of the Lefschetz decomposition is also an object of this 
category. □ 

4.1.f. Graded Lefschetz twistor l^jf-modules. — Given e = ±1, we may define 
the category MLT,gd(X, w; e) of graded Lefschetz twistor -modules as in §2.1.e: 
the objects are pairs (f?", J§f), with = 0 ^-, and are objects of MT,gd(-^, w — sj); 

is a graded morphism ^ ££f)- 2 {s) of degree — 2 , such that, for j ^ 0 , ^ 

£7-j{ej) is an isomorphism. Notice that, by Proposition 4.1.10, is an object of 
MT,gd(X, w — sj) and the Lefschetz decomposition of holds in MT^d(X, w — ej); 
moreover, the category ■a;; e) is abelian, any morphism is graded with re¬ 

spect to the Lefschetz decomposition, and moreover is strict and strictly specializable, 
as follows from Proposition 4.1.10. 

More generally, for any k ^ 0 and e = (ei,..., Sk) = (±1, • ■ •, ±1), we may define 
the category MLT^dC-’f, w] s) of k-giaded Lefschetz twistor ^jf-modules: the objects 
are tuples (f?", J§f), with J§f = (.ifi,..., jSffe), each is an object in 

MT,gd(X,w — 'Ylii£iji)i ths morphisms should pairwise commute, be of fc-degree 
(0 ,..., — 2 ,..., 0) and for any j with ji ^ 0, should induce an isomorphism from 
to the component where ji is replaced with —ji] the primitive part P.^j, for 
Ji) ■ • •) Jfc ^ 0, is the intersection of the and we have a Lefschetz multi¬ 

decomposition, with respect to which any morphism is multi-graded. The category is 
abelian, and any morphism is strict and strictly specializable. 

Lemma 4.1.14. — Let he an object of the category MLT,gd(X, ru; e). Then, 

for any a with Re(Q;) € [—1,0[, the specialized object (gr^4't_a^, (gr^4't_Q.if, c/P)) 
is an object o/MLT^ci_i (X, w; (e, — 1 )) and where 

Pjf denotes the multi-primitive part with respect to . 

Proof. — The lemma is a direct consequence of the strict compatibility of the 
with the monodromy filtration as follows from Proposition 4.1.10. □ 

Lemma 4.1.15. — The category MLT,gd(-^, w\ e) has an inductive definition analogous 
to that of MT, w), where one replaces the condition (MT>o) with the condition 
(MLT>o), asking that (gr^4't_Q,(^, ^), N) is an object o/MLT^d-i (-^5 (e, —1)), 

and the condition (MTq) with the analogous property (MLTq). 

Proof — According to the previous lemma, it is enough to show that, if (^,^) 
satisfies the inductive conditions, then it is an object of MLT^£i(Ar, w;e). This is 

done by induction on d, the case d = 0 being easy. One shows first that each is in 

MT^d(A,ru — E ^iji) foi' 3 s-iid that is an isomorphism from to 

'd't,a£^ji,...,-ji,...,jk for any i = 1 ,..., fc, any j with ji ^ 0 , any local coordinate t and 
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any a G C. Considering the decomposition with respect to the support, one deduces 
that is an isomorphism from 5^- to 

Remark 4.1.16 (Regularity). — Similar results hold for the category MLT^^(X, lu; e) 
of graded Lefschetz regular twistor ^x-modules and its multi-graded analogues. 

4.1. g. Vanishing cycles. — Let be an object of MT^d(V, ic). By definition, 

for any locally defined analytic function /, the object M.(./C)) is an object 

of MTW^d(V,n;). 

Corollary 4.1.17 (Vanishing cycles, cf. [54, Lemme 5.1.12]). — For such a SF , the ob¬ 
ject M.(c/C)) is in MTW^(i(2f, lu) and (gr^(/)/,o >^^7 gr^ 2 ^) *■5 object of 

MLT^d(V, ic; —1). Moreover, the morphisms'^an, yar are filtered morphisms 

(<^/.o.^(-l/2),M._i(./C)) 

hence are morphisms in MTW(V, w), and similarly for gr^j^ '6’an and gr^^j^ %r. 

Proof. — We can assume that y has strict support on an irreducible closed analytic 
subset Z o( X. If / = 0 on Z, then the result follows from Kashiwara’s equivalence 
and Lemma 3.6.32. 

Assume now that / ^ 0 on Z. The object is equipped with a filtration 

W.fifptZ naturally induced by M.{.yV)'ipf^-iy~. As such, according to Lemma 3.6.21, 
it is identified with the image of c/C : (i/)/,_iciC, M.(ccT)) ^ (i/)/__iciC(—l),M._ 2 (c/C)), 
hence is an object of MTW)^, n;), because this category is abelian. 

The result now follows from [54, Lemme 5.1.12], which gives in particular that 

Remark 4.1.18 (Regnlarity). — Starting with an object (Z of MT*'’^^(V, re), we con¬ 
clude that is an object of MLT^“'^ (AT, w). 

4.1. h. Behaviour with respect to the functors Sdr and SdoI 

We can now give a statement more precise than Proposition 3.3.14 concerning the 
restriction to 2 = Zo, and in particular the behaviour of the monodromy filtration and 
the property of S-decomposability. 

Propos/ft'on 4.7.79 (Restriction to z = Zo). — Let {.JSC, .JSC", C) be an object of 
MT(V, ic). Put cc# = .c#' or cc#". Fix Zo G fig put Mz„ = .Mfiz — Zo).y^■ 

(1) If (./#', C) is in {X, w) and Zo 0, then Mz„ is a regular holonomic 
S>x-module. 

(2) Let f : U ^ C be a holomorphic function on some open set U. 
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(a) For any a ^ N, the restriction to z = Zo of the monodromy filtration 

o/N is the monodromy filtration of its restriction N on 

(b) Assume that f is a projection t, that can is onto and var is injective. 

Then, can : Mz^ is onto and var : ^ 

injective. 

(3) Assume that Zo ^ Sing A. Then Mz„ is a strictly S-decomposable holonomic 
j^x-fnodule. If .M has strict support Z (irreducible closed analytic subset of X), then 
so has the restriction to z = Zq. 

Proof 

(1) Using the definition of regularity as in [45, Def. (3.1.12)], one shows by induction 
on dim Supp Mz„ that Mz„ is regular. 

(2a) This is a consequence of the strictness of proved in Proposition 

4.1.3. Indeed, by strictness, the filtration Mz„ naturally induced by 

satisfies = gr^tpf^a^^/iz — Zo)gr]^ipf,a-r^, and then satisfies the char¬ 

acteristic properties of the monodromy filtration of the restriction of N. 

(2b) That can remains onto is clear. In order to show that var remains injective by 
restriction, we will use that ImN is strict: indeed, N : 

is part of a morphism in MTW(Ar, lu), hence its cokernel is strict. This implies that 

Im N/(z — Zo) Im N —> I~ 

is injective and therefore 

ImN n (z — Zo)'4’t,-i‘^ = (^ ~ ^o) ImN. 

Let m be a local section of such that tm G {z — Zo)'4>t-i^■ As can 

is onto, there exists a local section m' of such that m = —dtm'. Then 

Nm' G {z—Zo)'f’t,-i‘^- By the strictness property above, we have Nm' = N(z —Zo)m" 
for some local section m" of and hence t[m — [z — Zo){—^t'ni")\ = 0. As var 

is injective, we have m G {z — Zo)'4’t,o-^, as was to be proved. 

(3) Assume that Zo ^ Sing A and that .r# has strict support Z. We will show 
that Mz„ is strictly S-decomposable and has strict support Z (the definition of these 
notions for ^x-modules are given in [54]; they are also obtained by doing z = I in the 
corresponding definitions for .^^-modules). Let / : (X,Xo) (C, 0) be an analytic 
germ which is nonconstant on [Z, 0). Using the graph embedding of /, we may assume 
that / is a coordinate t. By Proposition 3.3.14, we have ipl liMz^ = ipt-iMz„ and 

iz ) 

iPIqMz,, = iptfiMz,,, can restricts to Zo can^,, and var restricts to var^^. Therefore, 
the conclusion follows from (2b). □ 
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4.2. Polarization 

Definition 4.2.1 (Polarization). — A polarization of an object of MT^d(A, w) is a 
sesquilinear Hermitian duality ■. S' ^ 3"*{—w) of weight w {cf. Definition 1.6.7) 
such that: 

(MTP>o) for any open set U C X and any holomorphic function / : (7 ^ C, for any 
a with Re(a) G [—1,0[ and any integer 0, the morphism induces 

a polarization of Pi'^f^aS", 

(MTPq) for any zero-dimensional strict component {xo} of or ^ we have 
S' = where So is a polarization of the zero-dimensional twistor structure 

\s/c , ,Oo/* 


Remarks 4.2.2 

(1) Notice that Condition (MTP>o) is meaningful because of Remark 3.6.13. 

(2) Conditions (MTP>o) and (MTPq) imply that the components S' and S" = 
(—1)’"S" of S are isomorphisms Si" S'\ indeed, one may assume that S has 
only one strict component; by induction on the dimension, using a local coordinate, 
one obtains that S' is an isomorphism on a dense open set of the support; by definition 
of the strict support. S' is thus an isomorphism. 

We will denote by MT,gd(A, the full subcategory of MT^d(A, li;) of polar¬ 
izable objects, and similarly for According to Proposition 3.5.6, we 

have a S-decomposition 

(4.2.3) {S', S", C, S) = (Bz{S'z, S'^, Cz, Sz). 

The following proposition is easy: 

Proposition 4.2.4 

(1) In the situation of Proposition 4.1.5, if a polarization S is the direct sum of 
two morphisms S\ and Si, then each Si is a polarization of {Sl,S" ,Ci). 

(2) Corollary A. l.Q holds for yni^d{X,w)^'^i or A, u;)(p) . 

(3) Kashiwara’s equivalence of §4.1.c holds for 'MT {X, or (A, i(;)(p\ 

□ 


4.2.a. Semi-simplicity 

Proposition 4.2.5. — If Si is a subobject (in the category MT(A, rt;)j of a polarized 
object {S,S), then S induces a polarization S\ of S\ and {Si, Si) is a direct 
summand of {S,S) in MT(A, r(;)(P^. In particular, the category MT(A, y;)(p) 

is 

semisimple (all objects are semisimple and morphisms between simple objects are zero 
or isomorphisms). 
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Proof. — By induction on the dimension of the support, the result being clear if the 
support has dimension 0 (see Fact 2.1.9). We may also assume that has strict 
support a closed irreducible analytic subset Z of X. Put ^ = {S', S") and S' = 5" or 
S". Consider then the exact sequences 


0 ^ 


S^f{-w) f- 


3'*{-w) < - S'^{-w) f- 








-^0 


where is the cokernel, in the abelian category MT(X, ic), oi iXx ^ iX. We want 
to show first that is an isomorphism. This is a local statement. Take a local 
coordinate t such that Z (f {t = 0} and apply 'i't.a to the previous diagram (Re(Q;) G 
[—1,0[). According to Corollary 4.1.12, the exact sequences in the following diagram 
remain exact, if M, denotes the monodromy filtration of N: 


0^-- gr^'i't,a£r*{-w) i - i - 0 


0-^grf^'t.a^i 








-GO 


Using the inductive assumption, we conclude that each gr^'t't^o.S^i is an isomorphism, 
hence too. Arguing now as in Remark 4.2.2(2), we conclude that is an 

isomorphism. 

We now have a decomposition ® S{.J(") and 0 S~^{J^! 2 ) 

and we have by definition a decomposition S = Si(B S 2 , where S 2 is the isomorphism 
such that is the restriction of S~^ to ./# 2 - 

It remains to be proved that we have a decomposition C = Ci 0 ( 72 . By definition, 
we have C{m' 2 ,n'{) = 0 for local sections m' 2 ,n'{ of .y^ 2 \s respectively. It is 

enough to show that C{Sm'{, = 0 for local sections m'{, n '2 of and ^ 2 |s 

respectively. This is a direct consequence of the fact that .Z’ is Hermitian. □ 


Remark 4.2.6 (Regularity). — The same result holds with regular objects. 


4.2.b. Polarized graded Lefschetz twistor ^-modules. — Let (l5^,.if) be an 
object of MLT(A, ic; e). A polarization is a graded isomorphism y ■. ZZ ^ 
SZ*{—w) which is Hermitian, i.e., satisfying yt = {—iyy_j, such that each .if) 
is skew-adjoint with respect to .7^ {i.e., JZ* o yj = —yj- 2 ii o for any i = 1,... ,k 
and any j) and that, for each j with nonnegative components, the induced morphism 

y.joyy-.-yi'^-.Pj^yj {p^yjr{-w + Y.£di) 
is a polarization of the object P^g^j of MT(A, w — ^ £iji). 
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Lemma 4.2.7. — The categories MITT onrf (X, w; have an in¬ 

ductive definition as in Definition 4.2.1. 

Proof. — This directly follows from the commutativity of and gr^Tt^^ shown in 
Lemma 4.1.14. □ 

We also have, using Remark 2.1.16 in dimension 0: 

Lemma 4.2.8. — The conclusion of Proposition 4.2.5 holds for MLT{X,w] and 

MLT(")(X,r(;;£)(p). □ 

Corollary 4.2.9. — Let be an object of MLT(X, ic; £)(p^ with strict 

support Z. Let f : U ^ C be a holomorphic function ^ 0 on Z. Then 

is an object o/MLT(X, w + 1;£, —1 )(p). A similar result 

holds for regular objects. 

Proof. — Apply the Lefschetz analogue of Corollary 4.1.17 and Lemma 4.2.8. □ 

Proposition 4.2.10. — The conclusions of Propositions 2.1.19 and 2.1.21 remain valid 
for graded Lefschetz (regular) twistor -modules. 

Proof. — We will give the proof for nonregular objects, the regular case being similar. 
Let us begin with Proposition 2.1.19. First, we remark that c(f5^+i), Ker u C 15^' are 
objects of MT(X, w — ej), according to Proposition 4.1.10. 

Let us show that Imc and Kern are subobjects of ilZ' in MLT(X,u;;e). We may 
assume that tZ, ST' have strict support Z. Choose a local coordinate t such that 
codim^dt = 0} n Z) = 1. We know that c or v and gr^^^t.a commute (Proposition 

4.1.10) . It follows that, by induction, Coker .if-’ : ^ is supported 

in {t = 0}, hence is equal to 0, as fZ' has strict support Z. Argue similarly for Keru. 

By Lemma 4.2.8, Imc and Kern decompose as direct sums of simple objects in 
MLT(X, w; e), so their intersection is an object in the same category. By the same 
argument as above, using induction on the dimension, the intersection Im cCKer v van¬ 
ishes. Similarly, the direct summand of Im c0Ker v in fZ' is an object of MLT(Jf, w; e) 
and also vanishes by induction. We therefore have a decomposition = Imc0Keru 
in MLT(X, w; e). 

Let us now consider Proposition 2.1.21. So, let jZi,.:22 ) be an object 

of MLT(X, with a polarization ,y. Let d : I55l-i.j2-i(£i + ^ 2 ) 

be a differential in Triples(X), which commutes with .jZ) and J§f 2 and is selfadjoint 
with respect to TZ. As both source and target of d are in MT(X, w — eiji — £ 272 ), d 
is a morphism in this category, hence is strict and strictly specializable (Proposition 

4.1.10) and we have, for any germ / of holomorphic function any a. with Re(a) G 
[—1, 0[ and any ^ > 0, 

Pgrf T/,„(Kerd/Imfi) = Ker(Pgrf Im(Pgrf 
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(c/. Corollary 4.1.12). By induction on the dimension of the support, we may assert 
that (Pgrf4'/,„(Kerd/Imd),Pgrf^'/,„if,Pgrf4'/,„^) is an object of the category 
MLT(Jf n /“^(O), w + i,e) and we conclude with Lemma 4.2.7. □ 

Coro/Zary 4.2.77 (Degeneration of a spectral sequence). — Let be an object of the 
category equipped with a Hermitian duality ^ (^•)*(_y;) 

and with ^ : S'' .^*[2](1) and JV : S' ^'{—V) which commute and are 

skewadjoint with respect to S’. Assume that jV is nilpotent and and that each term 
of the spectral sequence associated to the monodromy filtration ofM,{S^) is 
part of an object 

‘tJ 

o/MLT(X,i(;;-l,l)(P). Then, 

(1) the spectral sequence degenerates at E 2 , 

(2) the filtration W.J^^(S') naturally induced by \A,S' is the monodromy filtra¬ 
tion M. associated to JT : 

(3) the object 

0 {gr^,S^HS'),gTSjS^S, gT^iS^^S) 

is an object 0 /MLT(2f, ic; —1, 1 )(p\ 

A similar result holds for regular objects. 

Proof. — We know (Lemma 1.6.12) that the differential di is selfadjoint with respect 
to S(’^glff^S. Moreover, di : (gr^^f?^*) ^ {glff^S') is a morphism between 

objects in MT(Jf, i(;0j —i). From the analogue of Proposition 2.1.21, we deduce that 
(if 2 ^~*) is part of an object of MLT(Jf, w, —1, l)(Pb Now, one shows inductively that 
dr = 0 for any r ^ 2, by applying Proposition 4.1.9. This gives the result. □ 

4.2.C. A conjecture 

We now restrict our discussion to regular objects. For the nonregular case, we lack 
at the moment of results in dimension one. 

Theorem 4.2.12. — Assume that X is a complex projective manifold. The functor 
which associates to each object {S,S) in MT*-’^^(A, r;)*^p) the regular holonomic S^x- 
module Sdr./^” (restriction to Zo = 1) takes values in the category of semisimple 
regular holonomic S'x-modules. 

Proof. — We may assume that PP has strict support the irreducible closed analytic 
subset Z C X. We know that Sdr.^" is regular holonomic and has strict support Z, 
according to Proposition 4.1.19. This means that there exists a dense Zariski open set 
Z° C Z and a local system of finite dimensional C-vector spaces on Z° such that 
the de Rham complex of Sdr.^^^ is isomorphic to the intersection complex IC'AP up 
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to a shift. We want to show that the local system jSf is semisimple. We will argue by 
induction on dimZ, starting from dimZ = 1 . 

The case when Z is a smooth curve is a corollary of Theorem 5.0.1 proved later in 
Chapter 5, as a consequence of results of C. Simpson and O. Biquard. 

Let us now consider the case when Z is singular. Denote hy v : Z Z the 
normalization. We may assume that Z° is an open set in Z. It is therefore enough to 
construct an object (^,^) in (Z, which coincides with on Z°. 

The singular points of Z being isolated, this is then a local problem on Z, as we 
may glue local solutions to this problem with the solution on Z°. The 

noncharacteristic inverse image by the projection p : Z x X ^ X is a.n 

object of {Z x X, Choose a family of local equations ti,..., of the graph 

G'(p) cZxXoii^: Z^X. Then the object 
gives a local solution to the problem. 

Assume now that dimZ ^ 2 . According to [29, th. 1.1.3(ii)], it is enough to show 
that the restriction of ^ to a generic hyperplane section of Z° is semisimple, because 
for such a hyperplane, tti{Z° C H) tti(Z°) is onto. Now, the (noncharacteristic) 
restriction of to a generic hyperplane P[ still belongs to n iL, 

because it can be locally expressed as Pgi^ilJt^-ii^, y) for a local equation t of H. 
We therefore get by induction the semisimplicity of .^izonH, hence of JZ'. □ 

Conjecture 4.2.13. — The functor above is an equivalence. 

This assertion should also hold when X is compact and Kahler. Its proof would give 
a proof of the conjecture of M. Kashiwara recalled in the introduction, for semisimple 
perverse sheaves or regular holonomic ^-modules. 

Remark 4.2.14. — When the conjecture holds, the functor sends a simple object in 
the first category in a simple object of the second one. This will be the case when X 
is a compact Riemann surface, as a consequence of Theorem 5.0.1. 

4.2.d. Polarizable Hodge ^-modules and polarizable twistor ^-modules 

One may develop a theory of Hodge ^-modules along the lines of this chapter. We 
will indicate the main steps. 

In dimension 0, polarized Hodge ^-modules correspond to polarized complex 
Hodge structures as in §2.1.d. 

In general, replace the category of .^.^-modules with the category of graded Rp&x- 
modules, the morphisms being graded. Strict objects correspond to ^x-modules 
equipped with a good filtration (by the Rees construction). In order to define graded 
.^-Triples, consider sesquilinear pairings C taking values in < 8 )cC[ 2 :, z~^\. 

In the definition of specializable graded i?i?.^x-modules, one should insist on the 
fact that the H-filtration is graded. Therefore, if = RpM for some well-filtered 
^x-module M, and if all are strict, then M is specializable along {/ = 0} 
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and = Rpipf^aM, where the hltration F on is naturally induced from 

that of M as in [54], 

At this point, the definition of a complex Hodge ^-module is obtained by working 
in the category of graded ^-Triples when considering Definition 4.1.2. It is very 
similar to the category considered by M. Saito. 

The polarization is introduced as a graded isomorphism between both Rp^x- 
modules entering in the definition of a complex Hodge ^-module. 

The graded analogue of Conjecture 4.2.13 asserts that the category of complex 
Hodge ^-modules is equivalent to that of admissible variations of polarized complex 
Hodge structures. It would follow from a direct comparison with the category of 
complex Hodge modules constructed by M. Saito, by the results of [54, 56]. 

Another approach is indicated in Chapter 7. 



CHAPTER 5 


POLARIZABLE REGULAR TWISTOR ^-MODULES 

ON CURVES 


In this chapter we will prove: 

Theorem 5.0.1. — Conjecture 4.2.13 is true when X is a compact Riemann surface. 

This is nothing but a reformulation of some of the main results in [60]. Never¬ 
theless, we will give details on the reduction to this result, as this is not completely 
straightforward. Moreover, we will use the more precise description given in [4]. 

We will begin with the detailed computation of a basic example when dimX = 1. 
It corresponds to “nilpotent orbits” in dimension one. It was considered in detail in 
[60] and [4]. 


5.1. A basic example 

Let /3 e C and put /3' = Re P, P" = Im/3. Let V° be a C-vector space of dimension 
d equipped with a sl 2 -triple (Y,X, H) and with a positive definite Hermitian form 
such that X* = Y, Y* = X and H* = H. Fix an orthonormal basis v° = {v1, ..., v°i) 
of eigenvectors for H and let iCi G Z be the eigenvalue of H corresponding to v°. It will 
be convenient to assume that the basis v° is obtained as follows: fix an orthonormal 
basis v1, ■ ■ ■ of KerX made with eigenvectors of H; for any j = I,..., fc, consider 
the vectors 

(5.1.1) = 

for £ = 0 ,..., Wj, where Cj/ is some positive constant; the basis (v °is orthogonal, 
and one can choose (with Cj^ = 1) such that the basis is orthonormal. 

All along this section 5.1, we denote by X the unit disc centered at 0 with coordin¬ 
ate t and by X* the punctured disc A \ {t = 0}. Let H = (g)c V° be the trivial 
C'°°-bundle on X and let u = (wi,..., Vd) be the basis such that Vi = l®v°. We still 
denote by Y, X, H the corresponding matrices in this basis and by H the restriction 
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of the bundle H to the punctured disc X*. Put on H the logarithmic connection Dy 
such that 


D'{,v = 0 , 

D'yv = v (Y + pld)j. 

Put L(t) = |logtt| as in § 0.8 and let e be the basis obtained from v by the change of 
basis of matrix 

P = 


that is, 


= {vi,...,vd) - Pit). 


Put on the Hermitian metric h such that e is an orthonormal basis. Put = 

H- It has a basis e{z) = v ■ with 

R,{t) = for t€X*, zG flo- 

Put e = e(0). One also has e{z) = e ■ with 
Q,(t) =L(t)-H/2 


The metric h and the connection Dy on H allow to define operators D'^, D'^, 0'^ and 
9'^ (see §1.3.a and [61]). 


Proposition 5.1.2. — For any P G C we have: 

(1) the metric h on H is harmonic; 

(2) the basis e(z) is holomorphic with respect to the holomorphic structure on M’ 
defined by D'f + z9'f; 

(3) the action of zD'^ + 9'^ defines a left Pi ^-module structure on the free Ggc\llf\- 

module = ^ar[l/l] • e(z) C (where j : X* ^ X denotes the inclusion) and 

.JP is strict and strictly specializable (cf. §3.4.aJ; 

(4) the minimal extension ./^ of .M across t = 0 is strict holonomic; 

(5) using notation of §2.2.a on X*, the sesquilinear pairing hs '■ 
extends to a sesquilinear pairing 

C : ® —*■ S&Amxs/s ■ 

Proof. — We will use the following identities: 

L(i)±H/2YL(^)TH/2 ^ L(i)TlY 

L(t)±^2xL(i)=FH/2 ^ L(i)±ix 

= H + 2Y 
e^He"^ = H - 2X 
gXYg-x ^ Y + H - X 


(5.1.3) 
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and, from(0.8.1), 

(5.1.4) ^ ^ ^ 


l(^)h/2^ d im_ 

at 


Write in the basis e 


1^2 

L^' 


D'ye = e-M'j, D’{,e = e-M”j. 

One has M' = /3Id+P“^YP + P~^tdtP and M" = P~HdiP. According to the 
previous identities, one gets 


(5.1.5) 

(5.1.6) 

(5.1.7) 

(5.1.8) 


M' = Ad+X^ 

2 L(t) 

Ar = -lid+i)^ 

2 L(t) 

&'e = \{M' + M”*)j = 

B'e = i ( M '* + M")y = 

^ T 


D'eS — {Dy — 9 'e)£ — £ ■ 


4“+7^1- 

2 L(t) J t 

2 L(t )) t 
(3' H/2 \ dt 


Now, the matrix of D'e + zO'e in the basis e{z) is zero (which gives the second point): 
indeed, we have e{z) = v ■ = e ■ P~^Rz and 


(5.1.9) P~^Rz = drf 


The matrix of D'^ + z9'^ in e is 

( + , (^/2 + zX)^^ dt 

I 2 + L(t) ) t ’ 

hence in the basis e(z) the coefficient of ^ is 
^ ’ t 


(5.1.10) - Id +L(t)-fV2gZX W^+^g-zXL(i)H/2 

V 2 ; L(t) 

But 


e^^(I^2 + zX)e“^^ = e^^‘^^(lV2 + zX) 

= zX + e^^‘^^(H/2) = ^X + IV2 - zX = IV2, 


hence the result. 
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On the other hand, the matrix of zD'^ + 9'^ in the basis e(z) is computed in the 
same way: it is equal to 


(i^{l + z^) + zl3'^ Id+Y 


dt rrr, XT, dt 

- = [(/3*z)Id+Y]-. 


Therefore, ^^[1/t] • e{z) is a left .^^-module, which gives (3). By definition, one 
has 


(5.1.11) tdte{z) = e{z) ■ [{(i * z) Id +Y]. 

Moreover, putting z = 0 shows that the matrix of 6'^ in the basis e = e(0) is holo- 
morphic, hence h is harmonic. We have obtained 5.1.2(1) and (2). 

Consider the filtration Uk^ = sc ■ e{z). This is a good filtration with re¬ 
spect to V.3^3c[llt] and, for any fc e Z, we have gr^.^ ~ Moreover, putting 

a = —fi — 1, the operator -|- (a -|- A:) * z is nilpotent on . Near any Zo & ^o, 

the filtration („)./# satisfies all the properties of the Malgrange- 

Kashiwara filtration, hence is equal to it. This shows 5.1.2(3). The lattice A con¬ 
sidered after Definition 3.3.1 reduces here to a+ Z. 

Although the filtration is only locally defined with respect to Zo when the 

imaginary part a” is not 0, the module 'ipt,a+k-^ (for /c G Z) is globally identified 
with Uk/Uk-i- 

Consider the minimal extension ^ of ^ across t = 0. By the results of § 3.4.b, it 
is strictly specializable along t = 0. It is strict, because ^ is so. Near Zo & 
the .^^-submodule of ^ generated by t~^’‘°e{z), where kz„ € Z is chosen such that 
kzo + ^zo(o) G [—1, 0[. 

./# is holonomic because its characteristic variety is contained in (T^DUTJ D) x Hq 
(by an extension argument, reduce to the case where Y = 0). Remark also that the 
support T,{^) of SdoI-^ is contained in the curve tr = i(3"I2\ near Zo, the classes 
of t~^’‘oej{z) {j = l,...,(i) generate SdoI-^ over ffolTD]; these classes satisfy the 
equation 

det ((tr — ip” 12) Id—Y) • =0 {j = 1,... ,d). 

Let us end by proving (5). It will simplify notation and not be restrictive to 
assume that Re/3 G ] — 1,0], that is, putting a = —/3— 1, Rea G [—1,0[. Fix Zo G Dq. 
In the local basis t~^‘°e{z) of near Zo, the matrix with entries 

= hs{t~^’‘°ei{z),t~^^«ej{z)) defines a Hx. x’s sesquilinear pairing. 

Let A{z) be the matrix defined by (5.1.9), so that e(z) = e • A(z), where e is the 
/i-orthonormal basis constructed previously. Put 

C = *A{z) ■ A(i). 

Formula (5.1.9) shows that 

(5.1.12) C = . L(^)H/2g-zYgX/zL(^)H/2 drf |^|2(/3*z)/z . ^ 
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The matrix can be written as When t ^ 0, each behaves 

therefore like for some k G h. By definition, we have £zo{f3 — fczo) € 

] — 1,0], so that is and dehnes a distribution depending analytically on z 

near Zo G S. 

We hence define C on as the unique (if it exists) ^ g-linear pairing 

such that C{t~^‘°ei{z),t~^=‘‘>ej{z)) is the extension of as a distribution. 

Uniqueness is clear, as we are given C on generators. It will also allows us to glue 
along S the various local constructions. It remains to prove the existence. 

If one chooses a basis v° = {vj^c)j,i as in (5.1.1), the matrix is block-diagonal, 
yye can therefore easily reduce to the case where Y has only one 

Jordan block. 

Under such an assumption, ^ is -generated by t“**°ei(z). As we have 
t~^“>ei+i{z) = [tSi — (/3 — kz^) * z]^t“^*°ei(z), we first have to verify that we in¬ 
deed have, as distributions, 

[tSi - (/? - kzj*zf[tdt-{fi-kzj*zfc[l‘^'> = 


We know that this holds on X* as C°° functions. It then holds as distributions for 
the extensions (c/. Example 1.5.4). 

Notice now that we have a local presentation of ^ (recall that Re/3 G ] — 1,0]): 

- [tdt - ifi- kzj*z]‘^ 


^-■sc 




■Qtm 


id-1 




Ji 


0 if /3 ^ Z, 
0 if /3 = 0. 


Indeed, we have a surjective morphism of the cokernel to ^^ and it is enough to show 
that the cokernel has no t-torsion, which can be seen easily. Therefore, C will be well 
defined if we show that satisfies [tdt — (/3 — ^Zo) * zYC^fi^ = 0 (when /3 ^ Z) or 
= 0 (when /3 = 0). 

By construction, this holds on X*, so that we can write as functions on X*: 

d-l 

c[f = C'(r'=-ei,t-'=-oei) = ltl2«^-'=-)*")/"^afcL(t)Vfc! 

k=0 

. (z ) . 

for some integers a^, with Qd-i = 1. By definition of the extension C) ^ , this also 
holds as functions on X. Apply now Example 1.5.4. □ 


Remarks 5.1.13 

(z ) 

(1) In particular, we have C] ° = 0 for i + j > d and, in the expression (5.1.12) 
for the coefficients of the negative powers of L(t) vanish. This can also be seen 

using the relation 


• H • = -H. 
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(2) As we assume that Re/? e ] — 1,0], the entries of C take value in SbxRxs/s- 
Moreover, the sesquilinear pairing i/'t.aC on can be directly computed by 

using C. 

We will end this paragraph by proving: 

Proposition 5.1.14. — Put a = —j3 — 1. Then, for any 0, the object 

= Id) 

is a polarized twistor structure of weight £ in the sense of § 2 . 1 .b. 

Proof. — Keeping notation as above, we have = 0 if 7 ^ a mod Z and 

has basis [e(z)]. The matrix of zN = —i[dtt + a * z] in this basis is 
—zY. We compute A,aC on with the help of the matrix C. 

For simplicity, we will assume that Y has only one Jordan block, of size d. There¬ 
fore, PgA'^tA-^) = 0 if^ 7 ^(i —1 and has dimension 1 if £ = c? — 1 . 

It is a matter of verifying (see Formula (3.6.14)) that the expression 

(5.1.15) (zz)"^"*"^^ • ReSs=„*^/^ j \tAC{{iN)^-^ei,ej)x{t) ^dt A di, 

(for X G Cf°, X = 1 near t = 0 ) considered as a function of z, is a positive constant. 
Put Y‘^“^ei = ydCd- As zN acts as —zY, the expression (5.1.12) for C implies that 

Cd,i = \A^^^PA-zf~"yd/id-i)\, 

hence C((zN)‘^“^ei, el) = (—z)‘^“^z/dC'd,i = \ {iz)'^~^yA(d — 1)!. We therefore 

have 

• Res,=„*,/, I |tp(*-“-/^)x(t) A |. 

Now, use that 

ReSs=o J\tAx{t) 2¥y J = 1- ^ 

5.2. Review of some results of C. Simpson and O.Biquard 

In this section, X denotes a compact Riemann surface and P a finite set of point 
of X. We also set X* = X \ P and we denote by J£p the ideal of P (as a reduced 
set). 

5.2. a. By a meromorphic bundle on X with poles on P we mean a locally free 

^x(*R)-niodule of finite rank. Let V be such a bundle. A meromorphic connec¬ 
tion on V is a. C-linear morphism V : K ^ R satisfying the usual Leibniz 

rule. We denote by M the meromorphic bundle V with connection V, viewed as a 
left ^x-module. There is an equivalence between the category of semisimple reg¬ 
ular holonomic ^x-modules with singularities at P and strict support X, and the 
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category of semisimple meromorphic bundles with connection having regular singu¬ 
larities at P: in one direction, associate to the ^x-module M the meromorphic bundle 
M = ffx{*P) ®ex ill til® other direction, use V to put the structure of a regular 
holonomic module on V and associate to M the minimal extension M C M, i.e., the 
biggest ^x-submodule of M having no quotient supported in a finite set of points. 

Notice also that, by the Riemann-Hilbert correspondence, these categories are equi¬ 
valent to the category of semisimple representations of 7ri(X*). 

If we are given a decreasing filtration M' of M, indexed by a finite set R* C ] — 1,0], 
by ^x-locally free submodules such that M /is supported on P for any b G R* 
and on which the connection has at most logarithmic poles, we say, following [60], 
that V) is a filtered regular meromorphic connection. The filtration may be 

extended to indices in Rr -|- Z by putting 

5.2.b. Assume that M has only regular singularities. Consider the canonical filtra¬ 
tion of M {i.e., the Malgrange-Kashiwara filtration, in dimension one): it is indexed 
by Ar -I- Z for some finite set A G C, putting Ar = {Rea | a G A}. We will use the 
increasing version of it: each VaM is a locally free ^jf-module which coincides with 
M on X*, and on which the connection acts with only simple poles, such that the 
eigenvalues of the residue have real part in [—(a -I- 1), —a[. We will also consider the 
decreasing version V'M, by putting = V-(i,+i) and gry = (see Remark 

3.1.6(2)), so that the eigenvalues of the residue of V on V^M have real part in [b, b+ 1 [. 
The degree of a filtered regular meromorphic connection {M, M' ,X) is defined as 

deg(M, M*, V) = deg4- E E 5 dim gv^Mx. 

xeP 6e[o,i[ 

By the residue formula we have: 

Lemma 5.2.1. — If M’ is the canonical filtration V'M of M, then deg(M,M*) = 0. 

□ 

Say that a filtered regular meromorphic connection (M, M') is stable if any nonzero 
sub meromorphic connection (A^, V), equipped with the induced filtration N' = N D 
M', satisfies 

deg(A^, A^*) deg{M, M’) 
rkN rk M 

Owing to the fact that the filtration induced on N by the canonical filtration of 
M is the canonical filtration of N, and according to the previous lemma, we get: 

Lemma 5.2.2. — If M' is the canonical filtration of M, then {M,M') is stable if and 
only if M is irreducible. □ 
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5.2. C. Let y be a holomorphic bundle on X* and let h he a hermitian metric on 

H = ^ i® moderate if the subsheaf V of consisting of 

sections of j*V, the /i-norm of which has moderate growth near P, is a meromorphic 
bundle on X. If we are given a meromorphic extension M oi V, we also say that h is 
moderate with respect to M if y = M. The parabolic filtration V' of V is then the 
filtration by the order of growth: in a local coordinate t near Xo G P, 

^x„ = {u G I lirn lk(0IL = 0 for £ > 0 and e 1}. 

A criterion for the coherence of the parabolic bundles is given in [60, Prop. 3.1], after 

[14]. 

Let now {P[,Dv) be a flat bundle on X*. Following loc. cit., say that h is tame 
with respect to (iL, Dy) if the ft,-norm of flat sections of V grows at most polynomially 
near P. If h is tame and harmonic^ C. Simpson has shown [60, Th.2] that h is mod¬ 
erate, that each term of the parabolic filtration is i^-coherent and is logarithmic with 
respect to the connection V. The object {H,Dv,h) is then called a tame harmonic 
bundle. It therefore defines a filtered meromorphic bundle with connection 

We say that the tame harmonic bundle (iL, Dy, h) has Deligne type if the parabolic 
filtration M’ is the canonical filtration of M. 

The category of tame harmonic bundles (morphisms are compatible with Dy and 
bounded with respect to the metrics) is semisimple, as well as the full subcategory of 
tame harmonic bundles of Deligne type (loc. cit., Th. 5). 

We will now use: 

Theorem 5.2.3 ([60]). — Let (M,M*) be a filtered regular meromorphic connection. 
Then (M,M') is poly-stable, each summand having degree 0, if and only if there 
exists a Hermitian metric h on M\x* which is tame with respect to M, with associated 
parabolic filtration M’, and such that V,/i) is harmonic. □ 

By the previous lemmas, if we assume that M' is the canonical filtration, then we 
may replace in the previous theorem the word “poly-stable” by “semisimple”, and 
forget about the condition on the degree, which is automatically satisfied. 

Corollary 5.2.4. — The functor {H,Dy,h) {M,M') from the category of tame 
harmonic bundles to that of log-filtered meromorphic connections induces an equi¬ 
valence between the subcategory of tame harmonic bundles of Deligne type to that 
of semisimple meromorphic bundles with a regular connection (or equivalently, 
semisimple regular holonomic !^x-wiodules having strict support X). □ 

5.2. d. Let M he & simple meromorphic bundle on X with poles on P and a reg¬ 
ular connection; it is isomorphic, locally near each point of P, to a direct sum, in¬ 
dexed by /3 G C with Re/3 G ] — 1,0], of meromorphic bundles with connection as in 
§5.1. Denote by (y, V) the restriction of M to X*. Let M' denote the (decreasing) 
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Malgrange-Kashiwara filtration of M. Hence (M, M') is a polystable regular filtered 
meromorphic bundle with connection of degree 0 (Lemmas 5.2.1 and 5.2.2), to which 
we may apply Theorem 5.2.3. 

Choose a model (also called standard) metric on V which is equal, near the 
singular points, to a corresponding direct sum of metrics as in Prop. 5.1.2. The 
Malgrange-Kashiwara filtration M* of M can be recovered from this metric by meas¬ 
uring the order of growth of the norm of local sections of M (this is easily seen on 
the simple basic example). 

The result of C. Simpson is then more precise than Theorem 5.2.3: it asserts (see 
[60, Th.6(2)]) that there exists a harmonic metric h which is comparable with 
near P. 

It will be even more convenient to use the construction made by O.Biquard in [4] 
which gives a more precise description of the relationship between h and 

We keep notation of §§1.3.a and 2.2. Denote by C {/3 G C | Re/3 G [0,1[} 
the finite set of eigenvalues of the residue of V on and let B be the set 

obtained from B' by adding —1 to any (3 G B' such that Re/3 yf 0: for (3 G B, we 
have Re/3 G ] — 1,0]. 

The following result is also valid for general tame harmonic bundles or poly-stable 
filtered regular meromorphic connection of degree 0 that we will not consider here. 

Theorem 5.2.5 ([4, §§9 and 11]). — Let {H, Dv,h) be a tame harmonic bundle on X* 
of Deligne type, or equivalently, let M be a simple meromorphic regular connection 
on X with singularities at P. For each puncture in P, there exists, on a small disc 
D centered at this puncture, an h-orthonormal basis e of ®V on D* such that 
the matrix of Dy in this basis can be written as 

M'j + M"j = (M'^“ + 

where are direct sums indexed by (3 G B of matrices (5.1.5) and (5.1.6), 

and P', P" are of some Holder type (see loc. cit.). □ 

5.2. e. Sketch of the proof of Theorem 5.0.1. — In § 5.3, we prove a reconstruc¬ 

tion result, namely, starting from a tame harmonic bundle of Deligne type {H, Dy, h), 
we associate to it a polarized regular twistor ^jf-module = (.^,.^, C, Id) 

of weight 0 which coincides with that given by Lemma 2.2.2 on X* and such that 
Sdr.^ = M is the minimal extension of the meromorphic bundle with connection 
defined by h. 

In § 5.4, we show that the correspondence {3^, LX) i-^- [H, Dy, h) on X* of Lemma 

2 .2.2, starting from a polarizable regular twistor .^x-module of weight 0, gives rise 

to a tame harmonic bundle of Deligne type. Moreover, we show that and 

{3X,3X)h constructed in §5.3 are isomorphic, at least locally on X. 
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Both results are enough to conclude. Indeed, it is enough to prove Theorem 5.0.1 
for objects having strict support X. The functor “restriction to z = 1” sends po¬ 
larized regular twistor ^-modules to semisimple regular holonomic ^-modules, ac¬ 
cording to §5.4. It is essentially surjective, according to §5.3. By the equivalence of 
Lemma 2.2.2 and Corollary 5.2.4, any morphism (p : Mi M 2 lifts to a morphism 
Ip : (^,^i)|x* ^ {^ 2 ,’^ 2 )\x* in a unique way. Moreover, it induces a morph¬ 
ism between the meromorphic extensions —>■ ^ 2 , which is compatible with the 
parabolic filtration constructed in Corollary 5.3.1, because cp respects the canonical 
filtration, i.e., the parabolic filtration of the harmonic metric. 

By the construction of §5.3.b, ip extends then as a morphism {£^i,M'i)h 
{^ 2 ,^ 2 )h- Therefore, by the local isomorphism proved in §5.4, ip also extends (in a 
unique way) as a morphism ^ {^ 2 , ■^ 2 ), hence the full faithfulness of the 

functor. □ 

5.3. Proof of Theorem 5.0.1, first part 

In this section, we will prove that any semisimple regular holonomic ^x-module 
is of the form Sdr.^” where is part of an object of 0)*-^^. 

Let M be a simple regular holonomic ^jf-module and let M be the associated 
simple meromorphic bundle with regular connection as in §5.2.d. We fix a harmonic 
metric as given by Theorem 5.2.5, and we will work locally near a point of P, with a 
local coordinate t centered at this point. 

5.3. a. Construction of the [l/t]-module ^ and the filtration 

In this paragraph, X will denote an open disc with coordinate t. 

Denote by j : X* x Dq ^ X x Oq the open inclusion; denote as above by ^ the 
product X X fig. For z G Dq, recall that C denotes its imaginary part; denote also by 
^zoiv) the closed disc centered at Zo of radius ry > 0 ; recall that H(Az^(?7)) denotes 
the corresponding Banach space of holomorphic functions. For short, we will denote 
by the germ at (0,z) G of the ^^-module 

The first step consists in defining a ^ar[l/f]-module ^ and the parabolic filtration 
V'xM on it. As we will see below, the parabolic filtration is only locally defined on 
What is possible to define globally are the graded pieces, or even the ip^ ^. 

Let us first state a consequence of Theorem 5.2.5. 

Corollary 5.3.1 

(1) Let ./M C be the subsheaf of local sections of , the Mh-norm of 

which has moderate growth along {0} x Dq. Then ./M is i^s:[l/t]-locally free and is 
strictly specializable along t = 0 (cf. §3.4J. 

(2) For any zq G Dq, let {V^.^z„)beM. be the “parabolic filtration” of the germ 

associated with Mh near Zo, i-e., is the set of germs m G x^zo which satisfy 
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bounded near (0, Zo) for any e > 0. Then, this filtration coincides with 
the Malgrange-Kashiwara filtration 

(3) The Malgrange-Kashiwara filtration moreover satisfies: 

(a) each is gr (^zo)~^ocally free of finite rank, 

(b) the monodromy filtration M,(N) (cf. Remark 3.3.6(3)j of the nilpotent 

endomorphism N = —{tBt — * z) : 'ipf{^zo) f’t i-^zo) is such that each 

graded piece i-^zo) is ^a.o,zo-iocally free for any (. and any (3. 

For the proof, we will need Lemma 5.3.2 below, analogous to [4, p. 79]. Let us recall 
some notation: we put T)'^ = zD'^ + 9'^ and T)'f = D'fi + zO'fi. By Theorem 5.2.5, 
we write T)'^ {resp. D") as the sum of (resp. plus a perturbation which 

is controlled. We denote with the same letter the action of these connections on 
endomorphisms of H with values in differential forms. 

Lemma 5.3.2 (Local killing of the perturbation P")- — In the situation of Theorem 
5.2.5, for any Zo G fig, there exists p > 0 and a matrix Q^^°\t,z) of functions 
X* H(Az^(? 7 )) such that 

(1) the HiAz„{ri))-norms ofL{tyQ''^°\t, z), L(t)^'D'fQ^^°'>(t, z) andLltyXi'^^Q^^^^t, z) 
remain bounded when t ^ 0 , for some d > 0; 

(2) in the basis e • (Idz)), the matrix of T>'f is the standard 

one, namely [M""“ + (z - 1)(M""“ + M'"“*)/2]dt/I 

Sketch of proof — It is a variant of loc. cit. The basis e of Theorem 5.2.5 is de¬ 
composed in subfamilies for fi G B. Given any matrix P, we denote by P/ 3 i,/ 3 „ 
its {Pi, fij)-hlock. We will first use the following property of P = P' or P" given in 
loc. cit. : there exists (5 > 0 such that 

(i) for any P G B, the matrix function L(t)^+'^P,g_, 3 (t) is bounded on X*. 

(ii) if Pi zfi Pj g B, the matrix function L(t)^+‘^P/ 3 .,/ 3 ^ (t) is bounded on X*. 

(The second condition corresponds to the case denoted by £ ^ 0 in loc. cit.). 

We will also need a better estimate, the proof of which will be indicated in § 5.B.a: 
there exists £ > 0 such that 

(iii) if Pi zfi the matrix function \t\~^P 0 i, 0 j{t) is bounded on X*. 

Let us now fix Zo G flo- It will be convenient to work with the basis e(z) = e • 

In this basis, the matrix of ®" = D'fi + z9'fi can be written as [Std"(z) -I- h"{t, z)](Ii/t 
where 

Std"(z) = ©; 3 ([- (/3' + zz/3")/2] Id+H/2L(t)), 
b"{t, z) = [P" + (z- 1){P" + P’*)/2] e-^^. 

thank O.Biquard for explaining me his proof and the referee for noticing a missing point in a 
previous proof. 
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We look for Id +u{t, z) such that 

F^i I 

(5.3.2)(*) t-^ = — [Std"( 2 :), u(t, z)] — 

Then ld+Q^^°\t,z) = Id+u(t, z))e^^ will be a solution to 5.3.2(2). 

We can now argue as in [4, pp. 78-79]. As both operators adStd"(z) and 
adH commute, we can decompose any d x d matrix u as u = where 

y( 7 .^) belongs to the 7 (z)-eigenspace of adStd''(z) and the Aeigenspace of adH. 
Denote by ifye(ZI)j,H(A 2 ^(? 7 ))) the Banach space of matrices u of functions 
DJj ^ H(A 2 ^(? 7 )) on the punctured disc of radius R such that the entries of 
satisfy ||L(t)‘^M'>'’^(t)bounded on and, if 7 (z) is not constant, 

lll^l“"^^’iH(A.„(^)) bounded. 

For a matrix in the ( 7 ,!’) eigenspace of (ad Std"(z), adH) and for n e Z, put 


n ^ 






j dw A dw 
^ t-w 


Notice that 7 = 7 ( 2 ) is a function of z which takes the form {P[ —l32) + iz{P'{ — P 2 ), 
for / 3 i ,/92 in B. Then, either z ^ 7 (z) is not constant, i.e., (}" yf or it is constant 
and belongs to ] — 1,1[. We define n^(zo),l G Z by the property 


fG[-I,0[ if7(z)^0, 

''^■y{z„),e + Re 7 (zo) < = —1 if 7 (z) = 0 and £ > —I, 

[^=0 if 7 (z) = 0 and £ < — 2 . 

The radius 7 > 0 is chosen such that, for any 7 with 7 (*) not constant and 7 (zo) G Z, 
then Re 7 (z) + e G ] Re 7 (Zo), Re 7 (Zo) + 1[. Consider the operator 

We then obtain as in loc. cit. that, if R is small enough, the operator sends 
Es,e{D*R , H(A 2 ^(? 7 ))) into itself, and is contracting. The fixed point u is solution of 
(5.3.2)(*), where the derivative is taken in the distributional sense on D'^. 

Notice that the only assumption of a logarithmic decay of would cause trouble 
if 7 (zo) G Z and 7 (z) non constant. This is ruled out by the stronger decay in 
(Property (iii)) in such a case. 

The first two properties of 5.3.2(1) directly follow from the construction, as 
®"(Id+u) = -(Id+u) 6 ". 

The matrix of R), in the basis £(z) can be written as [Std'(z) + b'{t, z)]dt/t, with 
Std'(z) = ©/ 3 [(z/ 3 '+ i/3")/2Id+(Y + zH/2)/L(t)] and b' satisfying (i)-(iii). Notice 
that, for u G Es,e{D*j^,}lzA^iv))), we have ||L(t)^+'^[Std'(z), u]||jj (a(t;)) bounded 
(and a similar property for [Std”(z), uj). In order to obtain the desired estimate for 
it is therefore enough to show that L{t) d'u{t, z) remains bounded when 
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t 0. This is obtained by an argument of elliptic regularity which closely follows 

that of [4], Details are given in §5.B.b. □ 

Proof of Corollary 5.3.1 

Identification of the parabolic filtration. — Fix Zo G flo and work in a neighbourhood 
of Zo as in the previous lemma. We denote by the corresponding matrix. For 

(3 & B, let qfi,c,o G ^ be such that IzoiQpXo + P) 10,Co + P' — foP" belongs to [0,1[. 

The basis e of Theorem 5.2.5 is decomposed into subfamilies ep for fi d B, 

so that jVf' std^ std block-diagonal matrices. Recall that we set A^ityz) = 
g-zA:|^|/3'+iz/3"L(^)H/2 A{t,z) = (Bp^sApft, z). We also define similarly 

the diagonal matrices Aij{t,z) = \t\3 and A(t,z) = 0/3gBz4/3(t, z). Last, 

put 

(5.3.3) = £ • (Id {t))A{t, z) = • A{t, z) 

(defining therefore also where Q^^°'^(t) is given by Lemma 5.3.2. For any j, 

we have for some (3j G B and Wj G Z. 

According to 5.3.2(2), the computation following (5.1.9) shows that the basis 
defined by 

(5.3.4) 

is holomorphic. As the base changes e i—> e and e i—s- e have moderate growth along 
{0} X rio, we conclude that, near Zo, the sheaf is nothing but the ^.ar[l/t]-locally 
free sheaf generated by in . This gives the first part of (1). The strict 
specializability follows from the proof of (2) and (3) below. 

Notice that the basis may also be decomposed into subfamilies 

4"“^ = I Pj =P} (/3 G B) 

so that 

(5.3.5) = S0 ■ (Id+<5^4) + ^ £/?' • ^0- 

0'^0 

For 6 G M, denote by the locally free ^@>-module generated by the sections 

^njg(zo) 2 (■zoi.'nj + Pj) G [b,b+ 1[. Notice that, for any fc G Z, we 

have 

We will now show that U'^ induces on .z^zo the parabolic filtration (defined in 
the statement of Corollary 5.3.1). 

Formula (5.3.3) shows that each element of has parabolic order equal 

to £zo{k + Pj) exactly, according to the logarithmic decay of Q^^°\t) given by Lemma 

5.3.2. 
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Conversely, let m = ° € ^zo with nij holomorphic and mj ^ 0 

mj{0,z) ^ 0. We may assume that ^ 0 mj(0,z) ^ 0 for 2; Zo in a neigh¬ 
bourhood of Zo- Put b = miuji^^^o + Pj)- We will prove that m has order b. 

Clearly, m has order ^ b. It is then enough to prove that, for any £ > 0, ||m|| is 

not bounded in any neighbourhood of (0, Zq). There exists only one fc G Z and (3 £ B 
such that, for any C, € [Co) Co + r]] with rj small enough, iz(k + P) achieves the minimum 
of {£z{nj + Pj) I rrij ^ 0}. Notice that iz{k -\- (3) ^ b li & [(^o, -|- 77] and that, unless 

[3 is real, the inequality is strict if C Co (see Fig. 3.a on page 70). Denote by Ji the 
set of j for which this minimum is achieved. Put w = maxjgjj Wj and denote by J 
the set of j € Ji for which this maximum is achieved. Let mj(0,z) be the vector 
having entries mj{0, z) for j € J and 0 otherwise and put mj(0, z) = z). 

Then an easy computation shows that 

(5.3.6) \\m\\l,^ 

C6[CoTco-I-’)] 

This gives the assertion. 

Computation of 0),. — We now compute the matrix 0), of D), in the basis 
Notice first that, by flatness, the matrix of D(, in the basis takes the form 

(5.3.7) Qz = {®i3 [{qp,C o 3-P) * zld+Y/s^'j + P{t, z) —, 
with P{t, z) holomorphic on {t ^ 0} x nb(zo). 

Assertion. — The matrix P{t,z) satisfies: 

- if Pj 7^ Pk, 

- if (-zoiqpj^Co + Pj) ^ 4„(9/3fc,Co + Pk), then Pp^^p^/t is holomorphic near 

(0,Zo); 

- if^zoiqpjXo+Pj) > 4o(<?/3fc,Co+A); ihen is holomorphic near{0,Zo); 

- if Pj = Pk, 

- if Wj ^ Wfc — 2, then Pp^^p^/t is holomorphic near (0, Zo); 

- if Wj ^ iWfc — 3, then Ppj,p^. is holomorphic near (0, Zo). 

Proof of the assertion. — We will prove that the matrix P{t, z) satisfies the following 
property, for some (5 > 0 small enough and z € nb(zo): 

from which the assertion follows. Using notation of Lemma 5.3.2, this, in turn, is 
equivalent to the fact that the matrix of Di, in the basis e(z)(Id-|-M) takes the form 
[Std'(z) + c'(t, z)]dt/t with ||L(t)‘^c'(t, z)dt/t||jj (a(j;)) bounded. We know, after [4], 
that the matrix of D'^ in the basis £(z) takes the form [Std^z) -I- b'{t, z)]dt/t, where 
b'dt/t satisfies the previous estimate and Lemma 5.3.2 implies that the functions 
t 1 -^ ||L(t)‘^'u(t, z)||jj (A(ri)) t 1-^ ||L(t)'^D(,'u(t, z)||jj (A(j;)) are bounded. On the 
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other hand, we have c'{t,z)dt/t = (Id+w) + b'dt/t. Both terms in the right- 

hand side satisfy the desired property. □ 

End of the proof. — The assertion above shows that is stable under tdt- 

Moreover, the matrix of tBt on )/^(z ) block-lowertriangular, if we order the 

families with respect to the fz^-order, each block corresponding to a value of 

^ 2 o (9/3,Co + /^)- Each diagonal block is itself block-diagonal with respect to the various 
P with (zoidB Co + P) fixed. This shows that each graded piece gr^ .r# is i^o-locally 
free near Zo, hence U'^ satisfies the properties of Lemma 3.3.4. Therefore, is 
strictly specializable along t = 0 and . 

Last, let W.gVy^^ be the weight filtration of ©/jY^. It also follows from the 
previous properties that it is decomposed with respect to and each sum¬ 
mand satisfies the properties characterizing the monodromy filtration 

ofN = tdt — iq0,Co+P)*^- It is therefore equal to it and N : ^ 

is conjugate to Yjj. This proves 5.3.1(3). □ 

Remarks 5.3.8 

( 1 ) Although the bases are defined only locally with respect to z, the classes 
of their elements in the various bundles gr^i/if./# are globally defined on flo- Notice 
that these bundles are holomorphically trivial on flo. More precisely, for any f G Z 
and any P € B, there exists a basis of gr“i/)f.^ as a -module, uniquely 
determined from the basis e of Theorem 5.2.5, such that lifts locally to 

bases 6 ^°!. 

In order to prove this statement, it is enough to characterize the inverse image in 
of near Zo- 

First, a section m of near (0, Zo) has a class in gTy°^^^ contained in 

if and only if, for any j, denoting by Uj G ZU {+oo} the order of its coefficient 

(z ) 

mj on e)j ” along t = 0 , we have £z^(nj + Pj) > izXP) E Pj P least one 

mj{0, z) ^ 0 with Pj = p. 

When this is satisfied, the class of m has M-order ^ if and only if, for any j with 
Pj = P, mj{0, z) = 0 if Wj > i and mj{0, z) ^ 0 for at least one j with Pj = P and 

Wj = 1. 

Both assertions are proved as in the proof of Corollary 5.3.1. This criterion may 
be translated in terms of order of growth: the class of ra is in iff for any z), ^ Zq 

and sufficiently near Zq, the norm ||3n.|z=zJ|^ has growth order iz'^iP), and this class 
has M-order £ iff moreover this norm grows as 

With this criterion in mind, one observes that two meromorphic bases given by 
Formula (5.3.3) for different choices of give rise to the same classes in the 

various gr^i/>f./#, so these classes can be glued when Zo varies in flo- By definition. 
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the basis e° is adapted to the Lefschetz decomposition of gr“2Y/3, hence to that of 
gr5f2N- In particular, the whole basis of gr'^'i/jf^ can be recovered from its primitive 
vectors. 

(2) We also have an asymptotic estimate of as in Formula (5.3.6) for C, G 

[Co ~ Vi Co]- It uses a maybe distinct pair {j3-,k-), subject however to the relation 

4„(A:-+/3-) =4„(fc + /3). 

By restriction to 2; = ^o, we also get a criterion for a nonzero local section m° 
of Mz„'. Denote by U'Mz„ the filtration induced by V'^ {cf. Proposition 3.3.14). 

Denote by N the corresponding nilpotent endomorphism on gr^Mz^, which is the 
direct sum of the various —{dtt + f3-kZo) for /3 such that ^z„(/3) = b, and let M.gi^Mz^ 
be its monodromy Hltration, that we lift as M.UtMzo- Restrict the basis to a 
basis e° of and write m° = m°(t)t”^e°. We assume that m°^0 m°{0)^0. 

Put b = min^i^^^Q +13j)- We denote by J° the set of j such that the minimum 

is achieved, we put w = max^gjo Wj and we denote by J° the set of j G J° such that 
the maximum is achieved. We then have the restriction of Formula (5.3.6): 

(5.3.6).„ ||m°||^ ~ol^l''L(ir||^j(0)f. 

Moreover, m° is in U^Mz„ and its class in grJ^^gr^M^^ is nonzero. 

(3) For any Zo G Dq, it is possible to Hnd a matrix Q{z) which is holomorphic with 
respect to z and is invertible for any z near Zo, so that, after changing the basis 

by the matrix Q{z), the residue at t = 0 of the matrix of zDe + 0'^ is block-diagonal, 
each block corresponding to eigenvalues (3 -k z taking the same value at Zo, and is 
lower-triangular, each diagonal sub-block corresponding to a given (3. 

Assume moreover that Zo ^ Sing A, in particular Zo ^ 0. Then, there exists a 
neighbourhood of Zo such that, for any z in this neighbourhood and any Pi, (32 G B, 
the differences {Pi — P 2 ) * z/z G Z Pi = P 2 . 

One may therefore apply the same arguments as in the theory of regular mero- 
morphic connections of one variable with a parameter to Hnd, near any (0, Zo) with 
Zo ^ Sing A, a basis ■ ‘J’{t, z) of with 1P(0, Zo) invertible, in which the 

matrix of zDe + 0'^ is equal to 

©[(/3 * z) Id + 3 ^/ 3 ] — - 

(3 t 

If now Zo G Sing A\ {0}, we first apply a classical “shearing transformation”, which 
is composed by successive rescalings by powers of t and invertible matrices depending 
holomorphically on z for z near Zo, so that, for any two eigenvalues /3i*z, P 2 kz of the 
“constant” part {i.e., depending on z only) of the matrix of zDe + 0'e, the difference 
is not a nonzero integer. Then it is possible to find a base change lP(t, z) as above, 
such that the new matrix of zDe + 0'e does not depend on t, is holomorphic with 
respect to z and is lower triangular with eigenvalues P * z for the new set of P's. 
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Notice that in both cases, ^ is, locally with respect to 0, an extension of rank one 
-modules with connection. 

5.3.b. Construction of the ,^^-module ^ and the filtration 

Let us return to the global setting on the Riemann surface X. The ,^x-module 
./# is defined as the minimal extension of ^ across its singular set P {cf. Def. 3.4.7). 

Corollary 5.3.9. — is a regular holonomic s:-'module which is strictly specializ- 
able along t = 0 and has strict support equal to X. 

Proof. — Let us show that .y£ is good. On ^ \ .y£ = .y£ is ^^-coherent. Let 

X G P. If RT is any compact set in {x} x Oq, then .M\k is generated by the sheaf of 
local sections m which satisfy < C\t\~^ for N = Nk large enough, as this 

sheaf contains for any Zo G K. This sheaf is ^^-coherent, as follows from 

Corollary 5.3.1, hence ./# is good. 

By definition, on (ry), the R-filtration V)* restricted to indices in Z, is good; 
hence ./# is regular along {a;} x Oq for any x G P, as each is ^^-coherent. 

Last, as is ^-coherent on \ its characteristic variety is the zero section 
on s. 3^ ^ hence is contained in (TfrXUTfX) x Oq; in other words, is holonomic. 

The strict specializability along 1 = 0 follows from Proposition 3.4.6 and the fact 
that ./# is a minimal extension implies that it has strict support equal to A. □ 

We will end this paragraph by proving: 

Lemma 5.3.10. — The restriction to z = 1 of the -module .M is equal to M. 

Proof. — Consider first the restriction of to 2: = 1. We will show that is is equal 
to M (with connection). On the open set X* = X \ P, this was shown in the 
proof of Lemma 2.2.2. We know by 5. 3.1(1) that .JLjlz — !)./£ is ^x(*C’)-locally 
free. It is therefore enough to prove that /{z — l).y£ and M define the same 
meromorphic extension, or equivalently that I{z— 1).^ C M. By the construction 
of the metric h, M is the subsheaf of (where j : X* ^ A is the open inclusion) of 
sections, the h-norm of which has moderate growth. Now, Formula (5.3.3) computed 
at 2:0 = 1 shows that the /i-norm of the basis has moderate growth, implying 

therefore the required inclusion. 

Notice that the same formula shows that the filtration V’^ =1)*^ restricts to the 
canonical hltration V'M of M. Recall now that the minimal extension M C M is 
the sub-l^x-module of M generated by V^~^M. By construction, we therefore have 
l{z — 1)./# C M. As M is simple, both -modules coincide. □ 
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5.3.C. Construction of the sesquilinear pairing C 

We have to define a sesquilinear pairing C on ^[s -^is with values in 
Sb^Kxs/s, which has to extend hs defined on X* . We will construct C with values 
in the sheaf Sb^lg of distributions which are holomorphic with respect to 2 :. 

We first define C locally with respect to S and then show that it glues along S. So 
we fix G S and a compact disc A neighbourhood of Zo, that we assume to be small 
enough. We denote by A° its interior. In the following, we will denote by H(A) the 
Banach space of continuous functions on A which are holomorphic on its interior. 
Consider the basis of defined near Zo by a formula analogous to 

(5.3.3): we have with ^z„(nj + (ij) G ] — 1,0]. 

Consider similarly the basis defined near —Zo, with i-z„{vk + Pk) G 

] — 1, 0]. Notice that, as \zo\ = 1, we have a{zo) = —Zo and lma{zo) = —(o, using the 
notation of § 1.5.a. 

The entries of the matrix of /ia in these bases may be written as 
(5.3.11) . L(i)K+»c/2. 

with |!aj,fc(t)|ljj(-A) ^ 0 if /3j ^ fik and ||aj,fc(0llH(A) locally bounded, when t ^ 0. As 
we have fz„(nj +/3j) > —1 and ^-z„(ufc +/3fc) > —1, we also have Re(nj +/3j +iz/3j) > 
— 1 and Re(ufc +/?(, +i/3(,'/z) > — 1 for any 2 ; G A, if A is small enough. Therefore, the 
entries of the matrix of ft-A are in L(oc(^: hence, as ^ is i^^-locally 

free, /ia defines a sesquilinear pairing 

: y^z.7) ^ Aoc(-’^>H(A)) 

GSC ® linearity. 

As H(A)) is contained in the subspace Ker^^ of Lj(,^(Ar x A°), this defines 

similarly C'a° on by ^sc ® ^-i^linearity. 

Assertion 1. — h/s is Vb-^. 2 rtA Vo^.ar|<T(A)-^*riear and C/sp is Vo.^.^|a° 
Vo^X\a(JSP)-linear. 

Assertion 2. — Ca" can he extended by ^(X,X).A° -linearity as a well-defined sesqui¬ 
linear pairing on ■^|cr(A°)- 

At this stage, we cannot prove the assertions, as we do not have any information on 
the derivatives of the functions Oj^k introduced above. We need a more precise expres¬ 
sion for /lA, that we will derive in Lemma 5.3.12 below, using techniques analogous 
to that of [1], that we recall in §5.A. 

Fix Zo G S, and let A be as above. We will also assume that A is small enough 
so that A n Sing A C {±i}. Let m be a section of on IF x A and p. a 

local section of on IF x cr(A), for some open set IF C X. If bm denotes 

the Bernstein polynomial of to, we consider the set A(m) introduced in Corollary 
3.3.7, and take a minimal subset A'(to) C A(to) such that A(to) C A'{m) — N. Put 
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A'{m, /i) = A'{m) n A'{fi), so that A'{m, /i) — N contains all the 7 such that 7 * 2/2 
is a root of bm and bfj_. We also set B'{m, /i) = {—a — 1 | a G A'{m, fi)}. 

Lemma 5.3.12. — There exist integers £0 ^ 0 and N ^ 0, such that, for any local 
sections m, yi as above, we have 

(5.3.12)(*) (2 + l/2)^/iA(m,7l)= ^ 

{m,fi) i—0 

on some punctured neighbourhood X* of 0 G X, where the fp/ are C°° functions 
X H(A). 

The proof of the lemma will be given below. 

Proof of Assertion 1. — Let us prove the Vb-^ar|A-linearity of /ia, the conjugate 
linearity being obtained similarly. Let m, /i be as in the lemma. The real part of the 
exponents in (5.3.12)(*) are > —1, as Re(/ 3 * 2 o)/ 2 o = £z„{f)) +£-z„{P) for any Zo G S. 
For a section P of Vb-^ariA, we have to show that u P■ h^{m,jL) — h/:^{Pm,Jl) = 0. 
But on the one hand, u is supported on {t = 0} as /ia is known to be Vb-^. 2 r|A"liiiear 
away from {/ = 0} by the correspondence of Lemma 2.2.2. On the other hand, using 
(5.3.12)(*) and (1.5.5), (2 + 1 / 2 )^m is Therefore, (2 + l/ 2 )'^u = 0 and, by 

(0.5.1), u = 0. 

Notice that Formula (5.3.12)(*), when restricted to A° and applied to the bases 
g(zo)^ g(-zo)^ gives coefficients fp^e which are in C°°{X* x A°) and holomorphic with 
respect to 2 . This still holds for any local sections to, on X x A°, by O 
linearity. Then the argument for /ia can be applied to Ca” • □ 

Proof of Assertion 2. — Any local section to of on X x A° can be written, by 
definition, as where mj are local sections of on X x A°. There¬ 
fore, in order to define CA°{'m,Ji), we write to = h- ~ Tk, and 

put 

C'a°(to, 7 I)= SiSFC'A'>(TOj,7Zfc). 
j,k^0 

This will be well defined if we prove that 

StTOj = 0 =7 9^C'A°(TOj,/Ife) = 0 for any Hk G 
j^o i70 

and a conjugate statement. 

Set u = StC'A°(TOj , 7 I;.) and u = {z + l/z)^u for N big enough. After Lemma 
5.3.12, there exists N ^ 0 and a set B' satisfying Properties (1.5.7) and (1.5.8) in 
Example 1.5.4, such that u can be written as 

==i;(i: + g0,i(t)u0^i^ , 

/36B' 

eeN 
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where are constants and are C°° on X x A° and holomorphic with respect 
to z. The condition ^t'^j = 0 implies that there exists L > 0 such that t^u = 0, 
as Cao is Vo-^^-linear. By taking L large enough, using the freeness of the family 
(up^i) and (1.5.5), one obtains that the coefficients and vanish identically, 
hence u = 0. This implies that u = 0. □ 

Let us now show that the construction of C glues along S. So, fix Zo and A as 
above, and denote by C(^zo) the sesquilinear pairing constructed above. Let z G Sn A°. 
We will show that C(z) and C'(z^) coincide on 0 ^-z- 

By (3.4.8) and (3.4.9), they coincide on for some £ > 0, 

as both are there and as they coincide with hs away from t = 0. As both are 
■^(x X) z-linear, they also coincide on 

which contains 0 by (3.4.9). Last, by ■^(x,x), ^-linearity, they 

coincide on ^z 0 ^-z- □ 

Proof of Lemma 5.3.12. — We will use the method developed in [1], using the exist¬ 
ence of a “good operator” for m or fj,, which is a consequence of the regularity property 
(REG). Fix local sections m,/i as above. By (5.3.11), h£^{m,Ji) can be considered as 
a distribution on X with values in H(A) which, restricted to A*, is C°°. Denote by p 
its order in some neighbourhood of t = 0 on which we work. As m, p are fixed, put, 
for any N ^ 0, 

({z + l/z)^{h/^{m,Jl),\t\‘^H^x{t)^dtAdt) if fc ^ 0 , 

= ■! I 

[{z+ l/z)^{h/^{m,J[),\t\'^H' 'x{t) A di) if fc ^ 0, 

for every function y G “^“(X, H(A)). Then, for any such y, on the open set 2Res-|- 
|A:| > p, the function s takes values in H(A) and is holomorphic. In the 

following, we fix i? G ]0,1[ and we assume that y = 0 for |t| > R. We will be mainly 
interested to the case where y = 1 near t = 0. Applying Theorem 5.A.4 to the family 
iy^^}f{s))k will give the result. We will therefore show that the family 
satisfies the necessary assumptions for some N big enough. We will assume that 
k ^ 0, the case k ^ 0 being obtained similarly, exchanging the roles of m and fx. 
Arguing exactly as in Lemma 3.6.5 and Remark 3.6.8, we find that extends 

as a meromorphic function of s G C with values in H(A), with at most poles along 
the sets s = 7 * z/z, with 7 G A(to, p) — N. Moreover, we may choose N big enough 
so that all polar coefficients of (for any k) take values in H(A). We will fix 

such a N and we forget it in the notation below. We put /ia = {z + 1/z)^/ia- 
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By the regularity property (REG), there exists an integer d and a relation 


a —1 

-Bttf ■ m = ■ m 


for some sections aj of ^xxa- It follows that, for any y as above, we have 

d-l 

(5 + kf ■ )(s) = + ky^^%s), 

j=0 

where the Xj only depend on the ai and x- as /ia is a priori ^(X,X), ^-linear away 
from t = 0 only, this equality only holds for Res 0; by uniqueness of analytic 
continuation, it holds for any s. Applying the same reasoning for p we get 

s^-J^«(s)=^'s^- 4 f(s). 

3=0 

For n',n" ^ 1, we therefore have 

{d—l)n' {d—l)n' 

i'=o i"=o 

where the functions Xn',n",j',j" only depend on x,n',n", j',j" and the a^. As the 
current h^{m, Jl) has order p, there exists a constant C^^n',n",j',j" such that, if 2 Re s+ 

I A: I > p, we have 

ki'l",T,T'(^)||H(A) ^ + 1^1 + 

Let n ^ 0. By summing the various inequalities that we get for n' + n” ^ n + p, we 
get the existence of a constant Cx,n such that, if 2 Res + |A:| > p, we have 

(l + |s| + |A:|)” ^W(s) 

^ H(A) ’ 

Let us now extend this for 2Res + |fc| > p — q for any q G N. For this purpose, 
consider now a Bernstein relation 

9 

+ iz) ■ m = f^PY, tdt) ■ m 

1=0 

and put S = degb^- Fix x as above. We therefore have 


n + Y) ■ Hs) = ^ (s + fc + qy.4':+‘^Hs) 

e=o 3=0 

for some C°° functions depending on y, q and j. By the previous reasoning, we get 
(1 + |s| + \k\+qr nLobm{z{s + i)) ■ J^W(s) ^ C{n,q,x) ■ i? 2 Re.+|i=|+,^ 

H(A) 
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Applying Theorem 5.A.4, we now find that there exists a finite family {f 0 ^ 1 ) 0 /, g 
of C°° functions X H(A), g being infinitely flat at < = 0 and (3 G such 

that we have on X*, for x = 1 near t = 0, 

X{t)h^im,-p) = +5W)- ° 

0,e 

Remark 5.3.13. — We now give a more explicit statement when m and /i locally lift 
sections of In such a case, arguing as for (3.6.5)(**), we have for some £ ^ £ 0 , 

putting /3 = —a — 1, 

xit)hA{m,JI) = 

k^O 

k—0 Re7>Re/3fc—0 

The integer £ + 1 is smaller than or equal to the index of nilpotency of N on [m] or 
Moreover, each is divisible by {z + 1/z)^, as the polar coefficients of the 
function along s = a-kz take value in H(A) for A small enough (c/. Lemma 

3.6.9). 

If m, 0 , locally lift sections of Pgy^tpt,a.^, then, applying (fdt — (3-k zY to both 
terms and noticing that, for z G S, we have Re( 7 * 2 /z) = Re 7 , gives 

(5.3.13)(*) x{t%A{{t^t - P * zYm.Ji) +f(t)) 

and r{t) tends to 0 faster than some positive power of |t|. 

5.3.d. Proof of the twistor properties for C, Id) 

We will show that the properties of Definitions 4.1.2 and 4.2.1 are satisfied for 
the object (./#, ./#, C, Id) when one takes specialization along a coordinate t. This is 
enough, according to Remark 4.1.7. 

Corollary 5.3.9 shows that ./# satisfies Properties (HSD) and (REG) of the category 
MT^'^7A,0) of Def. 4.1.2. 

We will now show that, for any (3 G B and f G N, the sesquilinear form 
defines a polarized twistor structure on Pdif ^./#) with polarization J/’ = 

(Id, Id). ’ _ 

By Definition 3.4.3, we can replace with and use the basis e° (with its 
primitive vectors) introduced in Remark 5.3.8(1) to compute ^C. We will do the 
computation locally on small compact sets A as in §5.3.c, so that we may lift the 
primitive vectors e° to e\ ° . If we only use the dominant term in Formula (5.3.3) when 

computing P4ij^C'A°(e) ° ), we recover the computation made in Proposition 

5.1.14. Therefore, in order to conclude, we only need to show that the non dominant 
term in (5.3.3) does not contribute to P'^^ ^°^)- Here also, the estimate 
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given by (5.3.11), Formula (5.3.3) and Lemma 5.3.2 is not strong enough to eliminate 
the non dominant term in the computation of Pipt , and we use Lemma 5.3.12 
and Remark 5.3.13. 

If e) ° ,ej ” locally lift primitive sections of weight Formulas (5.3.11) 

and (5.3.13)(*) for C'A°((tSi — /3 * give the same dominant term 

As \t\~^r{t) 0 for some 5 > 0, the remaining term in (5.3.13)(*) 

does not contribute to the computation of the residue in Definition 3.6.11. Dividing 
now by {z + l/z)^ gives the desired result. □ 


5.4. Proof of Theorem 5.0.1, second part 

5.4. a. Let be a polarized regular twistor ^x-module of weight 0. We will 

assume that it has strict support X and that ./#, .5^ = (Id,Id). 

Its restriction to the complement X* = X \ P of a finite set of points is therefore 
a smooth twistor .^x-niodule of weight 0 (Proposition 4.1.8) and corresponds to a 
harmonic bundle {H,Dv,h) on X* in such a way that C = hs (Lemma 2.2.2). Put 
M = Sdr(.^') and M = ®ex Af. By definition we have M\x* = V = 

KerPy. We will show that the Hermitian metric h is tame with respect to M and 
that its parabolic filtration is the canonical filtration of M. 

We now work locally near a point of P, restricting X when necessary. We will 
mainly work with ^ instead of Remark first: 

Lemma 5.4.1. — For any Zo € Dq and any a < 0, the -module Vy “ is locally 
free on the open set where it is defined. 

Proof — Recall that, for a < 0, we have JL near any Zo G Dq 

{cf. Lemma 3.4.1). 

By the regularity assumption, Vf “ is i^^-coherent. Moreover, on t 7 ^ 0, it is 
^^-locally free, being there equal to which is there a smooth twistor .^-module. 
As t is injective on JL when a < 0 {cf. Remark 3.3.6(4)), it follows that JL 

has no i^^-torsion. It is therefore enough to show that Vf ° ItVf is Guq- 
locally free. By Proposition 4.1.3, each is ^ng-locally free. As gr^*^°'./# = 

(Ba\£z {a)=a'4>t,a.y^ near Zo, it follows that gr^'*°'./#, hence ltVa^°^ , is &o.q- 

locally free. □ 

The proof will now consist in constructing bases e and e as in §5.3. However, 
it will go in the reverse direction. Indeed, we will first construct local bases e.P°l of 
v'pff ''near any Zo € S. We then construct local bases using Formula (5.3.3) as 
a definition. Then we glue together these local bases and we recover an orthonormal 
basis of the bundle H with respect to the harmonic metric h, in such a way that a 
formula like (5.3.3) still holds. 
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5.4.b. We will first recover precise formulas for the sesquilinear pairing C, as in 
Lemma 5.3.12, starting from the definition of a regular twistor ^-module. Fix Zo G S 
and let A = Az^{r]) be a small closed disc centered at Zo on which the is 

defined. On X*, C = hs takes values in If the radius y is small enough, we 

may assume that is a C°° function X* H(A), that can be written as a power 
series Cn{t){z — Zo)", where each c„(t) is a C°° function on X*. 


Lemma 5.4.2. — Assume that m lifts a section of o,nd fj, a section of 

, 0:2 ( t ( A) ■ Then^ 

def def 

(1) if ai = a 2 = a and (3 = —a — 1, we have, for some £ G N and any t G X*, 
(5.4.2)(*) h^{m,]l) = + r{t)) 


with Cmji G H(A), r{t) takes values in H(A) and there exists 6 > 0 such that 

limt^oL(t)'^ IkWllH(A) = 0/ 

(2) if ai ^ a 2 , there exists <5 > 0 such that, for any £ G Z, 


(5.4.2)(**) 


lim \t\ 

t— 


-5 


|-(/3;+i/3"z)|^|-(/3'+i/3'70L(t)-^/l^(m,7l) 


H(A) 


= 0 . 


Proof. — Lemma 5.3.12 and Remark 5.3.13 apply in this situation, as the argument 
only uses Lemma 3.6.5 and the regularity property (REG). If ai = 02 = ce, we get 
that, near t = 0, one has, for some £ ^ 0 and some N ^ 0, 

{z + l/z)^hA{m,J[) = \tf*''^''L{tY{{z + l/z)^c{m,Jl) + r{t)), 


where c{m,Jl) is in H(A) and there exists <5 > 0 such that limj^o lldl)l!H(A) = 
Therefore, r{t) = (z + l/z)^r{t) where r takes values in H(A), and (by the maximum 
principle) we also have limj^o lk(I^)llH(A) = 

If Qfi a 2 ) then the same argument as in Remark 5.3.13 shows that, near t = 0 
and if the radius 77 > 0 of A is small enough, we have 

t-o 

(z + l/z)-/i.(m,7l)=EE/x fc(^)|^p('>'*^)/^L(^)^ 

7 fc—0 

where the first sum is taken for 7 G A such that 2 Re 7 > 7o(/3i) + £-zo{l32), and 
f.y^k ■ AT ^ 11(A) are C°°. This shows that (5.4.2)(**) holds for (z + 1/z)^h^{m,J[), 
and one concludes as above that it holds for h/\{m,Jl). □ 


5.4.C. Construction of local bases of • — By definition, for any a 

with Rea G [—1,0[ and f G N, the triple (Pgr^ikt^a-^, ^’^'t.a.fC') is a 

twistor structure of weight 0 with polarization (Id, Id) (c/. Remark 3.6.13). Choose 
therefore a basis of {cf. Remark 3.4.4(2)) which is 

orthonormal for P'^t.a.iC, when restricted to nb(S): this is possible according to the 
twistor condition {cf. §2.1). Extend the basis e° as a basis e° ^ = (e° £„)u,gz of 
gr^ipt.a-^ for which the matrix —Ya of N is as in the basic example of §5.1. 
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Fix now Zo G rio- Locally near Zo, lift the family e° defined as above, as a 
family of local sections of Similarly, extend the family in a 

family w)w& so that, putting [3 = —a — 1, the lift of (— N)^e°, where e° 

is any element of e° ^ ^ and j < £, is (tSt — (3* zYe. 

Last, for any 9 G Z, put ■ By choosing so that + Qa) G 

[— 1 , 0 [, we get a basis of near Zo (this ^.^r-module is known to be i^^-locally 

free, cf. Lemma 5.4.1), as it induces a basis of ^^. 

Let be any other local ^ar-basis of inducing e° on 

near Zo- Define the matrix P by the equality • (Id+P(t, z)), and recall 

that the matrix A(t,z) was defined just before Formula (5.3.3). Using the definition 
of the monodromy filtration and of H and denoting by A a sufficiently small closed 
disc centered at Zo, one easily gets: 

Lemma 5.4.3. — There exists (5 > 0 such that limj^o L(t)'^ II^~^'^^IIh(A) “ 

Define then, for t ^ 0, the basis by • A{t,z). Notice that, if 

g'( 2 o) _ ^(^o) +Q(t, z)) is defined similarly from another basis then, according 

to Lemma 5.4.3, we have 

(5.4.4) limL(t)'^ ||g|ljj(^) = 0. 

5.4. d. Orthonormality with respect to C. — Fix now Zo G S. Recall then that 
cr(zo) = —Zo- Using Lemma 5.4.2, arguing first at the level of primitive vectors as in 
Remark 5.3.13, one gets: 

Lemma 5.4.5. — The matrix of /ia in the bases takes the form 

ld+R{t, z), and there exists 6 > 0 such that limt^oL(t)‘^ l!^(^)-2 ^)IIh(A) “ b. □ 

In other words, the pair of local bases is asymptotically orthonormal for /ia, 

with speed a negative power of L(t). Notice that, if jg defined similarly from 

another basis then, according to Lemma 5.4.3, e'^^^A the same property 
(maybe with a different (5). 

5.4. e. Globalization of the asymptotically orthonormal local bases 

For any r G [0,1], let denote the circle of radius r in Dq. For any such r, cover 
Sj. by a finite number of open discs (zo G S^.) on the closure of which the previous 
construction applies. One can assume that the intersection of any three distinct such 
open discs is empty. On the intersection A^- of two open sets A^ and A^, the base 
change e^) = . (ldi-\-Q--(^t,z)) satisfies limt^oL(t)'^ l!Qq(^; ■ 2 )|Ih(a ) “ ^ for some 

5 > 0, according to Lemma 5.4.3 and (5.4.4). 
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Lemma 5.4.6. — There exists 5 > 0 andC^ matrices Ri{t, z) on D* x Ai, holomorphic 
with respect to z, such that linit^o ||-Ri(<, 2 )|j= 0 and ld+Qij{t, z) = 
(ld+Rj{t, z)){ld+Ri{t, z))~^ on X* x A^. 

Proof. — We consider the family (Id +Qij{t, z))ij as a cocycle relative to the covering 
(Ai)i with values in the Banach Lie subgroup of GLd(C'°(A*)) of matrices U such 
that U — Id G Matd(C'°(A*)), where d is the size of the matrices Q (generic rank 
of and Cg{X*) is the Banach algebra of continuous functions ip on X* such 
that ||L(t)'^(p||^ < + 00 , with the corresponding norm By changing 6, one 

can moreover assume that HQuIlooi ^ ^ TJ- Clearly, this cocycle can be 

deformed continuously to the trivial cocycle. Hence, by standard results (c/. [9]), the 
Banach bundle defined by this cocycle is topologically trivial. It follows then from 
a generalization of Grauert’s theorem to Banach bundles, due to L. Bungart (c/. [ 8 ], 
see also [38]) that this bundle is holomorphically trivial. The trivialization cocycle 
takes the form given in the lemma if one chooses a smaller 6. □ 

According to Lemma 5.4.6, the basis defined by • (Id+i?i(t, z)) is 

globally defined on some open neighbourhood nb(Sr). 

Let Ao be the closed disc centered at 0 and of radius 1 in Oq. Cover Aq by a 
finite number of nb(Sj.) on which the previous construction applies. Assume that the 
intersection of three distinct open sets is empty. Apply the previous argument to get 
a basis e globally defined on Aq such that, according to Lemma 5.4.5, the matrix C 
of hs takes the form Id+i?(t, z) on X* x nb(S) with limj^o L(t)'^ ll^(^;- 2 :)||^ = 0. 

Lemma 5.4.7. — If X is small enough, there exists a dx d matrix S{t,z) such that 

- S{t,z) is continuous on X* x nb(Ao) and holomorphic with respect to z, 

- limt^o ll-5'(t,2:)||H(Ao) = 0^ 

- Id+i?(t,z) = {ld+S*it,z)) • (Id+A(t,z)). 

As usual, we denote by S* the adjoint matrix of S (where conjugation is taken as 
in § 1.5.a). 

Define the continuous basis e of ./^A*xnb(Ao) by e = • (Id+S'(t, z))“^. In this 

basis, the matrix of C is equal to Id, after the lemma. This means that e is a con¬ 
tinuous basis of H and that it is orthonormal for the harmonic metric associated with 
on X*. Moreover, near any Zo G S, the base change between the local basis 
6 ^^°^ and e take the form of Formula (5.3.3) (we only get here that the corresponding 
q(zo) tends to 0 with t, and not the logarithmic speed of decay). Arguing as in Re¬ 
mark 5.3.8(2), we conclude in particular that, when Zo = 1, the G-filtration of M is 
equal to the parabolic filtration defined the metric h obtained from C, as was to be 
proved^^^. □ 


1 thank the referee for indicating that a previous proof was not complete. 
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Sketch of proof of Lemma 5.4.7. — We view Id+i?(i, 2 ) as a family, parametrized 
by X, of cocycles of relative to the covering (nb(Ao), nb(Ao)). At t = 0, this 
cocycle is equal to the identity, hence the corresponding bundle is trivial. By the 
rigidity of the trivial bundle on P^, this remains true for any t small enough. More 
precisely, arguing for instance as in [41, Lemme 4.5], there exist unique invertible 
matrices E' continuous on A x nb(Ao) and S" continuous on A x nb(Ao), both 
holomorphic with respect to z, such that S"(»,oo) = Id and ld+R{t,z) = S" • E'. 
Set Eo(t) = E'(t, 0), which is invertible, and E' = E[]'^E'; hence E'(t, 0) = Id and 
ld+R{t,z) = E" • Eo • E'. Moreover, these matrices are all equal to Id at t = 0, by 
uniqueness. 

Recall now that, as we have reduced to = (Id, Id) and the weight equal to 0, the 
sesquilinear pairing satisfies C* = C, hence R{t, z) satisfies R* = R. We thus have 
ld+R{t,z) = E'* • E^ • E"E 

As E'*(t, 00 ) = Id, we have, by uniqueness of such a decomposition, E'* = E". 
Moreover, Eq = Eg (in the usual sense, as no z is involved). 

As Eo|t=o = Id, we can write locally Eg = T*T and put Id+S” = TE'. □ 

It remains to explain that (.^,^) is locally isomorphic to constructed in 

§5.3, where {H,h) is defined in §5.4.a, as asserted in the sketch of §5.2.e. What we 
have done above is to show that, starting from a polarized twistor ^-module (,5^, y’) 
on a curve A, we can recover the properties that have been proved by Simpson and 
Biquard for {H,h). As we have similar bases on which we can compute the 

connection and the /i-norm of which has moderate growth at t = 0, locally uniformly 
with respect to z, we conclude that the localization ^ of ^ is equal to ^ defined by 
Cor. 5.3.1(1). Then, the corresponding minimal extensions ^ are the same. Last, the 
gluings C coincide away from the singular point P, hence they coincide locally near 
any Zo G S on , as they take values in there, and therefore they coincide on 
./# by X) 

5.A. Mellin transform and asymptotic expansions 

We will recall here, with few minor modifications, some results of [2] . Fix a finite set 
i? C C such that no two complex numbers in B differ by a nonzero integer. Let A be 
any compact set in fig \ {0}, which is the closure of its interior. We keep the notation 
of §0.3 concerning H(A). Notice that the set Kb = {(/9*z)/z \ (3 & B and z G A} 
is compact. 

Definition 5.A.I. — For a C°° function / : C* ^ H('^) satisfying 

(i) / = 0 for jtj ^ R (for some R > 0), 

(ii) / has moderate growth at t = 0, i.e., there exists ug G K such that 
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the Mellin transform with parameters k', k" € N is 




\s)= / \t\'^H’'t f{t)^dtAdt. 


Notice that \s) is holomorphic in the half-plane 2 Re s -I- fc' -I- A:" > cto ~ 2 . 

It is clearly enough, up to a translation of s by an integer, to consider the functions 
y{k,o} y{o,k) fc € N. For the sake of simplicity, we will denote, for any 

k ez, 


J^W(s) = 


(^(O.lfcl) 


(s) 


if fc > 0, 
if fc ^ 0. 

4 - 


Definition 5.A.2. — Let B be as above and R € 

(1) Recall {cf. §0.8) that we put L(t) = L(t) = |log|tp|. A (7°° function / : C* ^ 
H(A) has Nilsson type R at f = 0 if there exist L € N and, for any [3 GB and 
i G [0, L] n N, C°° functions : C ^ H(A) such that / can be written on C* as 

/3eB f-=0 


(2) Let <4 = be a family of meromorphic functions of s G C with 

values in H(A), i.e., of the form ip{s)/'tp{s) with ipj-tp : C ^ H(A) holomorphic and 
Ip ^ 0. We say that 4 has type (R, R) if there exist 

- a polynomial b{s) equal to a finite product of terms s-|-n-|- (J3-k £)[ z with 
n G N and [3 G B, 

- for any A^ G N, any a G M+, a constant C(N, a, R), 

such that, for any k G Z, satisfies on the half plane Res > —a — 1 — |fc| /2 


(1 -I- |fc| -I- \s\)^ (ni/G[0,<T]nN^('® + 1^1 + ^)) 


^ C{N,a, R)R2Res+|fe|^ 

H(A) 


Remarks 5.A.3. — Let 4 be a family having type (R, R). 

(1) Notice that, Kb being compact, there exists ao such that is holo¬ 

morphic in the half plane Res > ao — |A:| /2 for any fc G Z; in particular, given a half 
plane Re s > a, there exist only a finite number oik gZ for which a pole on 

this half plane; moreover, the possible poles of 4(*)(s) are s = — \k\ — n — {(3-k z)/z 
for some n G N and (3 G B, and the order of the poles is bounded by some integer L. 

(2) If JA has type (R, R) with some polynomial b, it also has type (R, R) with any 
polynomial of the same kind that b divides. This can be used to show that the sum 
of two families having type (R, R) still has type (R, R). 

(3) The polar coefficients of at its poles may, as functions of z, have poles 

for some purely imaginary values of z. However, there exists a polynomial X{z) with 
poles at iR at most, such that all possible polar coefficients of A - for any k G Z, 

are in H(A). 
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Theorem 5.A.4 {[\, 2]). — The Mellin transform f gives a one-to- 

one correspondence between C°° functions / : C* ^ H( A) of Nilsson type B at t = 0 
and having support in |t| ^ R, and families of meromorphic functions ■ 

C ^ H(A) of type (B, R) having polar coefficients in H(A). 

Proof. — We will only indicate the few modifications to be made to the proof given in 
loc. cit. Given a family of type {B,R), each being holomorphic 

in a half plane Res > (Tq — |A:| /2, there exists a C°° function / : C* ^ H(A) which 
has moderate growth at t = 0 and vanishes for |t| ^ R, such that 
for all fc G Z and Res > CTo- As the polar coefficients are in H(A), one may construct 
as in loc. cit., using Borel’s lemma, a function g{t) = E/? the 

functions g/s^i : C ^ H(A) being (7°°, such that the family ti^s type 

{B,R) and all functions J^^*g(s) are entire. 

Fix 00 G A and choose an increasing sequence with limi at = +oo, such that 

no line Re s = Ui contains a complex number of the form n — {(3-kZo) / Zo, for n £ Tj and 
[3 € B. Thus, there is a neighbourhood V(zo) C A such that the distance between the 
lines Res = CTi and the set {n — (/3*z)/z | n G Z, ft € B, z € V{zo)} is bounded from 
below by a positive constant. Let Hi k be the half plane Res > —ai — 1 — |fc| /2 and 
let D be the union of small discs centered at these points n—{ft-kZo)IZo (small enough 
so that they do not cut the lines Res = at). On Hi^k \ D, Hi/gIo <Ti]nN + 1^1 + 
is bounded from below, so we have an estimation on this open set: 

(l + |fc| + |s|)^ ^ 

H(V(zo)) 

By the maximum principle, being entire, this estimation holds on Hij^. This 

implies that 11/— 3llH(y(z„)) = 0{\t\'^*) for any i. By compactness of A, we have 
11/ — g|!H(A) = *^(l^r) for ^riy CT > 0, so / — (/ is C°° and infinitely flat at t = 0. We 
may therefore change some 5 , 3 ^^ to get the decomposition of /. □ 

Remark 5.A.5. — It is not difficult to relate the order of the poles of with 

the integer L in Definition 5.A.2(1). In particular, if J^j*^(s)/r(s + |fc| + 1) has no 
pole for any k, then one can choose L = 0 and B = {0} in 5.A.2(1). 

5.B. Some results of O.Biquard 

The results in this section are direct consequences of [4], although the lemma in 
§ 5.B.a is not explicitly stated there. They were explained to me by O. Biquard, whom 
I thank. 

S.B.a. Better estimate of some perturbation terms. — We indicate here how 
to obtain a posteriori better estimates for the perturbation terms P', P" of The¬ 
orem 5.2.5, that is. Property (iii) used in the proof of Lemma 5.3.2. 
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One starts with the holomorphic bundle E on the disc X equipped with the har¬ 
monic metric h and the holomorphic Higgs field 9'^. The Higgs field takes the form 
6'£^'^ + R{t)dt/t, where 0^*'^ is the Higgs field for the standard metric as in the ba¬ 
sic example of § 5.1. Recall that the i/3"/2 are the eigenvalues of It is proved in 
[4] that the perturbation R{t) satisfies R{0) = 0 (this argument was used in the proof 
of the assertion after (5.3.7)). Moreover, the metric h can be written as the product 
h = h®*‘^(Id -l-w) where v is a section of the Holder space for any d € [0,1[ (c/. [4, 
p. 77]). Using an argument similar to that of [60, Th. 1 (Main estimate)], one gets: 

Lemma (O.Biquard). — If /3" P”, then the component w/ 3 i,/ 3 „ of v and its logar¬ 
ithmic derivatives with respect to t are 0{\t\'^) for some rj > 0. □ 

(An analogous statement also holds for general parabolic weights.) 

To prove Property (iii), one argues then as follows. First, the operators D'P and 
D'^std coincide, as the holomorphic bundles E and coincide. Denote by an 

h®td_orthonormal basis of E and by e an h-orthonormal basis obtained from by 
the Gram-Schmidt process. Then the base change IP from e satisfies |lP/ 3 ^,/ 3 j | = 

Odf]’') for some 77 > 0, if P'f /3", after the lemma. It follows that, in the basis e, the 
matrix of D'^ is obtained from the standard matrix by adding a perturbation term 
satisfying (i)-(iii) of the proof of Lemma 5.3.2. By adjunction, the same property 
holds for D'^. 

Consider now the Higgs held. As R{f) is holomorphic and i?(0) = 0, we see, 
arguing as in the proof of the assertion after (5.3.7) but in the reverse direction, that 
the matrix of 9'^ in the basis differs from that of 0 ^**^ by a perturbation term 
which is 0(jtj'^) for some e > 0. Then, according to the lemma, in the basis e the 
matrix of 0^ differs from the standard one (5.1.7) by a perturbation term satisfying 
(i)-(iii). By adjunction, the same property holds for 9'p. □ 

S.B.b. Elliptic regularity. — We give details on the argument of elliptic regular¬ 
ity used at the end of the proof of Lemma 5.3.2. Recall that Dr denotes the disc of 
radius R < 1 equipped with the Poincare metric. We will now use the supplementary 
property that P = P'^ P" satisfies, according to [4]: 

(iv) P belongs to the Holder space for any d S [0,1[, that is, L(t)^+‘^P belongs 
to the Holder space where the distance is taken with respect to the Poincare 

metric. 

(In fact, this is also true for the first derivatives of P, and we can replace 1 -I- 5 with 
2-1-5 for the components with Pi Pj, but we will not use these properties.) 

For each component of the matrix u obtained in the hrst part of Lemma 

5.3.2, we have 

(5.B.1) e C!{DnM^^Av))), 
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after (iv) and Formula (5.3.2)(*), taking into account that the norm of (R/t is L(t). 
Moreover, we know that g H(A 2 ^ ( 77 ))) and that, if 7 ( 2 :) ^ 0, that 

The idea in loc. cit. is to apply regularity properties of an elliptic differential 
operator locally in the upper half-plane with the hyperbolic metric and to use the 
homogeneity property of this operator with respect to the isometries of the hyperbolic 
plane to extend the corresponding inequalities to a fundamental domain covering the 
punctured disc (recall that we assume that R <1). 

For t g we put t = e~'^ with t = s — iO and s = L(t). The metric on the 
half-plane HU = {s > 0} is {ds^ + d0‘^)/s'^. The covering HI ^ is denoted by q. On 
a fixed hyperbolic ball Ba„{Ao) C H of radius Oo ^ 1 and center (e"^°, 0) with Ao g K, 
we have, by a standard property of the Cauchy kernel for (*) and by elliptic regularity 
of the operator d" +j(z)dT for (**) (see e.g., [66, Chap. XI]), two inequalities for any 
7?g]0,l[, 

(*) ll'^llc’’(Bao/2(Ao)) ^ ||(<^ + 7 (^)c^)(^)IIl=o(B,,^(Ao)) + ll^llL°°(Bao(Ao)) ) 


and 

(**) 

< C'iW( IIK' +7(2)c^r)(^')llc’’(B„„/2(Ao)) + \Mc^{b^,/-,(Ao)))- 

Here, we use that s = L(t) and are bounded on the fixed balls, so that 
ll*l!c’’(Ba (Ao)) computed in the hyperbolic metric is comparable with the same 
expression computed with the Euclidean metric, where the usual elliptic inequalities 
apply. 

If (/? : HI ^ H is a hyperbolic holomorphic isometry, we have ip*{d"v + 'y{z)vdf) = 
{d" -I- '){z)d7f){v o ip). If we choose such an isometry sending the point (e^°,0) to 
(e^,0), we obtain that the inequalities (*) and (**) also apply on the balls of radii 
Oo/d, ao/2,ao centered at (e'^,0), with the same constants C'o('d) and C'i(-d). 

Moreover, given d > 0, there exist constants ci = ci('!?,ao) and C 2 = 02 ( 7 ?, Oo) such 
that, for any H g R, we have 

(see [4, p.54]). 

Choose now a sequence An and R', R" > 0 such that 

C q([jBnjA{An)) C C q([jBaA^n)) c D*J^. 

^ n ' ^ n ' 
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For a function u on D’^ with values in H(A 2 ^(? 7 )), we have 
l|w|lc|(u^,) < C2(i9,ao/2)supe‘^'^" 11“ ° 9 |Ic>’(b,„/2(a„) 

< Co{'d)c2i'd,ao/2)supe^^'''(\\{d" + j{z)df){uoq)\\^^,g^ 

+ II“°9IIl~(b„„(a„))) 

< C'o( ||((i" +7(2)rfr)(u)|lL~(D^) + I|w|Il~(£)|;) ), 
with Cq = ci(i?, ao)c 2 (i^, ao/2)C'o(i?). Similarly, 

11*^ “llcf(o^„) + 7 (^)c^)('*^)IIc|(-D^,) + ll“llc|(Li^,) )• 

Coming back to we have II r cx=/n. ^ < +oo by construction and thus 

" "-^<5 y-^R) 

||((i" + 7 (z)(iT)(M(^’^))|| , > < +00 after the version of (5.B.1) (recall that 

||dt/L(t)t|| = 1). The first inequality above gives ||w^^’^^^ < +oo for any 

■d £ ]0,1[. Now, (5.B.1) implies that ||((i" + 7 (z)cff)(M*^'*'’^))|| , < +oo and the 

second inequality above gives then ||(i't6('''’^^|| , < +oo, so that, in particular, 

lld'n^^’^^ll rcx=m* I < + 00 , which is the desired statement. □ 

" y^R"> 
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THE DECOMPOSITION THEOREM 
FOR POLARIZABLE REGULAR TWISTOR ^-MODULES 


6.1. Statement of the main results and proof of the Main Theorems 

Theorem 6.1.1. — Let f : X ^ Y be a projective morphism between complex analytic 
manifolds and let be an object Let c be the first Chern 

class of a relatively ample line bundle on X and let L£c be the corresponding Lefschetz 
operator. Then {(Bif^^,.^c,(Bif^y’) is an object o/(Y, w; . 

Remark 6.1.2. — At the moment, Theorem 6.1.1 is proved for regular twistor 
modules only. Regularity is used in the proof of the case where dim A = 1 and / 
is the constant map (case denoted by (G.l.l)^;^ in §6.2 below). The reduction to 
this case, done in §§6.3 and 6.4, does not use the regularity assumption. It seems 
reasonable to expect that the techniques of [53] and [5] may be extended to obtain 
(6.1.1)^]^ Q^, hence Theorem 6.1.1, in the nonregular case as well. 

Theorem 6.1.3. — Let X be a complex manifold and let y) be a smooth polarized 
twistor structure of weight w on X, in the sense of §2.2.a. Then {y,y) is an object 
o/MTW(A,ri;)(P). 

Proof of Main Theorem 1 (see Introduction). — Let A be a smooth complex project¬ 
ive variety and let y be an irreducible local system on A. Let M = 0x be the 

corresponding -module. It follows from the theorem of K. Corlette and C. Simpson 
(c/. Lemma 2.2.2) that M underlies a smooth polarized twistor structure of weight 0 
and, from Theorem 6.1.3, that M = where ./#" is the second term of an 

object {y,y) of mtW(a,o)(p). 

Let U be an open set of A and let / : [/ ^ Y be a proper morphism to a 
complex analytic manifold Y. Then / is projective. Any ample line bundle on A 
will be relatively ample with respect to /. From Theorem 6.1.1, we conclude that 
i(Bif(y\u,.^c,(Bif(yu) is an object of MLT^“'^(Y,0, 1 )(p). In particular, each f(y\u 
is strictly S-decomposable. By [15], we also know that 

By restricting to 2 ; = 1, we get (1) and (2) in Main Theorem 1. We also get (3), 
according to Proposition 4.1.19. 
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Assume now that U = X and Y is projective. By the Lefschetz decomposition, we 
may apply Theorem 4.2.12 to conclude that f^M is semisimple as a regular holonomic 
module. □ 

Proof of Main Theorem 2 (see Introduction). — The argument is similar. Starting 
with an irreducible local system on X, we may assume that it underlies a object of 
MT^’'^(X, So does gr^i/jy^c^ by Proposition 4.1.19, and we may apply Theorem 
4.2.12 to get semisimplicity, hence Theorem 2. □ 

The remaining part of the chapter is devoted to the proof of Theorems 6.1.1 and 
6.1.3. We closely follow [54, § 5.3]. The proof of Theorem 6.1.1 is by induction on the 
pair 

(dim Supp IX, dim Supp f{tX)). 

As (6.1.1)(g g) is clear, it will be enough to prove 

- (6.1.1)(;^ g) when Supp is smooth (Section 6.2), 

- (6.1.1)(„+y„+i) (Section 6.3), 

- (6.1.1)(^(„_;^) g^ and ((6.1.1)^;^ g) with Supp IX smooth) (6.1.1)(„ g^ for n ^ 1 
(Section 6.4). 

6 . 2 . Proof of (6.1.1)(^^ gj when Supp is smooth 

Let A1 be a compact Riemann surface and let / : X ^ pt be the constant map. 
We will argue as in [69]. Let {IX, = (.^, .^, C, Id) be a polarized twistor left 
^x-module of weight 0 on X {cf. Remark 1.6.8). For the proof of (6.1.1)^;^ g^, it will 
be enough to assume that it has strict support X. Denote by the localization 
of with respect to the singular set P. As {IX, y)\x* is a smooth twistor structure, 
it corresponds to a flat bundle with harmonic metric h, and we have a metric Tr*h on 
{cf §5.3.a). 

Fix a complete metric on X* which is equivalent to the Poincare metric near each 
puncture Xo G P, with volume form vol. Extend it as a metric on the bundle Qgc-, 
and therefore on so that Udt/^]] = ||dt|| = |i|L(t). On the other hand, put on 
31* the product metric (Poincare on X*, Euclidean on fig) to compute the volume 
form Vol. Recall that, in a local coordinate t near a puncture, we have 

(6.2.1) jtj“ L(t)"’/^ G L^(vol) a > 0 or a = 0 and w < 0 . 

Put ({z — Zo).y^. 

6 . 2. a. The holomorphic if de Rham complex. — Denote by X^{ 2 ) C the 

submodule consisting of local sections which are locally if with respect to Mh. For¬ 
mula (5.3.6), together with (6.2.1), shows that (by switching from /? to a) a local 
section m = '^j of is in X('( 2 ),zo it only if, for any j, either 

Iz„{nj + (ij) > Q (and therefore iz{nj + (3j) > 0 for any 2 near Zo) or Uj + (3j = — 1 
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(that is, (zinj + Pj) = —1 for any z near Zo) and wj ^ 0. According to Remark 
5. 3. 8(1), this is equivalent to saying that m \s a. local section of , the class 

of which in gr))^ is contained in Mol/'twhere M, denotes the monodromy 
filtration of N. In particular, we have a natural inclusion ^( 2 ) C globally defined 
with respect to z. 

Similarly, the sheaf (fl^ ®ex •^)(2) of L'^ local sections of ^ consists, 

near Zo, of local sections (dtjtz) ® m, where m is a local section of the class 

of which in gs:Y.[ ^ is contained in We also have a natural inclusion 

( 0 (^ ®ex ‘^)( 2 ) C ®ex -^7 follows from the following lemma: 

Lemma 6.2.2. — Let m he a local section of the class of which in grY.[ 

is contained in M_ 2 grl(^ Then m/t is a local section of . 

Proof. — We denote here by M.gr)(^ the direct sum of the monodromy filtrations 
of N on each with £z„(q;) = — 1. We want to show that mjt = Sjni +n 2 , where 

ni is a local section of and n 2 a local section of As t : ^ 

is bijective, this is equivalent to finding m as above and a local section 773 of 
such that m = fdtni + n-a- Equivalently, the class of m in JlL has to 

be contained in image tSt. For the component in ^ this is equivalent to saying 

that it is contained in image(N). Now, that M_ 27 /’q-i^ is contained in image(N) 
is a general property of the monodromy filtration: indeed, we have M _2 = N(Mo), 
as N : gr“ ^ gr ^2 is onto for any fc < 0. For the component in any with 

a ^ — 1, notice that tPt '■ ‘Pt,a.r£ is an isomorphism, by Lemma 0.9.2, and 

therefore sends bijectively M_ 2 V't,a-^ to itself. □ 

The description above clearly shows that the connection V on .JL sends .^( 2 ) into 
(0(^ ®ffx ‘^)(2) and defines the holomorphic de Rham complex DR(.^)( 2 ). There 
is a natural inclusion of complexes 

DR(.^)(2) '—*■ DR.^. 

Remark 6.2.3 (Restriction to z = Zo). — Note that Mz^ = flz — zP)Ji is also the 
localization of Mz„ along P, as ffsc{*P] is (2'a^-Q.at. A similar computation can 
be made for the subsheaf of local sections of Mz„ the norm of which is Lf with 
respect to the metric h and the volume form vol. Denoting by U.Mz„ the filtra¬ 
tion induced by {cf. Proposition 3.3.14), this subsheaf is equal, according to 

Formula (5.3.6)j;^ in Remark 5.3. 8(2), to MqU-iMz„, which is the inverse image in 
U-iMz„ of M.QgPf_iMz„. Similarly, (D(^ ®ex ^zo){ 2 ) = ^xPogP) 0 M_ 2 ( 7 -iMz^. 

Notice however that the derivative of a section of MqU-iMz^ may not be L^. 
If we denote by ( 2 ) the subsheaf of sections of with derivative, we 
identify ( 2 ) with the subsheaf of local sections of MqU-iMz„ the class of which in 
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have a-components in for any a ^ —1 such that £z^(a) = 

- 1 . 

According to Proposition 4.1.19(2a) and the previous remarks, we have a natural 
inclusion of complexes 

DR(^)(2)/(2; - Zo) DR(^)(2) '—> DR(M2j(2). 

Moreover, for the same reason, the holomorphic de Rham complex DR(M 2 _,)( 2 ) 
(or the Dolbeault complex if Zo = 0) is a subcomplex of DR : indeed, it is clear 
by the same Proposition that the term in degree —1 is the restriction to 2 ; = Zo of a 
submodule of for the term in degree 0, use Lemma 6.2.2. 

Proposition 6.2.4 

(1) The natural inclusions of complexes DR(./#)( 2 ) ^ DR.^# and, for any Zo, 
DR(M 2 ^)( 2 ) ^ DRM^^,, are quasi-isomorphisms. 

(2) The natural inclusion of complexes 

DR(./^)(2)/(z - Zo) DR(./^)(2) ' — > DR{MzJ( 2 ) 
is a quasi-isomorphism. 


Proof. — As the morphisms are globally defined with respect to z, the question is 
local near any Zo. It is also enough to work locally near a singular point of in X, 
with a local coordinate t. We will therefore use the C^‘’^-filtration. 

Let us begin with the first part of (1). We then have 

DR.^ = {0 —> (g) > 0}, 


because locally this complex is nothing but 

0 —> > 0 , 


and for any a > — 1, the morphism St : gr^*' ^ is an isomorphism 

(c/. Definition 3.3.8(lc)). 

As is contained in (being its minimal extension across t = 0), we have 
isomorphisms t : and t : C 

and, by Formula (3.4.6)(*), we have .y£ = StPii"^^ + Therefore, the 

previous complex is quasi-isomorphic to the complex 






0. 


We therefore have an exact sequence of complexes: 

0 —> DR(.^(2) —> DR.^ — >C’ —> 0, 
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(1,0) 


where C' is the complex 

0 — > (^ 0 i/'a 

izo (a) = —1 

^2o(“) = -l 

In order to prove the first statement of Proposition 6.2.4, we are left with showing 
that 

(a) tdt ■ is an isomorphism for any a ^ —1 such that 

4o(a) = -1, 

(b) the morphism 

is an isomorphism. 

For (a), use Lemma 0.9.2 to conclude that tdt is invertible on the corresponding 
V'a’S- 

For (b), the surjectivity is clear. The injectivity follows from the injectivity of 
N : gr^ ^ gr ^2 for fc ^ 1 and the equality M _2 = N(Mo) that we have yet seen in 
the proof of Lemma 6.2.2. 

The second part of 6.2.4(1) is proved similarly: consider the complex C"* analogous 
to C", where one replaces with and with 

tStipa ^ ^IM- 2 'fpa “ then, as we have seen in Remark 6.2.3, the analogue of (a) 

remains true for C"’; by restriction to z = Zo one gets the desired statement. 

Now, 6.2.4(2) is obtained from 6.2.4(1) by restricting to z = Zq. □ 

6.2.b. The complex. — Keep notation of §2.2.b. We will define the 
complex with Zo fixed, and then for z varying near Zo G flo- Recall that we put 
®2 = Dq 0 zDcxd and = Ho 0 Zo'^oo- 

Fix Zo G flo- Let us recall the standard definition of the complex T>z^) 

on X. Denote by j : X* ^ X the inclusion, and by the sheaf on X* of 

functions. Then ®zo) is the subsheaf of j* ® H'\ defined by 

the following properties: a section v of the previous sheaf is a section of (^) ®zo) 
iff 

- the norm ||u|x* || of v^x* with respect to the metric h on H and the metric on 

(ax* induced by the Poincare metric on X *—which is a local section of —is 

a section of ^ (vol), 

- Dz„v\x», which is taken in the distributional sense, is a section of 

0 H, and || is a local section of L^oc 
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The condition may be read on the coefficients of v\x* in nny /i-orthonormal basis 
of H or, more generally, in any L^-adapted basis in the sense of Zucker. According to 
[69, Lemma 4.5], the restriction io z = Zo of the basis introduced in Formula 

(5.3.3) is L^-adapted, and therefore, as is obtained from rescaling 

(the matrix A in (5.3.3) being diagonal), it is also L^-adapted as well as the basis 
g'(2o) defined in (5.3.4). 

We now consider the case where z belongs to some neighbourhood of Zo- Let U 
be an open set of X, put U* = U C] X*. In the following, we only consider functions 
on open sets of the restriction of which to is with respect to the volume 
form Vol. 

Say that such a function cp on some open set U x n G ^ is holomorphic with 
respect to z if its restriction to [/* x satisfies = 0. 

Say that a local section v of j*(Lioc ® is a section of 

if 

(1) I'l.af is holomorphic with respect to z, ie., in any local basis of H the coeffi¬ 
cients Vj of I’l.ar* satisfy d^vj = 0; it is therefore meaningful to consider i'(*,z)|x*; 

(2) the norm ||v(*, z)|x* || of v{>, z)|x* (with respect to the metric h on H and the 
metric on induced by the Poincare metric on X*) is locally uniformly in z, 
i.e., on any open set U x on which v is defined, and any compact set K G we 
have sup^g;^ lk(v 2)||2,voi < 

(3) which is taken in the distributional sense, takes values in Lj(j^-sections 
and satishes (2) (and clearly (1), as ®z commutes with dz). 

The condition may be read on the coefficients in any L^-adapted basis. Formulas 
(5.3.3) and (5.3.4) show that, near any {x, Zo) with x G P (the singular set of ^ 
in X), the bases 6^^°^ and are L^-adapted. 

In particular, for any Zo G flo; there is a restriction morphism 

Theorem 6.2.5. — Let {JX, y) = {JT, JT ^ C, Id) be a polarized twistor left Six-module 
of weight 0 on X. Then the natural inclusions of complexes 

dr(.^( 2) -^^(^2+’(jr,®z) 

and, for any Zq G flo, 

DR(MzJ( 2) 

are quasi-isomorphisms compatible with restriction to z = Zo- 

We will use the rescaling (2.2.6) to dehne the inclusion, as explained in §6.2.f. 
Let us begin with the analysis of the complexes (J^, ®z) and y'.^,^{H,T)z„). 
We will use the basis or its restriction to z = Zo that we denote in the same 
way. The norm of any element epf \. in the subfamily f {fi & B, (. G Id) is 
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|^|^^(9/3 .Co+/ 3) _l_ o(l)), where o(l) = L(t)“'^ for some <5 > 0. Recall that qpXo 

is chosen so that (-zoiqpXo + /^) ^ [0)1[ (c/- proof of Corollary 5.3.1). The proof 
of Theorem 6.2.5 will occupy §§ 6.2.c-6.2.f. It will be given for 2; variable. The 
compatibility with restriction to z = Zo will be clear. 


Remarks 6.2.6 

(1) We will not follow here the proof given by Zucker (a dichotomy Dol- 
beault/Poincare lemma) for two reasons: the first one is that we do not know 
how to adapt the proof for the Poincare lemma near points Zq G Sing A; the second 
one is that we want to put a parameter z in the proof, and have a proof which is 
“continuous with respect to z”, in particular near z = 0. However, the proof of the 
Poincare lemma given by Zucker does not “degenerate” to the proof of the Dolbeault 
lemma. 

(2) Notice that DR(Mz^)(2) = DRMz^ has cohomology in degree —1 only if Zo ^ 
Sing A, as a consequence of Proposition 4.1.19(3), but this may not be true if Zo G 
Sing A. 


We put B), = zD'^ + 9'^ and B" = D'^ + z9'^, so that B^ = B(, + B". Recall 
that the basis is holomorphic with respect to B", and that Bl, acts by zd' + 0^, 
where the matrix 0), is defined by (5.3.7). Taking the notation of (5.3.7) we will 
decompose 0(, as 


0t = 0: 


2 :,diag 


01 


2,nilp7 


with 


j Ql.diag = ®/ 3 ( 9 / 3 .Co + /?) * 2 Id y 

\e'z,nilp=[Y + Pit,z)]j, 


with Y = (0/3Y/3). We will view Y and P as operators and not matrices. We index 
the basis by P, £, k, where £ denotes the weight with respect to Y and k is used 
to distinguish the various elements having the same /3, 1. Then we have, for any /3, fc, 
= ®/3 £-2 k according to the assertion after (5.3.7), 


7^/3 A n 

^^o(97,Co+7)^^2o(9/3.Co+/5) 

(6.2.7) + E EE P/3,7,£,A,/i:,/«(^5 '^)^7,A,/« 

77^/3 A 

^2o(97,Co+7)>^*o(9/3.Co+/3) 

+ E E E E 

\^i-2 K K 


where the functions P/ 3 ,.y,e,\,k,K{t, z),Pi 3 /^\^k,K{t, z) are holomorphic. It follows that the 
norm of 01 j^jjp is bounded. As a consequence, in the basis the condition 

on derivatives under B^ can be replaced with an condition on derivatives with 
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respect to the diagonal operator 

(6.2.8) 2).,diag d” + zd' + 0;,diag- 


6.2.C. Hardy inequalities. — We will recall here the basic results that we will 
need concerning Hardy inequalities in . 

Let / = ]A, i?[ C M be a nonempty open interval and v, w two functions (weights) 
on I, which are measurable and almost everywhere positive and finite. Let u he a 
function on I. 


Theorem 6.2.9 Hardy inequalities, cf. e.g., [50, Th. 1.14]). — There is an inequality 


with 


C = 



||m • r;| 

I2 ^ C\\u' ■v\ 


rB 

rx 

sup 

xGl . 

/ R'(t)^ dt ■ 

/ X 

/ vit)~^ dt 
J A 


OX 

l-B 

sup 

xGl . 

/ w(t)^ dt ■ 

'a 

/ p(t) ^ dt 
J X 


□ 


Corollary 6.2.10. — Take A = Q and B = R > 0, with R < 1. Let (6, k) G R x Z. 
Assume that {b,k) ^ (0,1). Given g{r) continuous on [0, i?], put 


f{r) 


9 ip) dp 




9 ip) dp 


ifb<0 or if b = 0 and k ^ 2, 
ifb>0 or if b = 0 and k ^0. 


(In the second case, we set = +oo if b = 0 and k ^ 0; this is the limit case of 

b > 0 and k ^ 0 when b ^ 0+.) 

Then there exists a constant CiR,b,k) > 0, such that CiR,b,k) < +oo 

when fc 7^ 1 and limf,^o_ C{R,b,k) < +oo when k ^ 2, such that the following 
inequality holds (we consider {[Q, R\] dr/r) norms) 

\\f{r) ■ /L(r)'=/2-i^ C{R, b, k)\\gir) ■ r^L{r)'^/^-^ ■ rL(r)| 


I 2,drlr 


= Cllgir) ■ r + L(r) 


\k/2\ 


\ 2,dr jr' 


Proof. — We will choose the following weight functions with respect to the measure 
dr: wir) = ■r*'“^/^L(r)^/^“^ and vir) = r^+^/^L(r)^/^. Assume first 6 > 0. 

(1) If i? < i.e., k/2b < L(i?), we have thus limr^R_ /(r) = 0. We will 

show the finiteness of 

sup f dp- r p-^^-^L{p)->^ dp. 

re[0,R]Jo Jr 
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After the change of variable y = L(p) we have to estimate 
Jx y Jl(r) 

The function is decreasing on ]L(i?), +oo[, hence the first integral is bounded 

by , and the second one by — L(i?)). Here, we can therefore take 

C{R, b, k) = 1. 

(2) Assume now k/2b > L(i?) > 0, and k ^ 1, hence fc > 2. We have 

f{r)=[ 9{p)dp. 

Je-k/2b 

We will have to consider the two cases r € ]0, and r G i?[. 

(a) If r G we have to bound the same expression as above, in the 

same conditions, after replacing L(i?) with fc/25, and we can therefore choose 
C=l. 

(b) If r G i?[, we want to estimate 

px pkj2b 

/ e-^^yy’^-^dy / e^^yy-^ dy. 

Jl{R) Jx 

The function is increasing, and an estimation analogous to the previous 

one would give a constant C having a bad behaviour when 6 —> 0+. We will 
thus use that is decreasing. As fc ^ 2, we have, for the second integral, 

fk/2b k „fc™l-fc 

For the first one we have 

k — 1 k — I 

so that the product is bounded by 

pkj}2b pkpi'^b J f 

(1 - {UR)/xf-^) ^ 

which has a good behaviour when 6^0+. 

(3) If k/2b > L(i?) > 0, and fc = 1, the trick of part (b) above does not apply, 
because the function log is increasing, though the function x^~^ was decreasing if 
k'^2. The constant that we get does not have a good behaviour when 5 —> 0+, which 
could be expected, as we do not have a good Hardy inequality if 6 = 0 and k = \. 

When 6 = 0 and k 1, the proof above degenerates to give the corresponding 
inequalities. 

Consider now the case where 6 < 0. 
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(1) Assume that ^ R, i.e., k ^ 2(1 — |fo|L(i?)), which is satisfied in 

particular whenever k ^ 2. Then the function is increasing on ]L(i?), +oo[. 

An upper bound of 

dy ■ % 

Jx 

is given by 

(x - L(ii-))e-2*'"A-2 . = (1 - L(i?)/x) < 1. 

This situation degenerates when 5 —> 0_, to the analogous situation when b = 0 and 

k^2. 

(2) If < R, i.e., k < 2(1 — |&| L(i?)) we find a constant with a bad 

behaviour when 5 —> 0_. □ 



6.2.d. Proof of Theorem 6.2.5: vanishing of — As in [69] , we will express 
functions of t = re®^, holomorphic in z, as Fourier series Enez Un{r, z)e“^, where 
each Un is holomorphic with respect to z when z is not fixed. The condition will 
be recalled below. 

Lemma 6.2.11 (Image of CD")- — Let ‘P = E /3 i k Py,i,k{t, ^ ^ y a local sec¬ 
tion yy^th ipf 3 ^e^k{t,z) = Enez‘^/3.^.fc."(A^)e“^- Then, if all coeffi¬ 

cients P/ 3 ,£,k,o(j', z) vanish identically for any P,£ such that fzo(9/3,Co + /3) = 0 and 
I ^ —1, there exists a local section ip o/CD^) such that ip = T)zip = Ti'fip. 
The same assertion holds after restriction to z = Zq. 

Let us now be more precise on the condition: f{t, z)e^^f \ is a local section 
of iff \f{t,z)\ is in L^{dedr/r), locally uniformly 

with respect to z. A similar statement holds for sections in Jf^2) -^(l) expressed 

with logarithmic forms dt/t and di/t, using that the norm of each of these form is 
L(t). 


Proof of Lemma 6.2.11. — We have to solve (up to sign) tdfipfs^i^k = Pi 3 ,i,k, if 'fp/.k 
is the coefficient of epf\,dt/t in ip. We will argue as in [69, Propositions 6.4 and 
11.5]. Put u = ip 0 ,e,k and v = P 0 ,£,k, and u = E„ - 2 ) 6 “^, v = E„ 

We are then reduced to solving for any n G Z 


_9 

dr 


(r-"M„(r,z)) =2r-"-i3;„(r,z) 


with an condition. If we put fn{r, z) = r "'Un{r, z) and g„(r, z) =2r ” ^ 
this condition reads 


fn{r, 2)r"+^Aw,Co+/3)L(^)t/2 


2,dr {r 




(r, z)r”+^+^" 


Vn{r,z), 

2,drjr 


uniformly for z near Zq. If n + izdQp.Co + P) t), this remains true for z near Zo and 
we apply Corollary 6.2.10. If n + £zo{Q0,Co + P) = thus have Hzoiyp.io + /3) = 0 
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and n = 0, as (-zoi^lpXo +/3) G [0,1[- If moreover £ ^ 0, we also apply Corollary 6.2.10, 
as the constant can be chosen uniformly with respect to 2: for z near Zo (notice that, 
if Co + /3) ^ 0, the sign of this function changes at z = Zo, hence the condition 
on t). 

If we consider the case where z = Zo is fixed, then the only condition is £ ^ — 1 
when £zoiQ/3,Co + P) =0. □ 


We will now show that the complexes ©2) and (i?, Dz„) have 

no By Lemma 6.2.11 we are reduced to showing that, for any (3 with 

izoiQ0,Co + /3) = 0, any section /(r, 2)6(3^^ kT ^ T ^if^ I? < —1 belongs 

to the image of Dz. We will distinguish two cases. 

(1) If {q^Xo + (3) -k zq 0, we remark that 


.///,./ ^ dt\ dt dt 1 „ / dt 

d [f{r, z) jj = -tdiif) jAj = -^rdrif) — A 


dt di 


dt 


dt 

T 


and a similar computation for d'{f(r, z)dt/t), so that 


{zd' + d")(^f{r,z)zj + f{r,z)j'j =0. 

We will prove the assertion by increasing induction on £. It is true for £ <C 0, as 
the section is the equal to 0. For arbitrary £ ^ —1, it is enough to show that 
®2,niip(/(^> belongs to ImB^. This is true by induction for the part 

/(r, z)Y{e'^ £ fc) T ^ T' Clonsider now the image under P{t, z)dt/t and its coefficient 
on Af. By (6.2.7), 

- if 7 /?, the coefficient is p{t, z)f{r, z) if 4o('?7.Co + 7 ) > 4o(9/3,Co +/?) = 0, 

and tp{t, z)f{r, z) if £zoiq'y,Co + 7 ) ^ f’zo(<?/?,Co + /3) = Oj for some holomorphic 
function p{t,z). In the first case, we have £zo{q-tXo + 7 ) G ]0: ![> so we apply 
Lemma 6.2.11. In the second case, we have £zo{q-y,Co +7) = 0 and the coefficient 
in the Fourier series of tp{t, z)f{r, z) corresponding to n = 0 is zero, so we can 
apply the same lemma. 

If 7 = /3, the coefficient is p{t, z)f{r, z) if A ^ £ — 3 and tp{t, z)f{r, z) if 
A > £ —2. In the second case, the coefficient in the Fourier series of tp{t, z)/(r, z) 
corresponding to n = 0 is zero, so we can apply Lemma 6.2.11. In the first 
case, we apply the same argument to {p{t, z) — p(0, z))/(r, z), and the inductive 
assumption for p(0, z)/(r, z). 

(2) If {qpXo + /3) * 2^0 = 0, knowing that £zo{qi3,Co + /?) = 0 it follows from Lemma 
0.9.2 that we have in fact qpXod-fd = 0, and therefore qpXo = 0 and /3 = 0 by dehnition 
of qpXoJ hence (q/sxo + P) * z = 0. As we also have £z{qi3Xo + /^) = Oj can reduce 
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to £ = —1 (see the proof of Lemma 6.2.11). We write 

/(r, z)eQ _^j, y A y = (/(r, + /(r, z)eo_i ^y) 

- fir, 2)P(t,z)eo,i,fc T T’ 

as Ycg = Cq fc. It is therefore enough to show that f{r, z)P{t, z)eQ_ij. ^ A y 
belongs to the image of D^, which is proven as above using Lemma 6.2.11 and (6.2.7). 

□ 

6.2.e. Proof of Theorem 6.2.5: computation of — By the result of 
§ 6 . 2 .d, the complex is quasi-isomorphic to the complex 

(6.2.12) 0—> J§f(°)(^,'Dz) ^^Ker®!—> 0. 

Lemma 6.2.13. — Any local section tpdt/t + (p di/t of Ker Ti\ C i’^^ ^ 2 ) ran be 
written as the sum of a term in ImB^ and a term in n Ker CD),. 

Proof. — Write 

V3/3.Afc.n(A z)e“® • 

0 , 1 ,k,n 

and put </5(o,o) (resp. (p^(^o,o)) the sum of terms for which izoidpXo +/?) = 0 and n = 0 
(resp. the sum of the other terms). We claim that there exists a section ??^(o,o) of 
-^( 2 )('^’® 2 ) such that 'D"r 7 ^(o,o) = ‘f^{o,o)dt/t. First, the existence of in 

■^( 2 )("^’ CD"), i.e., without taking care of D(,77^(o.o); is obtained as in Lemma 6.2.11. 
We wish to show that DC,77^(o_o) belongs to or, as we have seen, that 

®z diag^ 5 ^(o,o) belongs to It is therefore enough to show that the 7 ^( 0 , 0)- 

part of D(,77 ^(o,o) belongs to We have 

®z (®z^5^(o.o)) = “®z(®z^5^(o,o)) = 



By considering the 7 ^( 0 , 0)-part we get 

®z(®i^5^(o.o))^(o,o) = ®"(V’#(o,o)y) + (®2.niip'F(o.o)y)^^^^^- 

According to Lemma 6.2.11, the second term of the right-hand side is a section of 
D"(.if^^ 2 )’°^(Jf', D")). We conclude that there exists v G such that 

(® 2 ^A( 0 . 0 ))^( 0 ,o) =^ + uj 
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with w = ^ f, dt and each ojp/^k is a distribution such that = 0, 

i.e., 'D'^oj = 0; hence each is a holomorphic function. Notice now that each 

^l 3 ,e,ke^^ikdt belongs to Indeed, the condition is that 

\ti^0,i,k\ We'^j'^kW = \^0,i,k\ G dr / r), 

which is clearly satisfied as 

f"" r^e.i<i,,Co+d)+^UrY ± <+00 

Jo r 

if 7 is sufficiently close to Zo so that iz{q0Xo + /^) > “1 (recall that £zo{q0Xo + /?) G 
[0,1[). We can now conclude that 17 ^( 0 ,o) is a section of and that 

dt <M ~ dt dt 

V ~ V ^ = ®z’7#(o,o) + ■0 — + ^(0,0) 

in other words, we are reduced to the case where (p = <)3(o,o)- 

Let 7 be such that ^zoiQ-yXo +7) =0. We claim that, for any A G Z and n, 
the coefficient (P • p)-y^\^K,o is a linear combination of terms ‘p-ypxx with £ ^ A + 3, 
coefficients being holomorphic functions of z in a neighbourhood of Zo- 
Indeed, by (6.2.7) and by the assumption ip = 71 ( 0 . 0 )) we have 


{P • ‘P0,i,k,O^0,Xk) 


7,A,k 


tp{t, z)ppp^k,o if /3 7 or /3 = 7 and £ ^ A + 2 

p(t, z)ppp^k,o if /3 = 7 and £ > A + 3, 


for some holomorphic function p{t,z) (depending on Pjj, £, X,k, n). Therefore, a 
nonzero coefficient not depending on 0 in the Fourier expansion appears only in the 
second case, by taking p( 0 , z)ppp^k,o- 

Consider now the component on A y of the relation dt/t) + 

D'^{pdt/t) = 0, when izoiq-yXo + 7 ) = 0. We get 


(6.2.14) irarV'7,A,K.o(ri z) 

2 : 

= ( 2 ^^’' + 7*z)(')57.a,k.o(t, z)) + p^^\+2,K,oir,z) + (P • (/?)^,a.k,o- 

We know, by Lemma 0.9.2, that either 7 * Zo 7 ^ 0, so 7 * z is invertible for z near Zo, 
or 7 = 0 and hence 7 ★ z = 0. We will show by decreasing induction on A that 


7’7,A.«.o(ri j = 'D"(?7^,A.«,o(r', z)e'^^^l) 


■^rdr{pj,\,K.,o{r, z)) 


, (^o 


dt 

t 


for some section ? 77 ,a,k,o(t, of ^^ 2 )('^) ®z)- This will be enough to conclude 

the proof of the lemma. 

Assume first that 7 *Zo ^ 0. Then (6.2.14) allows us to write 


(7 ^ z)(fj^x,K ,0 = ^rdr ^ 7 ,A ,^,0 - Z(pj^x,K ,0 - X! ^rn{z)r], 

m^2 


?7,A+m,/s),0 



168 


CHAPTER 6. THE DECOMPOSITION THEOREM 


with Cm(z) holomorphic near Zo and C2 = 1. Denote by (7*2)177, a,k,o the term between 
brackets. The condition to be satisfied is 


(6.2.15) 


77.a.k.o(i’, 2) r^-DT.<o+ 7 )L( 7 .)A /2 1 g Li^^(dr/r) 


and we have by assumption 

|i/’7.A,..o(r,2)|/‘(«-f°+'^)L(r)^/2 G L^dr/r) 
|</:>7.A,«.o(r,2)|/^(«-^»+^)L(r)^/2 G L^dr/r) 

|?77.A+m.K,o(i', 2)|/"^‘^^'‘^‘’+'^^L(r)(^+™^/^“^ G Lf^^(dr/r) for any m > 2. 
Clearly, these conditions imply (6.2.15). Moreover, we have 

dt 


®i.diag(»77.A.«.oe(Jf;_^J = (|?'5r+7*2)(777,A.«,o)e(Jf;_l,y 

V’7,A.k.O - X! Cm(2)?77 ,A+m,/*,0 


A^o) 


dt 


m^2 


''7,A,k ^ ’ 


and this satisfies the condition as m ^ 2. 

Consider now the case where 7 = 0. Then (6.2.14) allows us to write, with a small 
change of notation, 

V^O.A.k.O = -zfdr V'0,A-2,k,0 ” 2^30,A-2,k,0 ” ^ Cm{z)r]o,X+m,K,0 , 

Denote by 7o,a,k,o the term between brackets. We have by assumption 
|i/’o.A-2,K.o(?’,2)|L(r)(^"2)/2 G Lf^^{dr/r) 

|7’o,A-2.«.o(i’,2)|L(r)(^-2)/2 g Lf^^(^dr/r) 

|??o,A+m.K.o(?’, 2)|L(r)(^+’”)/^“^ G Lf^^{dr/r) for any m ^ 1. 

Clearly, these conditions imply the condition for ?7o,A,K,oeQ^‘’|,, namely 
|?7o.A,«.o(c2)|L(r)^/2“^ G L^^^{dr/r). 


Moreover, we have 


rp,/ / d^o) \ _ ^ o t t '(^o) dt _ /(^zo) dt 

®z,diag(^0,A,K,oeo,A,K) ~ ^ ~ ‘i'^O.A.k.oCq ^ , 

which is by assumption. 


□ 


6.2.f. End of the proof of Theorem 6.2.5. — First, it easily follows from Lemma 
6.2.13 that the natural inclusion of the complex 

0 —> Ker Bf-^ (Jf) C Ker > 0 

in the complex (6.2.12) is a quasi-isomorphism. Notice that C KerB), = 

n KerB^. A section of each of the sheaves in this complex is therefore 
holomorphic away from t = 0, by the usual Dolbeault-Grothendieck lemma. The 
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(1,0) 


condition implies that the coefhcients in the bases or dt/t have moder¬ 

ate growth at t = 0, hence are meromorphic. The complex DR(^)(2) is therefore 
isomorphic to the previous complex shifted by 1, the morphism being given by the 
identity on the term of degree —1 and by the multiplication by z (the rescaling) on 
the term of degree 0. □ 

6.2.g. End of the proof of Theorem 6.1.1 on a Riemann surface 

Strictness of S'". — Let C, Id) be a polarized twistor regular 

^x-module of weight 0, as in Theorem 6.1.1. 

Corollary 6.2.16. — The complex f^.M is strict. 

Proof. — Argue as in the proof of Hodge-Simpson Theorem 2.2.4. For any Zo G flo) 
f-\Mz„ has finite dimensional cohomology. It follows from Proposition 6.2.4(1) that 
each DII{Mz„)( 2 ) has finite dimensional hypercohomology on X and, by Theorem 
6.2.5, so does One may therefore apply Hodge Theory to the com¬ 
plete manifold X* and the Laplace operator As this operator is essentially 

independent of Zq by (2.2.5), Zo"harmonic sections are z-harmonic and 'Dj.-closed for 
any z. Moreover, they have finite dimension. 

As has ^fig-coherent cohomology, we may now conclude with the same argu¬ 
ment as in the smooth case (see the part of the proof of the Hodge-Simpson Theorem 
2.2.4 concerning strictness). □ 

Remarks 6.2.17 

(1) Let M be an irreducible holonomic i^jf-module with regular singularities. We 

have DRM|jf. = L[l], where L is an irreducible local system on A*, and DRM = 
j*L[l] is the intersection complex attached to the shifted local system DRMjf. = L[\], 
if j : X* = X \ P ^ X denotes the inclusion. In particular, DRM has cohomology 
in degree —1 only. Consequently, if M i.e., if L ^ Cx*, we have 

iT^\A,DRM) = H°{X,j.,L) = 0, 

and, by Poincare duality and using that the dual M'^ is also irreducible, we have 
H^iX, DRM) = 0. Therefore, f^M = /°M. 

(2) Let now S'" = (.^, ./#, C, Id) be a polarized twistor regular ^x-module of 
weight 0. If we assume that S'" is simple and has strict support X, and if S'" is 
not equal to the twistor ^-module associated to then f^Si = f^Si: indeed, by 
Remark 4.2.14, we know that the restriction M of at Zq = 1 is simple and not 
equal to ffx', then, by the remark above, the restriction f^M at Zo = 1 of has 
cohomology in degree 0 only; as is strict, it must have cohomology in degree 0 
only. Notice also that all sections of f^./^ are primitive with respect to the Lefschetz 
morphism associated to any C°° metric on X. 
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The twister condition. — We can assume that is simple and has strict support X, 
and we also assume that ^ is not equal to the twistor ^-module associated to ffsc 
(otherwise the result is clear). We want to prove that the twistor condition is satisfied 
for First, the harmonic sections Harm^(X,i7) with respect to any 

form a lattice in DR(^)( 2 )): this is proved as in §2.2.b, replacing the 

C°° de Rham or Dolbeault complex with the complex, and using Theorem 6.2.5. 
Then the polarization property is proved as in § 2.2.b, with the simplification that all 
harmonic sections are primitive. □ 


6.3. Proof of (6.1.1)(„ „^) ^ (6.1.1)(„+i_,„+i) 

Let f : X Y he a, projective morphism between complex manifolds and let 
= (./#, .r#, C, Id) be an object of MT^“'^ (A, 0)^* (it is easy to reduce to the 
case of weight 0 by a Tate twist). Assume that it has strict support a closed irreducible 
analytic set Z G X. Put n+ 1 = dimZ and m+ 1 = dim/(Z). Fix a relatively ample 
line bundle on X and let c be its Chern class. 

We know by Corollary 1.4.6 that the are holonomic. Let t be a holomorphic 
function on an open set P C T and put g = t o f : f~^{V) C. We assume that 
{t = 0} n f{Z) has everywhere codimension one in f{Z). We will now show that the 
are strictly S-decomposable along t = 0, by proving that the other conditions 
for a twistor object are also satisfied. 

Consider first for Re(a) G [—1,0[ {resp. with its nilpotent 

endomorphism /|^ and monodromy filtration M.(/|cd^), and the nilpotent Lefschetz 
endomorphism 

Claim 6.3.1. — For any a with Rea G [— 1,0[, the object 
0 grf/ivl/,,„(^), 

is an object o/MLT^’’^ (P, it; —1,1)^P^. Similarly, 

® [grf/t<('s.o(^),grf/t(('s,o(=^), 

i,£ 

is an object o/MLT^’'^(P, ic; —1,1)®\ 

Sketch of proof. — By the inductive assumption for a ^ 0 and using Corollary 4.2.9 
if a = 0, we know that 

© [/|grf iI-,,„(.^), /|grf vl/g,„(^), 4^, 

i,£ 

{resp. ...) is an object of MLT^’'4 p, ■u;;—1,1)®^. Then we may apply Corollary 

4.2.11. □ 
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As a consequence, we get the strictness of for any a with Rea G [—1,0[, 

hence that of for any a ^ N, as this is a local property with respect to z. 

Similarly, we get the strictness of f^ipg^o^, hence that of for any a G N. 

Applying Theorem 3.3.15, we conclude that the are regular and strictly spe- 
cializable along t = 0. By Corollary 3.6.35, we have for any a 

with Rea G [—1,0[ and f^cj)gfi^ = 

Now, Condition (MLT>o) along t = 0 is satisfied for 0i/|^, because of the 
claim. According to Remark 3.6.22, strict S-decomposability along t = 0 follows 
then from Proposition 4.2.10, i.e., the analogue of Proposition 2.1.19: indeed, 
as /|^ commutes with .ifc, it is enough to prove the S-decomposability of the 
primitive (relative to Jfc) modules apply then Proposition 4.2.10 to the 

objects grM^g__iF/|(^,^) = gr“F/|i/:g,_i(l7, and gY^^g,oPf;{^, = 

gr“P/|0g^o('^)which are polarized graded Lefschetz objects according to 
the claim, to get that gr“^g^o^’/-f= Im gr %7i 0 Ker gr use then that 

can : (i/^gM.) ^ M._i) and var : {^ig^oP,M.) 

{'4’g,-iP are strictly compatible with the monodromy Hltrations 

{cf. [54, Lemma 5.1.12]) to get that (jig^Pf^^ = Imcan0 Kervar, hence the 
S-decomposability of and then, as in Proposition 3.5.8, that of /(!?". □ 

6.4. Proof of (6.1.1)(^(„_i) g) and ((O.l.l)^;^ g^ with Supp smooth) ^ 
(6-l-l)(„.o) forn > 1 

We will argue as in [54, §5.3.8] by using a Lefschetz pencil. Let be a 

polarized regular twistor ^-module of weight w on a smooth complex projective 
variety and let c be the Chern class of an ample line bundle on X. Assume that ^ 
has strict support Z, which is an irreducible closed n-dimensional algebraic subset 
of X (n > 1). It is not restrictive to assume that c is very ample, so that, by 
Kashiwara’s equivalence, we may further assume that X = and c = Ci(^piv(l)). 
Choose a generic pencil of hyperplanes in P^ and denote by AT C AT x P^ the blowing 
up of P'^ along the axis A of the pencil. We have the following diagram: 

= A 


A 

Notice also that the restriction of tt to any is an isomorphism onto the corres¬ 

ponding hyperplane in X. Put c' = Ci(^pi(l)). Using Remark 1.6.8, we will assume 
that 3^ has weight w = 0 and that , 5Z') = ((./#, , C), (Id, Id)). 

The proof will take five steps: 

(1) We show that satisfies (HSD), (REG), (MT>g) and (MTP>g) along 

/“^(t), for any t G P^. 
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Choose the pencil generic enough so that the axis A of the pencil is noncharac¬ 
teristic with respect to Then the inclusion T: X ^ X x is noncharacteristic 
for ^ (c/. § 3.7): this is clear away from A; if the characteristic variety A of ^ is 
contained in a union of sets T^.X x floj with Zi G Z closed, algebraic and irreducible, 
then, if A is noncharacteristic with respect to each Zi, so is A —and therefore X near 
any point of A — with respect to each Zi x P^. The characteristic variety of ^ is 
contained in the union of sets r| X x flo, where Zi is the blow-up of Zi along AG Zi. 

Moreover, for any t S P^, the inclusion A x {t} ^ AT is noncharacteristic for 
TTby the choice of A, for any Zi as above, the intersection of 
T^^{j}(A'xP^) with (XxP^) is contained in the zero-section of T*(ArxP^). As 

we have TX,,^ty{X x P^) = {T^-^TX^^^yX, it follows that TX^y^yXGTX X C T^X. 

This implies that, for any t G P^, the inclusion X is noncharacteristic 

for 71+.^ near any point {xo,t) G Ax {t}. 

Therefore, near each point Xo of the axis of the pencil, is identified 

with A^), where g = 0 is a local equation of the hyperplane f = t near Xo'- argue 

as in the beginning of the proof of Lemma 3.7.4 to show that 7r+./# is specializable 
along f = t and that there exists a good F-filtration for which 

this module is equal to as is assumed to be strictly nonchar¬ 

acteristic with respect to (/ = 0; it follows that xZ/i is so with respect to / = t; a 
similar argument is used to identify the sesquilinear pairings; the identification of the 
sesquilinear dualities causes no problem, as they all are equal to (Id, Id). 

Using the identification above near the axis, and the properties assumed for (^, GZ') 
on and away from the axis, we get all properties for ^) along any fibre f~^{t) 

(regularity follows from Lemma 3.7.1). This concludes (1). 

(2) As A cuts Z in codimension 2, the support of is the blow-up Z oi Z 

and the fibres of /|^ all have dimension n — 1. According to Step (1) and to As¬ 
sumption (6.1.1)(„_;^ g^, we can argue as in §6.3 to obtain that (0i/^7r+(^,^),^c) 
is an object of the category MLT*-’^^(P^, w; with ii; = 0. Denote by a. the 
constant map on the space •. Then, by assumption (be., by the result of §6.2), 
(©j ©i api_|_/+77''’(>l^, A^), Afc, Ai'c') is a polarized bigraded Lefschetz twistor structure 
of weight w = 0. It follows from Lemma 2.1.20 that 

(©fe(©*+i=fc<i+/;^+(^, A^)),^c+^c) 

is a polarized graded Lefschetz twistor structure of weight w = 0. By using the same 
arguments as in [15], one shows that the Leray spectral sequence 

©i ©i a^i_,_/|7r+5^ ©fcfl^ _l_7r+^ 

degenerates at £ 2 - Therefore, the Leray Hltration Ler* _i_7r+^ attached to this 
spectral sequence satisfies in particular the following properties: 
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(a) tt+^ = 0 for j ^ - 1 , 0 , 1 ; 

(b) : Ler^ a“^ Tr~^^ Ler^ 7 r+.^(fc + 1 ) is an isomorphism for 
any k ^ 0 (because Ler^ = grl^^); 

(c) Ker^c' : a'k 7r+f5^ ^ 7r+f5^(l) is contained in Ler° Tr+^iT for 

^ ^ x,+ x,+ ' ' x,+ 

any k (because J^c' ■ ^ g'^Lera^^'^''''^(l) is an isomorphism). 

We conclude from (2a) that the object (©fcO^ , ^c + -^c') is an extension of 

graded Lefschetz twistor structures of weight re = 0 and, by Remark 2.1.18, is itself 
such an object (this argument is similar to that used in [28, Th. 5.2]). 

(3) We now prove that 3^ decomposes as a direct sum, one summand be¬ 
ing and moreover that is a direct summand of ( 7 r(|. 7 r+.; 5 ^, 7 r(|. 7 r+..^). We 

follow the proof given in [54, §5.3.9]. 

Everything has to be done along A only, as tt is an isomorphism outside of A. 
Let (/ be a local equation of a hyperplane containing A. Then ^ is strictly non¬ 
characteristic along both components of (/ o tt = 0 and their intersections, so we 
may apply Lemma 3.7.9. Arguing as in Claim 6.3.1 (this is permissible due to the 
inductive assumption (6.1.1)^<.^„_j^j as the fibres oi x •. Z ^ Z have dimension 
^ n — 1), we conclude that {®i'K\'K^{SZ satisfies (HSD), (REG), (MLT>o) 
and (MLTP>o) (see Lemma 4.2.7) along g = 0. We may cover A by finitely many 
open sets where we can apply the previous argument. After [15], the complex 
decomposes as and clearly 7 r![_ 7 r+.^ is supported on A if i 0. Notice 

that, as AfJ = 0, 7 r° 7 r+(f 5 ^, ..^) = , y) satisfies (HSD), (REG), (MT>o) 

and (MTP>o) along <7 = 0. We will identify ,y) with a direct summand of it. 

Put 7 r° 7 r+f 5 ^ = (./#o, .^ 0 , C'o)- It decomposes as {^ 1 ,^( 1 , Ci) 0 (.^ 2 ,-^ 2 , ^ 2 ) 
with ^2 supported on A and has no submodule nor quotient supported on A 
(use the S-decomposability along any 5 = 0 as above). After lemma 3.7.5, there 
is an adjunction morphism ^ This morphism is an isomorphism away 

from A, and is injective, as ^ has no submodule supported on A. Its image is 
thus contained in ./#i, and is equal to as has no quotient supported on A. 
Therefore, ^ That C = Ci follows from Proposition 3.7.6, applied to any 

germ of hyperplane containing A. It remains to consider the polarization: notice that 
= (Id, Id), and that = (Id, Id), as (tt^tt+A^)* = 7 r 5 [( 7 r+f?")* = 7 r° 7 r+f?"; 

hence the identification of the polarizations. 

(4) As Afc' vanishes on we conclude from Step (3) that {ax,+ y^ y<^ is a direct 

summand of (oj^ _|_7r+f?", Afc 0 Afc')- From Step (2) and [15] we have a (noncanon- 
ical) decomposition SZ ~ 0 ^ 0 ^ _i_7r+f7[—fc]. Therefore, this decomposition 

can be chosen to induce a decomposition ax.+ AZ ~ 0 fca^ _i_f5^[—fcj. In particular, 
(0fcax +'^)"^c) is a graded Lefschetz twistor structure of weight w = 0, being a 
direct summand of the graded Lefschetz twistor structure {(Bka% Tr+^iT, + Afc')- 
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(5) It remains to show the polarization property. In order to do so, we will use 
the Fact 2.1.9 in its graded Lefschetz form given by Remark 2.1.16. Denote by 
P'opi the .ifg-primitive part of Upi that is, the kernel of 

^c' acting on the previous space. Then Pq (P'opi _|_(©fc/+7r+.;r),.ifc) remains a 
(simply) graded Lefschetz twistor structure of weight w = 0, polarized by the family 
of sesquilinear dualities Opi _,_/+7r+^. 

According to Remark 2.1.16, we get the desired property if we show that 

(a) ((BkO-x +^T^c) is a sub graded Lefschetz twistor structure of Pq, 

(b) the polarization of Pq induces the family 

By definition, for A: ^ 0, is the kernel of acting on . It fol¬ 
lows from (2b) that n Ler^ ^ ~ {*^}- other hand, is 

contained in Ler° as ^c' vanishes on and according to (2c). There¬ 

fore, Pa^^3^ is contained in gr^g^.a^^^Tr’''.^, and more precisely in the biprimitive 
part Kev^c' n Ker.ifg'=+i C o°i This gives (5a). 

As we assume that ^ = (Id, Id) and ^ , the sesquilinear duality is 

nothing but the identification {ax deduced from (1.6.14). Similarly, 
the sesquilinear duality on Pq is induced from the identification (opi ^)* = 

Opi _|_/+^7r+.;r. That the former identification is induced by the latter is a consequence 
of Lemma 1.6.17(2) and (3). □ 


6.5. Proof of Theorem 6.1.3 

We will prove it by induction on dim AT. The result is clear when dimX = 0. It is 
easy if dimX = 1: by Remark 4.1.7, it is enough to verify Properties (HSD), (REG), 
(MT>o) and (MTP>o) along any coordinate; as nearby cycles reduce then to ordinary 
restriction, the result is clear. 

Let dim X = n ^ 2 and let {^, be a smooth twistor structure of weight ic on X. 
It is enough to consider the case where w = 0 and = (Id, Id). By the computation 
of Proposition 3.8.1 and by induction on dimAT, we know that Properties (HSD), 
(REG), (MT>q) and (MTP>q) are satisfied along any function like xi ■ ■ ■ Xp and, by 
Remark 4.1.7, along any monomial (xi ■ ■ ■ XpY. 

Let t : U ^ C be any nonconstant holomorphic function on a connected open 
set U of AT. Let tt : U ^ U he a. resolution of singularities of t: there exist local 
coordinates near each point of U so that t o tt is a monomial when expressed in these 
coordinates. It is a projective morphism. Choose a relatively ample line bundle on U 
and denote by c its Chern class. Assume that Properties (HSD), (REG), (MT>q) 
and (MTP>o) are satisfied for the inverse image along t o tt = 0. Then, by 

the argument of §6.3, they are satisfied for along t = 0. In particular. 
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7r°7r+^ is strictly S-decomposable along t = 0. We denote by ,C') 

its component not supported by t = 0. Remark that, for Re(Q;) G [—1,0[, we have 
7r+^. Remark also that acts by 0 on , as it acts by 0 on ^ 
and 3^ = away from t = 0. It follows that = (Id, Id)) satisfies (HSD), 

(REG), (MT>o) and (MTP>o) along t = 0. 

The natural adjunction morphism ^ —> 7r(J_7r+^ of Lemma 3.7.5 is injective, as 
./# is ^^-locally free, therefore it is an isomorphism onto . Moreover, C = C'+C'(, 
where C[ takes values in distributions supported on f = 0. Therefore, for Re(a) G 
[—1,0[, we have '>pt,aC' = '>pt,aC, and (^,oS^) satisfies (HSD), (REG), (MT>o) and 
(MTP>o) along t = 0. 

To end the proof, we now have to consider the case where the function t is any 
monomial. By a multi-cyclic covering, we may reduce this monomial to a power 
(xi • • ■ XpY and we may apply the first part of the proof to the reduced monomial. 
We are therefore reduced to proving that, if tt is the covering 

X = c” y = c” 

(a;i,a;2,... ,a:„) i—> (x^ = yi,X2, ..■,Xk) 

then, if is a smooth polarized twistor structure on Y, it is a direct summand 

of . Indeed, we may assume (by induction on the number of cyclic 

coverings needed), that TT^{^,y) satisfies (HSD), (REG), (MT>o) and (MTP>o) 
along f o TT = 0. We will conclude as above that 7r^7r~^(^,J^) does so along t = 0, 
and therefore so does 

Put sc = ^< 3 / ® where G denotes the sheaf of functions having trace zero 
along TT. Similarly, put 

^ (g)7r*^^ = G G 0 0 Gsc'[xiYk-2), 

where is the sheaf of relative 1-forms having trace 0 along tt and Gsc'[xi]^k -2 
is the sheaf of polynomials of degree ^ /c — 2 in xi with coefficients depending on 

X2, ■ ■ ■ ,Xn only. Notice that the relative differential d : 0 ^ ^ ( —- 0 Ga^ j 0 

is diagonal with respect to the direct sum decomposition. 

We will compute tt+ by using the diagram 

^X X-^- >Y 

(Xi, . . . , Xn) I- {xY Xl,...,Xn) I- {x^ ■■■, Xn)- 

Then, tt^ with its left .^.ar-structure (given by 9a;i(l0m) = 

kxi^ 0 dyj^m, cf. § 1.4.b), and tt^tt~^^ is the complex 
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with 

Vro(/ <8) mr^) = df ® mr^ H- - 0 [/ 0 {dy^rriT^ — . 

As Vro is compatible with the direct sum decomposition corresponding to the trace, 
we have a decomposition of ^@^-modules 

7r° ^ 0 7r'^7r+^. 

We will now show that this decomposition is orthogonal with respect to C 
TT^J.TT+C'. It is enough to show that, for compactly supported (n,n) forms ip{yi,x') = 
X{yi,x')dyi A (ty^ A n”=2 dxj A dxj, 

(6.5.1) 0 (1 0 to), 0 (/ 0 y)^,ip{yi,x')'j = 0 
if / € ^ and, for 0 ^ i ^ k — 2, 

(6.5.2) (w+{i+C')° 0 (1 0 to), 0 {x{g{x') 0 = 0. 

The left-hand term of (6.5.1) is, up to constants. 


C{m,y) / x{yi^x')f{xi,x') 


^ dxi A dxi A dyi A dyi A 0^=2 ^xj A dxj 


d{yi - x'l) A d{yi - x’^) 

/ n 

x{yi,x')f{xi,x')dxi A dxi A dxj A dxj = 0 

^ — o 


J=2 


as tr,r / = 0. The argument for (6.5.2) is similar. 


□ 



CHAPTER 7 

INTEGRABILITY 


This chapter is concerned with the notion of integrability of a twistor ^-module, 
a notion which is directly inspired from [30], where it is called a CV-structure^^\ 

We define the notion of integrability of a .^ar-module. We analyze the behaviour of 
such a notion with respect to various functors, like direct image by a proper morphism, 
inverse image, specialization. This notion is then extended to the categoryTriples, 
i.e., we define the notion of integrability of a sesquilinear pairing between integrable 
.^^-modules. We also analyze its behaviour with respect to the previous functors 
extended to the category .^-Triples. Last, we extend Theorems 6.1.1 and 6.1.3 to the 
corresponding categories of integrable objects. 

It may seem a priori that this notion is useless when the underlying manifold is 
projective or affine: a variation of smooth polarizable twistor structures on a com¬ 
pact Kahler manifold (i.e., a flat holomorphic vector bundle with a harmonic metric) 
is integrable if and only if it underlies a variation of polarized Hodge structures. 
I also conjecture that the same result holds for a flat holomorphic vector bundle on 
a punctured compact Riemann surface with a tame harmonic metric. In any case, 
a consequence of this integrability property is that, in the tame or regular case, the 
eigenvalues of local monodromies have absolute value equal to one. 

Nevertheless, this integrability property seems to be the right generalization of the 
notion of a variation of polarized Hodge structure when irregular singularities occur. 


7.1. Integrable .^ar-modules and integrable triples 

7.1. a. Integrable .^^-modules. — Let ^ be a ff^-module equipped with a 
flat relative connection Vsc/no above. We say that ^ is integrable if sc/no 
comes from a (absolute) flat meromorphic connection V having Poincare rank one 
along z = 0, i.e., such that zV has coefficients in the sheaf of logarithmic 1-forms 


(1) “CV” is for Cecotti-Vafa. 
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17^(log{z = 0}), i.e., has holomorphic coefficients when expressed in any local basis 
dxi,..., dxn, dzjz. 

In the following, we denote by dz the operator using here the notion of 

geometric conjugation of § 1.5.a. This should not be confused with the corresponding 
operator using the usual conjugation on 2 ;. The latter will not be used in this chapter. 
We consider the sheaf of rings ^.ar(i9z) generated by Mgr and dz, with the following 
commutation relations: 

= zQ,zi, [dzJiz,x)] =z‘^^{z,x). 

Let he a .^.^-module. We say that in integrable if the -structure extends 
to a ^ar(i9z)-structure; in other words, if ^ is equipped with a ^x-hnear operator 
dz '■ Mi, which satisfies the previous commutation relations with the action of 

Mgr. The integrable .^.ar-modules are the ^^-modules equipped with an absolute 
flat connection having Poincare rank one along z = 0. 

Notice that, if ^ admits a i9z-action, it admits a family of such actions paramet¬ 
rized by C: for A € C and m G rM, put dz'xm = {dz — \z)m. 

Examples 7.1.1 

(1) Let Mi be a locally free ^ar-niodule equipped with a flat meromorphic con¬ 
nection V having pole along the divisor 7 = 0 at most, and having Poincare rank 
one there {i.e., zV has logarithmic poles along z = 0). Then Mi is a coherent holo- 
nomic Msg-vcioA\x\e (with characteristic variety equal to the zero section in the relative 
cotangent bundle {T*X) x flo). Moreover, it is integrable by definition. 

Examples of such objects are constructed in [23] by partial Fourier transform of 
regular holonomic modules on AT x A^, equipped with a lattice {i.e., a ^-coherent 
submodule) when a noncharacteristic assumption is satisfied. 

(2) Let M be a coherent ^x-module equipped with a good filtration F.M. Con¬ 
sider the Rees module RpM 0fcT)cZ* on the Rees ring RpMx. After tensoring over 
ffx[z\ by GsG, on gets a coherent .^^-module , with CharM x Hq as characteristic 
variety. As F,M is increasing, there is a natural action of zdz on RpM, hence an 
action of dz. Therefore, Mi is an integrable coherent .^.^-module. 

T.l.b. Integrability of a sesquilinear pairing. — A sesquilinear pairing between 
two .^.ar-modules , Mi" is a ^{XX). g-linear morphism 

C : Mi".^ —> Sfax*xs/s • 

Let Mi be an integrable .^^-module. On Mi\^, we can consider the action of zdz, 
defined as the action of (1/z) • 9z. 

Define the action of zdz on using polar coordinates, namely, if z = jzj e*^, 

zdz^p{x,9) = —^dipIdO. We therefore have a natural action of zdz on the sheaf of 
distributions SbxKxs- 
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Let be integrable .^.ar-modules and let C : ^|g (8)^g ^|g ^ ®faAi,xs/s 

be a sesquilinear pairing. We say that the sesquilinear pairing is integrable if the 
following equation is satisfied in (recall that Sbxgxs/s is naturally included 

in SbxKxs): 

(7.1.2) zdzC{m'jin") = C{zdzm',m") — C{m', zdzm”) 

for any local sections m',m" of Although the right-hand term is in 

Sbxgxs/s? tiie left-hand term has a priori a meaning in Sbxgxs only; the integ- 
rability condition implies that it belongs to ®bjfj,xs/s- 

7.I.C. The category .^int-Triples(Ar). — We say that an object = (yM'^ ^ C) 

of Triples(Ar) is integrable if ,Ji'' are integrable, z.e., equipped with a d^- 
action, and C is integrable, z.e., compatible with it, z.e., satisfying (7.1.2). There is 
a family, parametrized by C, of (dj-actions on S^\ for any A S C, consider the action 
by dz — \z on and the action of dz — \z on . We say that such actions are 
equivalent. 

Let , 1^2 be two integrable triples, each one equipped with an equivalence class 
of 9z-actions. We say that a morphism (p : ^ ^ ^ is integrable if it commutes with 
some representatives of the 9z-actions. Then, for any representative of the i9z-action 
on , there is a unique representative of the i9z-action on such that (f> commutes 
with both. 

Given two objects in Triples) AT), denote by Hom(^,f5^) the set of 

morphisms in Triples(X) between these two objects, li JiTi, £^2 are objects of 
.^int-Triples(Ar), denote by Homint(<3^, f5^) C Hom(^,l52) the set of integrable 
morphisms between them. The category .^int-Triples(Ar) is abelian. 

The adjunction functor is an equivalence in .l^int-Triples(Al). There is a notion 
of sesquilinear duality, which has to be a morphism in int-Triples(X) between ^ 
and .3^*. 

Notice that the Tate twist is compatible with integrability: if (7.1.2) is satisfied 
by C, it is satisfied by {iz)~'^^C for fc G if we change the choice of the (dj-action 
on ./£' and .M", and replace it with the action of dz — kz and dz + kz respectively. 

Example 7.1.3. — Let ^ be integrable. Then its adjoint is also integrable. Let 
w € Z and let ^ be a sesquilinear duality of weight w on i.e., a morphism 
^ ^ in Triples (AT). We say that .5^ is integrable if ^ is a morphism in 

Homi„t(^,l7*(-u;)). 

Let 37 be integrable and equipped with a sesquilinear duality ^ of weight w. 
There is a family, parametrized by R, of 9z-actions for which satisfies the 

same properties: for any A G R, consider the action by dz — \z on and the action 
of dz — Az on 
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7.1.d. Integrability and direct images. — Let f : X ^ Y he & holomorphic 
map. The direct image functor for .i^^-modules is defined in 1.4.a, mimicking the 
corresponding functor for .^jf-modules. The direct image for objects in Triples(X) 
is defined in § 1.6.d of loc. cit. Integrability is well-behaved with respect to the direct 
image functor of (right) .^ar-modules or triples: 

Proposition 7.1.4. — Let ./M be a right -module which is (right) integrable. Then 
each right iM^-module W is right integrable. If ,C) is an object of 

.^int-Triples(X), then f^{.y£',C) is an object o/.^int-Triples(y) for any 

j G Z. 

Notice that is an integrable right ^^-module, and that the usual right^left 
transformations for .^^-modules also transforms right integrability into left integ¬ 
rability. 

Proof. — Remark first that is an integrable left .^^-module. The left action of 
dz is locally defined by 

=J2a {z'^do/Ozz\a\ a)Bf. 

On the other hand, the sheaf 0^ (vector fields relative to the projection ^ LIq 
which vanish along z = 0) is equipped with a left action of dz- simply put, in some 
local coordinate system (xi,..., Xn) on X, dz(dxi) = zd^^. Similarly, the exterior 
product is equipped with such an action, such that 

dz(dz:,^ A • • • A ) = kz^xi^ A • • • A . 

It follows that each term of the Spencer complex (Sp'g;(0'sr),d) is a left !L^ 3 c{dz)- 
module. One checks that the differential 5 commutes with the .^^(i92)-action. 

If ./# is a right )-module and JT is a. left .^ar(9z)-module, then .y£ yL 

is a right .^ar(9z)-module. Similarly, ./£' ®sgst: ^ remains equipped with a right 
action of dz defined by 

{m®n)-dz = mdz ®n — m® dzU. 

Let f : X —> Y he a holomorphic map. The relative Spencer complex Sp^^ 
is a complex of left {dz)-raodu\es and right /“^.^g^-modules. 

If ./# is a right 3^x{dz)-rao<hx\e, then Sp^^^(^ar) remains equipped 

with a right f~^M^-modiile structure and a right action of dz. It is in fact a complex 
of right .^@^((9z)-modules. 

These properties remain true after taking a Godement resolution. Therefore, the 
action of dz is compatible with the construction of direct images given in § 1.4.a, hence 
the first part of the proposition. 

The integrability of the various /|C : f‘^.M' f‘^.M" S&Frxs/s is 

then easy to get. □ 



7.2. INTEGRABLE SMOOTH TWISTOR STRUCTURES 


181 


7.7.5 (Integrability of the Lefschetz morphism). — Let us consider the situ¬ 
ation of §1.6.e. We have a Lefschetz morphism '■ By the 

previous proposition we know that, if 3" is integrable, ^3 and 3 are so. We 
claim that € Homint(/| in the case of a projection, for instance, 

where is z~^ujA and w is a closed real (1,1) form on X with 
class c; use that z~^{dz — z) = dzZ~^. 


7.2. Integrable smooth twistor structures 

7.2. a. Preliminary remark. — Assume that AT = pt and that {3^', 3^” ^C) 

defines a twistor structure of weight 0, that is, are locally free ^OQ-modules 

of finite rank and C takes values in 3^ {cf- §2.1.b). Saying that are integ¬ 

rable means that they are equipped with a connection having a pole of order ^ 2 at 
0, and no other pole, or equivalently, that they are equipped with a ^^-action. Then, 
saying that C is integrable means that (7.1.2) is satisfied when C is viewed as taking 
values in , via the restriction 3s —> '^s°- 

The matrix of C in local bases of which are horizontal with respect to 

dz is therefore constant when restricted to S. As it is assumed to be holomorphic 
in some neighbourhood of S, it is constant, and C satisfies (7.1.2) in 3s- In other 
words, if we view C as a gluing between the dual bundle and the conjugate 

bundle ./£" on some neighbourhood of S, (7 is integrable if and only if the previous 
isomorphism is compatible with the connections. Conversely, such a property clearly 
implies integrability of C. 

We say that ,C) is an integrable twistor structure of weight 0 if it is a 

twistor structure of weight 0, if 3^',3^" are integrable, and C is integrable. 

We say that ,C) is an integrable twistor structure of weight w if it is 

obtained by a Tate twist {—w/2) from one with weight 0 {cf. % 1.6.a for the dehnition 
of the Tate twist in this context). 

Example. — Let us show that a complex Hodge structure defines an integrable twis¬ 
tor structure. We take notation of §2.1.d, and we assume for simplicity that w = Q. 
We define the i9z-action on C[z, z~^] 0c H as the one induced by the natural one 
on <C[z,z~^]. Let us show for instance that is stable under this action. For 
mq G F"9, we have dzmqZ~'^ = —qmqZ~'^^^ and we have to show that niq G 
which follows from the fact that F"’ is decreasing. The other compatibilities with 
the (9z-action are verihed similarly. 

7.2. b. Characterization of integrable twistor structures. — We assume that 
X = pt. Recall {cf. § 2.1.b) that a twistor structure {Jif, Jif”, C) of weight 0 dehnes a 
vector bundle Jif on which is isomorphic to the trivial bundle, obtained by gluing 

with M’" using C in some neighbourhood of S. There is an equivalence between 
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the category of twistor structures of weight 0 and the category of finite dimensional 
C-vector spaces; one functor is 

(Jf", Jf"', C) I—> > H T{r\JF), 

and the quasi-inverse functor is 

H ^ H ^ , C), 

where C comes from the identity Id : ^ ^s- 

Lemma 7.2.1. — The twistor structure of weight 0 is integrable if and 

only if the corresponding bundle is equipped with a meromorphic connection V 
having a pole of Poincare rank at most one at 0 and at infinity, and no other pole. 

Proof — Indeed, if , C) is integrable, the bundles Jf' and Jf" are equipped 

with a meromorphic connection having a pole of Poincare rank at most one at 0 and 
no other pole. Therefore so has . Similarly, M’" has a connection with a pole of 
Poincare rank at most one at infinity. Integrability means that, via the gluing, both 
connections coincide on some neighbourhood of S. The converse is also clear. □ 

Let [ ,C) be an integrable twistor structure of weight 0. By the corres¬ 

pondence above, we have .T'tT' = H (8)c ^no- Integrability means that there exist 
endomorphisms Uo,Q, Uoo of PI such that, for any element m oi PI, we have 

dzm = (C/q — zQ — z‘^Uoo)m G Jif'. 

In Jtf” = H'^ (g)c have, for any fj, G , 

dzfi = CUoo -z*Q-z^ *Uo)ti G 

The category of integrable twistor structures of weight 0 is therefore equivalent to 
the category of tuples (H, Uo,Q, Uoc) and the morphisms are the homomorphisms of 
vector spaces which are compatible with {Uq, Q, Uoo)- 

Assume that {Jtf ,C) is equipped with a Hermitian duality We will sup¬ 
pose that Jtf = and SP = (Id, Id). This defines a Hermitian pairing h : H^Pl ^ 
C. The compatibility of GP with the 9z-action means that Q is self-adjoint with re¬ 
spect to h and Uoo is the /i-adjoint of Uq. 

If ^ is a polarization, i.e., if h is positive definite, the eigenvalues of Q are real, 
and Q is semisimple. We decompose H as 

H = (B © Ha+p 
ae[o,i[pez 

with respect to the eigenvalues a+ p of Q. If we put HP~p = (Bae[o,ilHa+p, we get 
a polarized complex Hodge structure of weight 0 on H. 

Remark 7.2.2. — According to Example 7.1.3, if we change Q in Q + AId with A G K., 
we get an equivalent 9z-action on , C),GGG’). 



7.2. INTEGRABLE SMOOTH TWISTOR STRUCTURES 


183 


7.2.C. Characterization of integrable smooth polarizable twistor structures 

Let {H, Dv, h) be a harmonic flat bundle, with a positive Hermitian metric h and a 
flat connection Dy = De+Oe, where 9e is the Higgs held. It corresponds to a smooth 
polarized twistor structure C) of weight 0 with polarization ^ = (Id, Id) by 

the following rule: consider the “^^’“-module equipped 

with the d" operator 

(7.2.3) D'^ = D';, + zO'^. 

This defines a holomorphic subbundle = KeiD'^. Moreover, it has the natural 
structure of .^ar-module, using the flat connection 

(7.2.4) D'j^ = De + z ^O'e- 

The integrability property means that the connection on comes from an integ¬ 
rable absolute connection, that we denote with the same letter, which has a pole of 
Poincare rank at most one along X x {0}. The connection thus takes the form 

D'_^ = D'E + d', + z-^e'E+{^-^-Uo.)dz 

D'j^ = D'^ + d': + ze'^, 

where Uq, Uao, Q are endomorphisms of the C°° bundle H and dz means the differential 
with respect to z only. The compatibility with the polarization means that Uoo 
is the /i-adjoint of Uq and Q is self-adjoint. Knowing that the relative connection 
De+z~^9'e+z9'^ is integrable, the integrability condition is equivalent to the following 
supplementary conditions: 

[9'e,Uo]=0. 

DUUo) = 0 , 

D'e{Uo) — [9'e^ Q] + = Oj 

D'e{Q) + [9'e,U^]=0, 

as the other conditions are obtained by adjunction. In particular, Uq is an endomorph¬ 
ism of the holomorphic bundle which commutes with the holomorphic Higgs held 
O'e- 

Corollary 7.2.6. — Let {H,Dv,h) be a harmonic flat bundle. Then it is integrable if 
and only if there exist endomorphisms Uq, Q of H, Q being self-adjoint with respect 
to h, satisfying Equations (7.2.5), where Uoo denotes the h-adjoint ofUg. □ 

Remarks 7.2.7 

(1) Equations (7.2.5) are the equations defining a CV-structure in [30], if one 
forgets the real structure, z.e., if one forgets Equations (2.50-52) and (2.59) in loc. cit. 

(2) For an integrable smooth twistor structure, the various local systems 

Ker(D£; -|- zf^9'^ Zo9'ff) C H, for Zo G C*, are all isomorphic to KerDy. 
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(3) It is a consequence of the equations for a flat harmonic bundle that the Higgs 
field Oe satisfies 

Dv{9'e-01)=0, 

and therefore defines a class in H^{X,F,nd{^)). Notice now that Equations (7.2.5) 
imply in particular that, putting A = —(Uq — Q — Hoc), we have 

e'E-e'k = Dv{A). 

i.e., the class of 9'^ — 9'^ in End(.if)) is zero. Moreover, Q is the self-adjoint 

part of A and —[/q -I- Uoo is its skew-adjoint part. 

(4) For instance, if the polarized smooth twistor structure is associated to a vari¬ 
ation of polarized complex Hodge structures of weight 0, we have [/q = 0 = [/qo, and 
Q is the endomorphism equal to pid on HP’~p. 

Coro/Zary 7.2.5 (Rigidity on a compact Kahler manifold). — Let {H,Dv,h) be an in- 
tegrable flat harmonic bundle on a compact Kdhler manifold X. Then the corres¬ 
ponding Uq is constant, and Q defines a grading, so that {H,Dv,h) corresponds to a 
variation of polarized complex Hodge structures of weight 0. 

Proof. — We know that Uq is an endomorphism of the holomorphic Higgs bundle 
{E,9'e). By the equivalence of [61, Cor. 1.3], it corresponds to an endomorphism 
of the flat bundle Kerl?^. This bundle is semi-simple, hence can be written as 
(BjiVj, withpj e N, where each {Vj,Dvfl is simple and {Vj,Dvj) 9^ {Vk,Dvfl) 

for j k. Then, any morphism (Vj, Dyfl (14, Dv,f) is zero for j k and equal to 
cst • Id for j = k. By the correspondence quoted above, the same property holds for 
(7o on the stable summands of the polystable Higgs bundle {E,9'e). In particular, Uq 
is constant, and so is Uoo- 

Equations (7.2.5) reduce then to 

De{Q) = 0, and [9'^, Q] = 9'e- 

The eigenvalues of Q are thus constant and the eigenspace decomposition of Q is 
stable by De- Let Ha+p be the eigenspace corresponding to the eigenvalue a-\-p of Q, 
a e [0,1[, p G Z. Then 9'p-{Ha+p) C Ha+p-i ® ^x- If we put HP-p = ®aelo,ilHa+p, 
we get a variation of polarized complex Hodge structures of weight 0. □ 

Conjecture 7.2.9. — Let X be a compact Riemann surface, let P C X be a finite 
set of points, and let (V,Vy) be a semisimple holomorphic flat bundle on X \ P. 
Denote by {H,Dv,h) the tame harmonic flat bundle associated with it as in [60, 4]. 
Then, if(H, Dy, h) is integrable, the endomorphism Uq is compatible with the parabolic 
filtration defined by h near each puncture. 

With the same argument as in Proposition 7.2.8 we get: 
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Corollary 7.2.10 (Rigidity on a punctured Riemann surface). — If Conjecture 7.2.9 is 
true, the corresponding integrable tame harmonic flat bundle corresponds to a vari¬ 
ation of polarized complex Hodge structures of weight 0 on X \ P. □ 


7.3. Integrability and specialization 

Let X' be a complex manifold, let X be an open set in C x X', and let t be the 
coordinate on C. Put Xq = t“^(0) n X. We use definitions of §3.3. 

7.3. a. Specialization of integrable .^ar-modules 

Proposition 7.3.1. — Let ./^ be a gf;-module which is strictly specializable along 
Assume that .M is integrable. Then, for any a € M and any Zo S flo; we have 
OzVa ^ C Vf “ and, for any a G C such that fz„(a) = a, we have C 

where dz is viewed as acting on in other words, each is 

an integrable -module. 

Proof. — We will need the following lemma: 

iz 1 

Lemma7.3.2. — A local section m of ./£ near {x,Zo) is in Vf °iff is satisfies a 
relation 

Bai-Qtt)m = n 

where n is a local section of Vf “flflf and Ba{s) = n 7 ('® ~ 'y * zfl'', the product being 
taken on a finite set of j such that fzoil) ^ 

Proof. — The “only if” part is clear. Assume that m is a local section Vf °for 
some b > a satisfying such a relation with the polynomial Ba{s). Then the class of m 
in gr^^^"'./# is killed by Ba{—^tf) and Bi,{—(5tt), where Bi,{s) = Y^^is — fl -k zfl^^, the 
product being taken on a finite set (3 such that iz„{f3) = b. Therefore, the class of 
TO is killed by a nonzero polynomial in z, and by strictness, the class of to is zero in 
gr^'"°’./^. □ 

Let TO be a local section of Vf “ , and let bm{s) be the minimal polynomial such 

that bm{—(jtf)m = tPm where P is a section of VigMgr. We know that h^ is a product 
of terms s — ^ * z with izo ( 7 ) ^ «■ 

The following lemma is easy to prove: 

Lemma 7.3.3. — Let fc G Z and let P he a local section ofVkA^gg-. Then [dz,P] is a 
local section ofVkI%x (and does not depend on dz). □ 
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We then have 

hm{-^tt)dzm = dzbjn{-^tt)m + Qm Q G Vb^^r 
= dztPm + Qm 
= tPdzm + Rm R G 

Therefore, there exists k ^ 0 such that, if we put Bk{s) = Y[e=o ^m{s — ^z), we have 
Bk{—Btt)dzm G Va Apply then Lemma 7.3.2 to get that dzm is a local section 

of This gives the first part of Proposition 7.3.1. 

Denote by dz the induced operator on gr^'' We now want to show that, for 

any a G C with izo{c() = o, U„ Ker [{dtt + a*z)"‘ : gr^'*°'./# ^ gr^*^°'./#] is stable 
by dz- The point is that dz does not commute with dR + a-kz, but [dz, (3tt + Q;*z)”] is 
a polynomial in 6tt+ a *2 with polynomial coefficients in z, and therefore commutes 
with Stf + a* 2 . Let to be a local section of gr^*^°'./# killed by + a* 2 )". Then 

(Stf + Of * z^dzm = — \dz, (Stt + a * z)"]to = ''^pj{z){dtt + a-k zym 

3 

and certainly {BR + ak zy^dzm = 0. □ 

Corollary 7.3.4. — Let he a strictly specializahle x\t~y-'module (as defined in 
§3.4j which is integrable. Then the minimal extension ./M of -M across is integ- 
rable. 

Proof — By dehnition, we have therefore this is stable by the 

9z-action, according to the proposition. One shows similarly that all defined 

in loc. cit., are stable under the clz-action. □ 

Remark 7.3.5 (S-decomposability). — Assume that is strictly specializable along 
and integrable. Then the morphism var of Remark 3.3.6(6) commutes with the 
9z-action, but the morphism can does not. However, Imcan is stable by the (In¬ 
action, because dz^t = ^t{dz + z). Similarly, if ./# is strictly decomposable along 
its strict components are integrable, as can be seen from the proof of Proposition 
3.3.11(e). As a consequence, if is integrable and strictly S-decomposable, its strict 
components are integrable. 

Remark 7.3.6 (Local unitarity). — When working with twistor ^-modules, we are led 
to consider the graded modules grY'tjjt.a-y^ with respect to the monodromy Hltration 
M.(N) of the nilpotent endomorphism N = —(Stf + a k z). A priori, dz is not 
compatible with the monodromy filtration, therefore we would need a new assumption 
to insure that this compatibility is satisfied. However, we will see below that when 
dimX = 1 and if all are strict, this compatibility is automatically satisfied, 

as a consequence of the fact that the complex numbers a to be considered in the 
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various Bernstein polynomials are real. We will see in § 7.4.b that this property 
extends to integrable twistor .^-modules. We call it local unitarity. 

When a strictly specializable .^.^-module is locally unitary, the various 
filtrations glue together when Zo varies in flo and we forget the exponent Zo- Moreover, 
if q; = a is real, we then have gr^^ = Last, we have Izaip) = a and 

a* z = za. 

Lemma 7.3.7. — Assume that X is a disc with coordinate t. Ij ./M is an integrable 
strictly specializable Aisp -module such that each grY'fpt,a‘^ is strict, it is locally unit¬ 
ary. 

Proof. — Fix a e C. As each gr^i/)t,a^ is ^nQ-free, there exists a basis e of 

for which the matrix Y of N has the Jordan normal form, in particular is constant 

and nilpotent. Denote by A{z) the matrix of dz in this basis. Then 

dzG = e ■ A{z), —Qtte = e ■ [{a* z) Id +Y] . 

Therefore, 

—dzStte = e • [(a * z)A{z) + A{z)Y + z‘^d{a * z)/dzlA\, 

—(i9z + 2 :)e = e • [(a * z) Id +Y] [A{z) + z Id]. 

As the operators dz and ’dtt satisfy the commutation relation dz^tt = Stt(i9z + z), we 
must have 

z[zi9(a ★ z)ldz — a ★ z] Id = [Y, A{z)] + zY, 
thus, taking the trace, we get that a must be such that, for any z G C, zd{a-kz)ldz = 
a-kz. But zd{ak z)ldz = a * z-\-ia” {z'^ — l)/2. Therefore, if ^ 0, a must be 

such that a" = 0, i.e., a must be real. □ 

Let us now go back to dimY ^ 1. 

Lemma 7.3.8. — If ./M is strictly specializable along t = 0 and locally unitary, then, 
if ./M is integrable, so is each gr^i/jj 

Proof. — We now have (9zN = N(9z + z), hence the kernel filtration KerN^ and the 
image filtration ImN^ of N are stable by dz- As the monodromy filtration M.(N) 
is obtained by convolution of these two filtrations (c/. [65, Remark (2.3)]) it is also 
stable hy dz. □ 

7.3.b. Specialization of sesquilinear pairings. — The definition of specializa¬ 
tion of a sesquilinear pairing involves the residue of a distribution depending mero- 
morphically on a complex variable s along a set having equation s = a * zjz, for 
a fixed complex number a and for z varying in S. In general, the compatibility of 
taking the residue along such a set and the action of dz is not clear. However, as soon 
as we assume local unitarity, i.e., a G K., then akzjz = a does not depend on z and 
the compatibility is clearly satisfied. We therefore obtain: 
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Proposition 7.3.9. — Let SL he an objeet o/^int-Triples(X). Assume that the com¬ 
ponents are strictly specializable and locally unitary along t = 0. Then 

is integrable for any a € M. Moreover, the morphism jV : f’t.atdL{—\) is 

integrahle. 

Proof. — It remains to explain the integrability of defined by (3.6.2). We have 
jV = (N',N") with N" = iz{dtt + a) = —N'. Then we argue as in Remark 7.1.5, 
using that z{dz z) = dzZ. □ 

7.4. Integrable polarizable regular twistor ^-modules 

7. 4. a. A preliminary lemma on twistor .^-modules. — Let {.JL', ,C) be 

an object in MT^d(A,ic). Put .JL = or . Let / be holomorphic functions 
on some open set U ot X. Then ./# is strictly specializable along / = 0 and, for any 
a G C, is equipped with a nilpotent endomorphism N. Denote by M.(N) the 

corresponding monodromy filtration. Then each is strict and, by definition 

of MT, each is also strict. 

Let g be another holomorphic function. By definition, each is strictly 

specializable along <7 = 0. By induction on £, this implies that each is so, 

and, for any P G C, we have exact sequences 

Denote by M, (■i/jg^^N) the monodromy filtration of the nilpotent endomorphism on 
'4’g,(3'f’f,a-^■ Then, according to the previous exact sequence and to the uniqueness 
of the monodromy filtration, we have 

M.('i/'g,/3N) = ')pg,0M.')pf^a^. 

In particular, each is strict, being equal to pg^jsgPf'f’f.a-^■ 

Let now fi,..., fp be holomorphic functions and let ai,... ,ap be complex num¬ 
bers. Under the same assumption on we obtain similarly: 

Lemma 7.4.1. — For any £ G Z and for any j = 1,... ,p, V’L.aj ’ ’ ’ 
is strict and strictly specializable, and we have 

grf V’L .oj • • • V”/! .«i .a. ■■■i’fuai grf □ 

7.4. b. Integrable twistor .^-modules 

Proposition 7.4.2. — Let {JL',C) be an object in MT^d)^, w). Assume that it 
is integrahle, i.e., is also an object o/.^int-Triples(A). Then .M' and ./M" are locally 
unitary. 

Proof. — Let / be a holomorphic function defined in some open set U G X. Assume 

that there exists a G C \ K such that 0 for ./# = or 

Let f G Z. By assumption, gT^fp/.a-^ is strictly S-decomposable. For any strict 
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component Z of its support, let be the corresponding direct summand. 

It is enough to show that each {grYiJf,a‘^)z is zero, and also that its restriction 
to dense open set of Z is zero. We can assume that the characteristic variety of 
{gr^'iljf^a‘^)z is equal to T^X x flo near a general point Xo of Z. Therefore, near 
such a point, by Kashiwara’s equivalence Cor. 3.3.12 and Prop. 1.2.8, {gr^ipf^a‘^)z 
is the direct image by the inclusion Z ^ X oi a locally free ^^-module. 

Let /i, • • • , /p be holomorphic functions near Xo inducing a local coordinate system 
on Z. By induction on p, using Lemma 7.4.1 and Proposition 7.3.1, one shows that 
the .^.^-module xL '^fp,ap ’ ’ • V’/i,aiV'/,a^ (with ^ or M") is integrable. 

By Lemma 7.4.1, for any £ G Z, gr^©K is strict and is supported on Xo- By Kashi¬ 
wara’s equivalence Cor. 3.3.12, we can apply the same argument as in Lemma 7.3.7 
to conclude that gr^©C = 0 for any £, as we assume a ^ K.. Therefore, applying once 
more Lemma 7.4.1, we obtain that ••• = 0. Near Xo, is 

nothing but the usual restriction to /j = 0, therefore the restriction of (gr^i/’/,Q^)x 
at Xo is zero. But {gi^'iljf,a^)z is (the direct image of) a locally free ^a?-module, 
hence, by Nakayama, {giYipf^a-^)z = 0 near Xo, a contradiction. □ 

From Lemma 7.3.8 and Proposition 7.3.9 we get: 

Corollary 7.4.3. — Let ,C) be an object ofMT^d{X,w) and let f be a holo¬ 

morphic function on some open set U of X. Then, for any a G [—1,0[ and any i G Z, 
the objeet gr^ipf^ai-^',C) of MT,^d{U,wf) is integrable. □ 

Notice that, according to Proposition 7.4.2, we do not have to consider for 
a G C \ M, and that the two functors ip and ik (c/. Definition 3.4.3) coincide. 

We define the category of integrable twistor 1^-modules MTint^d(-^; "u^) as the 
subcategory of MT^£i(W, w) having integrable objects and integrable morphisms. By 
the previous corollary, it is stable by taking gr^^i/^Q,. It shares many properties of 
MT^d(-^, w) (c/. §4.1): it is abelian, it is local, it satisfies Kashiwara’s equivalence, 
it is stable by direct summand in .!^int-Triples(X). However, it is a priori not stable 
by direct summand in Triples(X) or in MT<j£i(X, ra). 

The subcategory MT|)(j(X, la) of regular objects is defined similarly. Last, the 
category MLT)jj( (X, aa) of graded Lefschetz objects is defined as in §4.1.f. 

7.4.C. Integrable polarizable regular twistor .^-modules. — Let ^ be an 

integrable twistor ^-module of weight w as defined above. We say that a polarization 
of £7 is integrable if it is an integrable morphism ^ 

It is now clear that the two main theorems of Chapter 6 have the following integ¬ 
rable counterpart: 

Theorem 7.4.4. — Let f : X ^ Y be a projective morphism between complex analytic 
manifolds and let (^,^) be an objeet o/M t|((|(X, Let c be the first Chern 
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class of a relatively ample line bundle on X and let J§fc be the corresponding Lefschetz 
operator. Then , .^c,®if^-^) is an object o/ML t|^|(F, w; 1 )(p\ □ 

Theorem 7.4.5. — Let X be a complex manifold and let (^,^) be an integrable 
smooth polarized twistor structure of weight w on X, in the sense of § 7.2.c. Then 
is an object o/□ 



CHAPTER 8 


MONODROMY AT INFINITY AND 
PARTIAL FOURIER-LAPLACE TRANSFORM 


In this chapter, we analyze the behaviour of polarized regular twistor ^-modules 
under a partial (one-dimensional) Fourier-Laplace transform. We generalize to such 
objects the main result of [52], comparing, for a given function /, the nearby cycles at 
/ = oo and the nearby or vanishing cycles for the partial Fourier-Laplace transform 
in the /-direction (Theorem 8.4.1). 


8.1. Exponential twist 

8.1. a. Exponential twist of an object of .^-Triples. — Let t : X ^ C he a. 

holomorphic function on the complex manifold X. If ^ is a left .^.^-module, i.e., 
a ^ar-module with a flat relative meromorphic connection the twisted 

module ^ ^® is defined as the ^^-module ^ equipped with the twisted 

connection o Var/Oo ° If ^ is integrable (c/. Chapter 7), then so is : 

just twist the absolute connection V. Notice that, if V has Poincare rank one, so has 
the twisted connection. 

Let C : .^I'g —> Sbxgxs/s be a sesquilinear pairing. Then 

exp(zt — t/z)C is a sesquilinear pairing ^^g ^\s ®E’Xexs/Si he., is 

■^(x,x),s"bnear. 

li ^ ,Ji",C) is an object of .^int-Triples(X), then so is ^ 

,^0). Exponential twist is compatible with Tate twist and adjunction (as 
zt — t/z = zt + zt is “real”). 

If (p : .i?j ^ .15^ is a morphism, then (p induces a morphism (p : ^ ^.3^2 ■ 

In particular, if Y” is a sesquilinear duality of weight w on then Y” induces a 
sesquilinear duality of the same weight on 

8.1. b. Exponential twist of flat and Higgs bundles. — We will now give an 
explicit description of the exponential twist in the case of smooth triples, using the 
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language of Higgs bundles. Let iL be a C^-bundle on X equipped with a flat con¬ 
nection Dy = Dy -\- d" and a Hermitian metric h. Denote hy V = Kerd" the 
corresponding holomorphic bundle, equipped with the holomorphic connection Vy. 
Using the function t we twist the connection Dy and define 

^Dy = e*oDyo e-\ i.e., ^Dy = Dy - dt, ^Dy = d", 

Using definitions in [60, 61], we have: 

Lemma 8.1.1. — If the triple {H,Dy,h) is harmonic on X, then so is the triple 
{H/Dy,%). 

The Higgs field is given by the formulas 

= 0'e- dt, = o'f,-<rt, 

and the metric connection ^De = ^D'e + ^D'f. by 

p'De = e"* oDeo i.e., ^D'e = D'e, = D'f^ + dt. 

Lemma 8.1.2. — If {./£, .M, C) denotes the smooth polarized twistor structure of 
weight 0 corresponding to the harmonic bundle {H,Dy,h) then, using notation of 
§8.1.a, the triple ,^C) is the smooth polarized twistor structure of weight 0 

corresponding to the harmonic bundle {H, ^Dy, ^h), via the correspondence of § 2.2.a. 
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8.2. Partial Fourier-Laplace transform of .^ar-modules 

8. 2. a. The setting. — We consider the product x A^ of two affine lines with 

coordinates (t, r), and the compactihcation x P^, covered by four affine charts, 
with respective coordinates (t, r), where we put t' = l/t and 

t' = Ijr. We denote by oo the divisor {t = oo} in P^, defined by the equation t' = 0, 
as wefl as its inverse image in P^ x P^, and similarly we consider the divisor od C P^ . 
We will use the picture described below. 



Let F be a complex manifold. We put X = FxP^,Ar = FxP^ and Z = FxP^ xP^. 
The manifolds X and Z are equipped with a divisor (still denoted by) oo, and X and Z 
are equipped with od. We have projections 


( 8 . 2 . 1 ) 


Z 







Y 


Let be a left .^.ar-module. We denote by ^ the localized module [oo] ^■ 

Then ^ is a left .^^[*oo]-module. We consider its localization 

p+.^[*od] = .^jr[*(oo U od)] 

We denote by p'^^[*oo\ 0 the ^^[*(oo U od)]-module p'^^[*oo] equipped 

with the twisted action of described by the exponential factor: the .^^-action is 
unchanged, and, for any local section m of ^, 

~ in the chart (t, r), 

St(m 0 £-*^/^) = [(Si - T)m] 0 
S^(m (g) £-*^/^) = -tm ® £“*^/^ 


( 8 . 2 . 2 ) 
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- in the chart {t', r), 
dt'im (g) £-*"/") = [{Qt' + T/t'^)m] ® 

Sr{m (g) £-*^/^) = -m/t' (g £-‘^/^ 

- in the chart {t, t'), 

dtim 0 £-*"/") = [(St - l/r')m] 0 £-*"/", 
5^/(m (g £-*^/^) = ® £-*^/^ 

- in the chart {t', t'), 

gp(w(g £"‘"/") = [(3t' + 1/T't'2)m] (g £-*"/", 

g^/(m 0 £-‘^/^) = m/tV^ (g £-‘^/^ 


(8.2.3) 


(8.2.4) 


(8.2.5) 


Definition 8.2.6. — The partial Fourier-Laplace transform of is the complex 
of .^^[*oo]-modules 

p+(p+.^[*oo] (g) £“‘'^/^). 


8.2.b. Coherence properties. — We will give a criterion for the ^£^[* 00 ]- 
coherence of .fif when is .^^-coherent. As p is proper, it is enough to give a 
coherence criterion for p+.^[*oo] (g) £“*'^/^. 

Proposition 8.2.7. — Let .JiL be a coherent sc-module. Then ^ is .^^[* 00 ]- 

coherent. If moreover is good, then so is , and therefore = p+‘^ is 
£■ [* 00 ] -coherent. 

Proof. — The coherence is a local question near t' = 0 (otherwise it is clearly satisfied) 
and it is enough to show that is locally finitely generated over [*od]. Choose 
local generators rrij of .fil as a .^ar-module. It is a matter of proving that, for any 
fc e N, (g) and t'~^mj (g) belong to .^^[* 00 ] • (wj (g) 

Let us first compute in the chart {t', t). We will use Formula (8.2.3). Up to a 
sign, the second term above is S^(toj (g) The first one can be written as 

{d^,mj) (g) = {df — TBf)^(mj (g) The computation in the chart it', t') 

is similar, using (8.2.5), as t' acts in an invertible way. 

The functor ./# is exact and, for the property of being good, it is enough 

to show that if .if is a ^^r-coherent submodule generating ./# on a compact set 
JU C , then p*J§f[*od] (g) generates ^ on p~^{.J€)-, this follows from the 

previous computation. □ 

Remark 8.2.8. — When is good, we can compute the Fourier-Laplace transform 
in an algebraic way with respect to t and t: we view q*./# as a coherent module over 
q*I^Sf[*oo] = i%^[f\{dt). Then is the complex 
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where the right-hand term is in degree 0. In particular, the cohomology modules of 
this complex are ^ 3 ^[T](ST-)-coherent. {Cf. for instance [23, Appendix A] for an argu¬ 
ment). Moreover, this complex has cohomology in degree 0 only, and the cohomology 
is identified with as a .^g^-module; the action of t is induced by that of Sj, and 
that of 6,- by that of —t. 

Remark 8.2.9 (Integrability of the Fourier-Laplace transform) 

Let ^ be a coherent .^.ar-module. Assume that ^ is integrable (cf. § 7.1.a). Then 
is integrable as a .^^-module. If moreover ^ is good, then, using 
part of Proposition 7.1.4, we obtain the integrability of ^ as a module. 


8.2.C. Fourier-Laplace transform of a sesquilinear pairing. — We will now 
forget the od divisor on Z or AT, and still denote by Z or X the sets X x Af and 
Y X Ah 

Assume that are good ^.gr-modules. Let C : .^|g ^ Sfax*xs/s 

be a sesquilinear pairing. We will define a sesquilinear pairing between the corres¬ 
ponding Fourier-Laplace transforms: 

C : .^jg (g)^g ./^g > ®fajfj,xs/s ■ 

Firstly, define the sesquilinear pairing p+C : p+.^g (8)^g p+x^g ^ ©bx^xs/s in 
the following way: local sections m',m" of p+.^g,p+.^g can be written as m' = 
4>i'^ iTT-ij ni" = ifj 0 m" with 4>i,ipj holomorphic functions on ^ and m', m" 
local sections of x^g,./#|g; put then 


( 8 . 2 . 10 ) 




for any C°° (relative to S) form p on Z x S of maximal degree with compact support 
contained the open set of where m', m” are defined. That the previous expression 
does not depend on the decomposition of m', m" and defines a sesquilinear pairing is 
easily verified: it is enough to show that, if = 0, then the right-hand term 

in (8.2.10) vanishes; but, by flatness of over the vector (p = ((j)i)i can be 

written as ^kijk, where each rjk = {'r]k,i)i is a vector of -relations between the 
to' in and at are local sections of use then the -linearity of C. 

Secondly, extend C as a sesquilinear pairing C on .^|'g (8)^g x^'g with values in the 

sheaf of tempered distributions, that is, with poles along oo. Define similarly p+C 
(which is nothing but p^C). Such a distribution can be evaluated on forms p which 
are infinitely flat along oo. 

Remark that, for z G S, we have = 1. The following lemma is standard 

(it is proved in the same way as one proves that the Fourier transform of a C°° 
function with compact support is in the Schwartz class): 
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Lemma 8.2.11. — Let (p be a C°° relative form of maximal degree on Z x S with 
compact support. Then is C°° with compact support on X x S and is 

infinitely flat along oo. □ 


For local sections m',m" of written as above and for p as in the 

lemma, it is meaningful to put 




This defines a sesquilinear pairing : '^g ®f’ZExs/s- We can now 

define C = 


Remark 8.2.12 (Behaviour with respect to adjunction). — The formula above clearly 
implies that ifC)* = ^{C*). We hence have {C)* = C*. 


It is possible to define C at the algebraic level considered in Remark 8.2.8. Notice 
first that C defines a sesquilinear pairing on 

which takes values in the sheaf on Yr x S of distributions on Yr x x S which 
are tempered with respect to the t-variable. Recall that are 

modules and that their Fourier-Laplace transforms are the same objects viewed as 
■^ 3 ^M(ST)-niodules via the correspondence 

(8.2.13) T <—> 9t, <—!■ —t. 

Denote by F the usual Fourier transform with kernel exp(ztT — tr/z) ■ fpdt A di 
for 2 S S, sending t-tempered distributions on Yr x x S which are continuous with 
respect to 2 to r-tempered distributions on Yr x A^ x S which are continuous with 
respect to 2 . 

We define then on 

9*.^|g g*.^jg 

as the composition F o q^,C. That is (ST)-finear follows from 

the fact that (8.2.13) and its conjugate are the transformations that F does. 

Lemma 8.2.14. — The analytization ofq^.C is equal to C defined as ff^^C. □ 


Remark 8.2.15 (Integrability of the Fourier-Laplace transform of a sesquilinear pairing) 

Let be good .^^-modules which are integrable. Assume that the sesqui¬ 

linear pairing C is integrable (cf. § 7.1.b). Then '^C is integrable and, by Proposition 
7.1.4, the pairing C is also integrable. 
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8.3. Partial Fourier-Laplace transform and specialization 

As we are only interested in r ^ oo, we continue to forget the divisor od and still 
denote by Z or ^ the complement of this divisor. 

A priori, Proposition 8.2.7 does not restrict well to t = To (of course, the problem 
is at t' = 0). Indeed, we do not have a relation like Sr{m 0 = —mjt' ® 

to recover the polar part of ^ ® p^-tT„lz action of For instance, taking 

To = 0, even with nice assumptions, ^ is not known to be .^ar-coherent. We will 
introduce below an assumption which implies the -coherence of when 

To ^ 0. For the coherence at t = 0, we will need to consider the specialization at 
r = 0 of and hence to prove first its strict specializability along r = 0; for that, 
we will also need the same assumption. Let us introduce some notation. 

Denote by i^o the inclusion Y x {oo} X. We will consider the functors 'ipT,a 
and Tpt',a introduced in Lemma 3.3.4, as well as the functors '^T,a and of Defin¬ 
ition 3.4.3. We will denote by NT-,Ni/ the natural nilpotent endomorphisms on the 
corresponding nearby cycles modules. We denote by M,(N) the monodromy filtration 
of the nilpotent endomorphism N and by grN : gr^ ^ gr ^2 ^^e morphism induced 
by N. For f ^ 0, Pgr^ denotes the primitive part Ker(grN)^^M of gr^ and PM^ 
the inverse image of Pgr^ by the natural projection ^ gr^. Recall that, in an 
abelian category, the primitive part Pgr^ is equal to KerN/(KerN n ImN). We will 
also denote by .^min the minimal extension of ^ {cf. §3.4.b). 

Proposition 8.3.1. — Assume that ./M is strictly specializable and regular along t' = 0 
(cf. Definition 3.3.8 and §3.1.dj. Then, 

(i) for any Tq 0, the -module is -coherent; it is also strictly 

specializable (but not regular in general) along t' = 0, with a constant V-filtration, so 
that all ‘iptpai.^ <8) are identically 0. 

Assume moreover that .M is strict. Then, 

(ii) the Ai^-module ^ p'^./M® ^^ is strictly specializable and regular along 

T = To for any To G ; it is equal to the minimal extension of its localization along 

T = 0 ; 

(hi) if To yf 0, the V-filtration of ^ along t — To = 0 is given by 


we have 


Vk^ 


if k ^ — 1, 

(r - 


f^T — To.a 


■^ = 


0 if ct ^ —N — 1, 

(8) if a G—N — 1. 


(iv) If To = 0, we have: 
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(a) for any a ^ —1 with Rea € [—1,0[, a functorial isomorphism on some 
neighbourhood o/D {\z\ ^ 1}, 

where Da is the divisor 1-i if a' = —1 and a" > 0, the divisor 1 ■ {—i) if a' = —1 
and a” < 0, and the empty divisor otherwise; 

(b) for a = 0, a functorial isomorphism 

^ '^oo,+ Nj/), 

(c) for a = —1, two functorial exact sequences 

0 —> *oo,+ Ker Nj/ —> Ker N^- —s- ^min —> 0 
0 —> ^min —> Coker Nt —> ioo,+ CokerNt' —> 0, 
inducing isomorphisms 

ioo,+ Ker N^/ —s- Ker H Im N,- C Ker N,- 

^min — ^ KerNT-/(KerNT- n IirNt-) C Coker N,-, 
such that the natural morphism KerNi- ^ Coker Nr induces the identity on 

Proof of 8.3.1(i). — Let us first prove the .^^-coherence of when Tq 0. 

As this .^^-module is .^^[*oo]-coherent by construction, it is enough to prove that 
it is locally finitely generated over and the only problem is at t' = 0. We also 
work locally near Zq G and forget the exponent (zq) in the K-filtration along 
t' = 0. Then, ^ K<o-#, equipped with its natural ^^-structure. 

By the regularity assumption, V<o^ is ^^/ai- coherent, so we can choose finitely 
many -generators mi of 

The regularity assumption implies that, for any i, 

t'dt'rrii G 

3 

In ^(g) using (8.2.3), this is written as 

(8.3.2) {t'dn - To/t'){mi ® £-‘'^°/"^) e • {mj 0 £“*^°/^), 

3 

and therefore 

{Tolt'){mi ® £-‘"-’/^) G ^ • (m, (g) £-‘"-’/^). 

3 

It follows that is Id).^.^-coherent, generated by the TOi(g)£“*'^‘’/^. It is then 

obviously ^^-coherent. The previous relation also implies that Toimi ® £-‘'^o/^) g 
t'^ ® Therefore, the constant K-filtration, defined by ® g-tTo/z^ _ 

^ (g) £“*'^o/^ for any a, is good and has a Bernstein polynomial equal to 1. 
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Proof of 8.3.1(ii) for Tq 7 ^ 0 and 8.3.1(iii). — The analogue of Formula (8.3.2) now 
reads 

(g) e • {mj 0 

3 

Therefore, the -module generated by the mj ® is Vb.^s"-coherent, where 

V denotes the filtration relative to r — To- It is even .^^-coherent if Tq 7 ^ 0, as t is a 
unit near To, and this easily gives 8.3.1(iii), therefore also 8.3.1(ii) when To 7 ^ 0. 

Proof of 8.3.1(ii) for To = 0. — Let us now consider the case where Tq = 0. Then 
the previous argument gives the regularity of along r = 0. We will now show the 
strict specializability along r = 0. We will work near Zo € flo and forget the exponent 
(zo) in the Wfiltrations relative to r = 0 and to t' = 0 . 

Out of F = 0 the result is easy: near t = to, formula (8.2.2), together with the 
strictness of o#, implies that is strictly noncharacteristic along t = 0, hence 
and M (cf §3.7). 

We will now focus on t' = 0. Denote by the Wfiltration of ^ relative to t' 
and put, for any a € [— 1 , 0 [, 


Va+k-^ — 


Va^ 

t’-^VaJf: 


if fc < 0, 
if fc ^ 0. 


Each Va^ is a Vb.^^-coherent module and, by regularity, is also -coherent. 

We will now construct the E-filtration of ^ along r = 0. For any a G R, put 

{[v*Va^) ® £"‘"/"], 

i.e., Ua is the -module generated by {p*Va^) 0 in ■^. Notice that, 

when we restrict to t' 0, we have for any a G R, 

Ua\t'^0 = 

(ii)(l) Clearly, U, is an increasing filtration of ^ and each Ua is -coherent 

for every a G R. 

(ii)(2) Ua is stable by tS,-: indeed, for any local section m of Va^, we have by 
(8.2.3): 

(Tg^)gp(m® £-‘^/^) = gf,(Tg^)(m(g) £-*^/^) 

= g(', ® £-‘^/^) - ® £-*^/^] 

= gf+^(t'm (g) £-*^/^) - gp (g) £-‘^/^]. 

The first term in the RHS is in Ua-i and the second one is in Ua, as Va^ is stable 
by gpF. 
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(ii)(3) For any a S R, we have Ua+i = Ua + ^rUa- indeed, for m as above, we have 

S. • Sf, (m 0 £-*"/") = -gf, Qm 0 £-*"/") G U^+i, 

hence QrUa C Ua+i', applying this equality the in the other way gives the desired 
equality. This also shows that dr ■ g^a'^ E^a+i^ is an isomorphism for any 
a G M. 

(ii)(4) For any a G K, we have rUa C Ua-i- indeed, one has, for m as above 

T(m 0 £-‘^/^) = (to 0 £-*^/^) - (t'2g^,TO) ® £-*^/^ 

= a*, {t'^m (g) £-*"/") - 

the first term of the RHS clearly belongs to Ua -2 and the second one to Ua-i- 

(ii)(5) Denote by ba{s) the minimal polynomial of —dtd' on . Then, for m 

as above, we have 

-{dt'f + ra^)(m (g) £-‘^/^) = -{dtd'm) ® £-‘^/^ 

after (8.2.3). Therefore, we have 6o(—[StT' + rgr])(m ® £“*'^/^) G U<^a- Using 
that G Ua-i by definition, we deduce that 

ba{-Tdr){m® £“*^/^) G f7<a. Therefore, ba{-Tdr)Ua C !/<„. 

(ii)(6) We will now identify Ua/U^a with gr^ .^[77] C[?7] (g)c gr^.^, where ij is 

a new variable. Notice first that both objects are supported on {t' = 0}. Consider 
the map 

Va^iv] Ua 

rupf]^ I—> 

p p 

Its composition with the natural projection Ua Ua/U^a induces a surjective map¬ 
ping gr^ .^#[77] ^ Ua/U^a- In order to show that it is injective, it is enough to show 
that, if ^pd^,{mp (g) belongs to f7<a, then each Trip belongs to V^a-^- For 

that purpose, it is enough to work with an algebraic version of Ua, where “p*” means 
“(8 )cC[t]”. Notice that, if a local section (g) £“*'^/^) of ^[t\ ® £“*'^/^ be¬ 

longs to Ua, then the dominant coefficient Ur is a local section of Ua+2r-^ (by using 
that dti{n (g) £“‘'^/^) = {ptm) (g) £“*'^/^ — T{{n/t'‘^) (g) £“‘'^/^)). Remark then that, 
using (8.2.3), 'El=o^t'i Trip (g) £ *'^/^) is a polynomial of degree g in r with dominant 
coefficient ±(T^/t'^®)(mq (g) £“*'^/^). If the sum belongs to t/<a, this implies that 
fUq G U<a+2g-^, be., niq G V^a-^■ Therefore, by induction on q, all coefficients 
nip are local sections of V^^a-^, as was to be shown. 

Let us describe the M^lTdrj-niodule structure on gY^^[r]] coming from the iden¬ 
tification with Ua/Uca- First, the .^@^-module structure is the natural one on gr^.^, 
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naturally extended to gr^^[? 7 ]. Then one checks that 

(8.3.3) = r]^mpTf, t'^rUpTf =-^p'^rupif, 

p p p p 

(8.3.4) T^r^mpTf = ^{^'tt'){mp)rf. 

p p 

In particular, any element is killed by some power of t'. 

(ii)(7) Consider the filtration V,^ defined for a G [—1,0[ and fc G Z by 




C/a+l+fc if fc ^ 0, 
T“^[/o+l if fc ^ 0. 


This is a C-filtration relative to r on ^^ by (ii)(l), (ii)(2), (ii)(3) and (ii)(4). It is 
good, by the equality in (ii)(3) and because tI 4 = I4-i for a < 0 by definition. 

On gr^"^^, for a > —1, there is a minimal polynomial of the right form for —StT, 
by (ii)(5) (here is the need for a shift by 1 between U and V), and strictness follows 
from (ii)(6) and the strictness of gr^./#, which is by assumption. 

It therefore remains to analyze gr^"^' for a ^ — 1. 

(ii)(8) We will analyze = Uq/tU^x through the following two diagrams of 

exact sequences, where the non labelled maps are the natural ones: 


0 

i 

(C/<0 n 

i 

(8.3.5) 0-^ U<oItU<i -^ Uq/tU<i Uo/U<o 0 

i 

u<o/(u^o n T^) 

i 

0 


and 


(8.3.6) 


C/o/C/<o 


rdr 

-> UoItU^i 


0 

i 

y<o/(t/<onTC;,) 

i 

-:■ Uq/tUi -^ 0 

i 

Ua/{TUt + C/<o) 
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Notice that, in (8.3.6), rSr is injective because it is the composition 
(8.3.7) Uo/U^o C/i/C/<i ^ C/o/rC/<i, 

St- is an isomorphism (c/. (ii)(3)) and r is injective, as it acts injectively on Recall 
that (gr^-^, rSr) is identified, by (ii)(6), with ioo,+ (gr^.^, St't'). Notice also that 
tSt- vanishes on C/<o/t[/<i {resp. on Uq/tUi), as as 3rC7<o C C/<i {resp. BrUo C Ui). 
It remains therefore to prove the strictness of C/<o/t[/<i to get the desired properties 
for . We denote by N^/ the action of —t'S*/ on (by strictness, KerN^/ is 

equal to the kernel of —t'dt/ acting on C The strictness of gx^^^ 

follows then from the strictness of that of and the Hrst two lines 

of the lemma below, applied to the diagram (8.3.5). 

Lemma 8.3.8. — We have functorial isomorphisms of -'modules: 

c^<o/(c/<o n tUi) = [/<o/(c/<o n t^) ^ 

loo.+ KerNj/ ^ ([/<o n r-^)/TC/<i 

ioo.+ CokerNt/ ^ UoI{tUi + [/<o). 

Proof. — For toq, ..., rrip G .M we can write 

(8.3.9) mo 0 + S*- (mi 0 £-‘"/") + • • • + 3f, (m^ 0 £-‘"/") 

= no 0 £-‘"/" - T [(ni/t'2) 0 + ... + 3fr^ ((np/t'^) 0 £-*"/") 

with 

Tip — TJlp HTp — Tip 

Up-i = mp-i + 3t/mp rrip-i = rip-i - Qt^p 

(8.3.10) ; ; 

n-i = mi + 3t'm2 + • • • + d^P^mp mi = n-i — dt>n2 

no = mo + 3t'mi + • • • + d^,mp mo = no — 3t'ni 

Sending an element to its constant term in its r expansion gives an injective morph¬ 

ism Uco/iU<o n t'T^) JL. Formulas (8.3.9) and (8.3.10) show that the image of 
this morphism is the .^^-submodule of generated by this is by dehnition 

the minimal extension of across t' = 0. 

Let us show that 

(8.3.11) t/<o n rC/i = t/<o n T-^. 

Consider a local section of C/<o C , written as in (8.3.9); it satisfies thus 
mo,...,mp G V<o.^ and no = 0; then 3t'ni = —mo G V<o-#. This implies 
that ni is a local section of indeed, the condition on ni is equivalent to 

t'3t'ni G V<_i.^; use then that, by strictness of gr^.^, acts injectively on 



8.3. PARTIAL FOURIER-LAPLACE TRANSFORM AND SPECIALIZATION 


203 


gr^ ^ if a ^ —1. Therefore, G C/i. We can now assume that ni = 0 

and thus St'n 2 G hence (8.3.11), and the first line of the lemma. Notice 

moreover that the class of each Uj in is in KerNj/. 

Let ?7 be a new variable. We define a morphism 

KerNt/[? 7 ] —> C/<o/r[/<i 

by the rule 

by taking some lifting Uj of each [uj] G KerNj/ C in V-\^. 

- This morphism is well defined: using (8.3.9), write 

-rSC^(K-A'") ® = %(nj 0 £-*"/") - 0 £-*"/"); 

that [tij] belongs to KerNt/ is equivalent to G therefore, both Uj 

and St/rij belong to moreover, if Uj G so that G 

the image is in r[/<i. 

- This morphism is injective: as we have seen in (ii)( 6 ), the term between 

brackets in (8.3.12) belongs to [/<i if and only if each belongs to 

i.e., each rij is in 

- The image of this morphism is equal to ([/<onr'Sf)/r[/<i: this was shown 
in the proof of (8.3.11). 

As in (ii)( 6 ), we can identify KerNt'[ 77 ] with KerNf' and the morphism is seen 
to be .^ar-linear. 

Let us now consider the third line of the lemma. We identify Uo/{tUi + [/<o) with 
the cokernel of r : gr^ ^ gr^ or, equivalently, to that of rdr ■ gr^ ^ gr^. By (ii)( 6 ), 
it is identified with ioo,+ Cokerdt'f acting on ioo,+gr^.^. Use now the isomorphism 
t' : gr'^i^ to conclude. □ 


(8.3.12) ^ 


(ii)(9) We will now prove that all the gr^‘^ for a ^ — 1 are strict and have a 
Bernstein polynomial. In (ii)(8) we have proved this for a = — 1. 

Choose a < — 1. It follows from the definition of that 

(8.3.13) r:grr+i-» —gr^-^ 


is onto. Therefore, by decreasing induction on a, we have a Bernstein relation on each 
gr^ It remains to prove the strictness of such a module. This is also done by 
decreasing induction on a, as it is known to be true for any a G [—1,0[. It is enough 
to show that (8.3.13) is also injective for any a < —1, and it is also enough to show 
that 


3rT : gr^+A 


grr+i-^- 


is injective. If a section m satisfies drTm = 0, it also satisfies YKa-kzY^^m = 0, where 
the product is taken on a set of a G C with (a) = a + 1 <0 and Va G N. Such 
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a set does not contain 0 and the function z is not identically 0. By 

induction, is strict. Therefore, m = 0, hence the injectivity. 

(ii)(10) By construction, the filtration V,^ satisfies moreover that 
. T : gr^ ^ gr^_ 2 ‘^ is onto for any a < 0, 

. 9t : ^ gr^+i"^ is onto for any a > —1. 

This implies that both conditions 3.3.8(lb) and (Ic) are satisfied, and that moreover 
the morphism can.,- introduced in Remark 3.3.6(6) is onto. Notice also that the 
morphism var.^ is injective: indeed, this means that r : gr^"^^ ^ is injective, 

or equivalently that r : f7i/f7<i ^ Uo/tU<^i is injective, which has been seen after 
(8.3.7). 

In other words, we have shown that is strictly specializable along r = 0 in the 
sense of Definition 3.3.8 and that is is equal to the minimal extension of its localization 
along T = 0, as defined in §3.4.b. 

Proof of 8.3.1(iv). — Now that is known to be strictly specializable along r = 0, 
the .^^-modules 'ipr,a‘^ are defined. We can compare them with 

(iv)(l) For any Zo G Dq, we have a natural morphism, defined locally near Zo 
(putting a = 4o(q;)) 


(8.3.14) ifr 


gx'i^Ji -> gra+1-2^ ^ too,+gra+l^ 


JJ 


^oo, + t 


V 

S + gl-a - 


which takes values in ioo,+ift',a-r^■ One verifies that the various morphisms glue 
together in a well defined morphism 


Lemma 8.3.15. — Near any Zo S D, the natural morphism tpr.a'^ gr^+i'^ (a = 

is injective for any a G C \ (—N*) and, if a ^ —1, ioo.+'f’t'is 

an isomorphism near Zo- 


Proof. — If a > —1, this has been proved in (ii)(6). Assume that a = — 1 (and 
a ^ —N*). If we decompose the horizontal sequence (8.3.5) with respect to the 
eigenvalues of —rS-r, we get that, for any a ^ —1 with ^z„(a) = —1, the natural 
morphism 

Uo/U<^o 

is injective and, according to (ii)(6), we have an isomorphism 


'tpr.a ^ ioo. + f^t'.a+1.- 


Assume now that a < —1. Let fc ^ 0 be such that 6 = a + fc G [—1,0[. We prove 
the result by induction on k, knowing that it is true for fc = 0. By induction, we have 
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a commutative diagram 

^^ g^a+2^ 

T I I Br 

1pr,a'¥^ -^ g^a+l'^ 

showing that the lower horizontal arrow is injective if and only if is injective on 
'ipr,a+i'^, which follows from strictness if (a + 1 ) * z ^ 0 , that is, if a ^ — 1 . □ 

(iv)(2) Proof of 8.3.1(ivb). When a = 0, the proof follows from Lemma 8.3.15. 
(iv)(3) Assume now that a yf —1 satisfies Rea G [—1,0[. We wish to show that 
(8.3.14) induces an isomorphism 

(8.3.16) ^ + .1^q)|E)' 

This is a local question with respect to z G D. 

Clearly, the image of ^ gr^+i'^ is contained in Ker[( 6 T-r + a ★ z)^ : 

gr^+i"^ ^ gr^^_^'^], for A^ 0 and is equal to this submodule if a > — 1 . 

If a < —1 and if fc ^ 1 is such that a + fc G [—1,0[, the image is identified with 

Im(T'^d^) : Ker(drT + a*z)^ —> Ker(g^T + a* z)^, 

and it is identified with the image of the multiplication by 0^=1 + j) *-2 on this 

module. For j = the number f3 = a + j satisfies Re/3 > 0, /3 ^ 0 and 

(/3) < 0. Then (3-kz = 0 has a solution in D iff Re /3 = 0, and this solution is ±i. This 
occurs iff Re a = —1 and j = 1. In conclusion, the image of i/’t-, a'^D in foo.+V'r.Q-^ID? 
is equal to the image of the multiplication by (a + 1 ) * z on ioo.+V'r.a-^D- As we 
assume that ^zo(a) < — 1 , the divisor of z (a + 1 ) az coincides, near Zo, with the 
divisor Da, hence (8.3.16). 

(iv)(4) We now show that there is no difference between ipT^a^^ and on 

some neighbourhood of D. 

Lemma 8.3.17. — Assume that a yf —1 and a' Rea G [—1,0[. Then the natural 
inclusion (cf. Lemma 3.4.2(1)) tpr.a'^D ^ is an isomorphism. 

Proof. — The question is local near points z G D such that £z{a) ^ 0, otherwise the 
result follows from Lemma 3.4.1. Fix Zq such that f’zo(o) ^ 0 and let fc ^ 1 be such 
that ^z„(a — fc) G [—1,0[. We have a commutative diagram 



and, as a ^zo(o) and a — k are ^ —1 and a yf —1, {resp. 

is contained in {resp. in gr^_^j^_^‘^), using the local filtration U near Zq. 
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It follows {cf. (ii)(3)) that : 'tpT,a-k'^ is an isomorphism. There¬ 
fore, the image of in is identified with the image of acting on 

■ Using the nilpotent endomorphism = —(StT + a * z), we write 
as (— 1)^(Nt- + a* z) ■ ■ ■ (N^ + {a — k + 1) -k z). The proof of the lemma will be com¬ 
plete if we show that none of the {a — j) k Zo {j = 0 ,..., fc — 1 ) vanishes (assuming 
that Zo G D)- 

Notice that /3 a — j satisfies /?' < 0 and /?' — Co/?" ^ 0. Assume that /? * Zq = 0. 
By the previous conditions, we must have 13" ^ 0 and Zo ^ 0, and the only possibility 

for Zo is then Zo = iCo and Co = - ^^377 -• Now, the condition (3' < 0 implies 

ICol > 1, so Zo ^ D. □ 

(iv)(5) Proof of 8.3.1(iva). It follows from (8.3.16) and Lemma 8.3.17 that we have 
a functorial isomorphism 

(8.3.18) - * ioo, + i^T,a-^{ — Da)\-D 

when a ^ —1 satisfies Rea G [—1, 0[. This ends the proof of 8.3.1(iv) when a ^ —1. 

(iv)( 6 ) Proof of 8.3.1(ivc). Let us now consider the case when a = —1. The 
two exact sequences that we consider are the vertical exact sequences in (8.3.5) and 
(8.3.6), according to Lemma 8.3.8. 

For the second assertion, notice first that, as the image of Im N^ n Ker N^- in .^min 
is supported on {P = 0 }, it is zero by the definition of the minimal extension, hence 
we have an inclusion ImN^ n KerNi- C ioo,+ KerNt/. To prove ioo,+ KerN^/ C ImN,-, 
remark that the image of (8.3.12) is in r([/i/17<i), hence in , that is, in 

Imvar,-, hence in ImN^. 

The last assertion is nothing but the identification [/<o H = C/<o H tUi of 
Lemma 8.3.8. □ 


8.4. Partial Fourier-Laplace transform of regular twistor ^-modules 

The main result of this chapter is: 

Theorem 8.4.1. — Let be an object 0 /MT*-’’^ (X, t(;)(p\ 

Then, along t = 0, and .M" are strictly specializable, regular and S-decomposable 
(cf. Definition 3.5.Ij. Moreover, with Rea G [—1,0[, and 

induce, by grading with respect to the monodromy filtration M.(Nt-), an object of 
MLT^") (X,t(;;-l)(P). 

{Cf. Chapter 4 for the definition of the categories and MLT*'’^^) In particular, 

all conditions of Definition 4.1.2 are satisfied along the hypersurface t = 0. 

This theorem is a generalization of [52, Th. 5.3], without the Q-structure however. 
In fact, we give a precise comparison with nearby cycles of at t = 00 as in 

[52, Th.4.3]. 
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In order to prove Theorem 8.4.1, we need to extend the results of Proposition 8.3.1 
to objects with sesqnilinear pairings. 

8.4.a. “Positive” functions of z. — Recall that we denote by D the disc \z\ ^ 1 
and by S its boundary. Let A(z) be a meromorphic function defined in some neigh¬ 
bourhood of S. If the neighbourhood is sufficiently small, it has zeros and poles at 
most on S. We say that A is “real” if it satisfies A = A, where (c/. §1.5.a) A( 2 ) is 
defined as c(A(—l/c(z))) and c is the usual complex conjugation. For instance, if 
a G C, the function zi-^a*z/z is “real”. If A(z) is “real” and if i/; is a meromorphic 
function on C which is real (in the usual sense, i.e., ipc = «/>), then tp o X is “real”. 
In particular, for any a G C*, the function z i—>-T(a-k z/z) is “real”. 

Lemma 8.4.2. — Let A(z) be a “real” invertible holomorphic function in some neigh¬ 
bourhood of S. Then there exists an invertible holomorphic function p{z) in some 
neighbourhood o/D such that A = i/r/I in some neighbourhood ofS. Moreover, such 
a function p is unique up to multiplication by a complex number having modulus equal 
to 1. 

Definition 8.4.3. — Let A be as in the lemma. We say that A is “positive” if A = flp, 
with /i invertible on D, and “negative” if A = —fiJI. 

Remark 8.4.4. — Assume that A is a nonzero “real” meromorphic function in some 
neighbourhood of S. Then A can be written as — Zi){z — Zi)]™'' ■ h with Zj G S, 

h holomorphic invertible near S and h = h: indeed, one shows that, if Zo G S, then 
z — Zo = {z Zo) ■ {—I/zqz); therefore, if Zo G S is a pole or a zero of A with order 
m-o G Z, then —Zo has the same order, hence the product decomposition of A. 

It follows from Lemma 8.4.2 that A = ±gg, with g = tJ.Y\i{z — Zi)f^, z^ G S, Wi G Z 
and pL holomorphic invertible on D. This decomposition is not unique, as one may 
change some Zi with —Zi. The sign is also non uniquely determined, as we have, for 
any Zo G S, 

_1 _ / z- Zo \ / z - Zq \ 

Vz-|-ZoZ Vz-|-ZoZ 

Nevertheless, the decomposition and the sign are uniquely defined (up to a multiplic¬ 
ative constant) if we fix a choice of a “square root” of the divisor of A so that no two 
points in the support of this divisor are opposed, and if we impose that the divisor 
of g is contained in this “square root”. The sign does not depend on the choice of 
such a “square root”. We say that A is “positive” if the sign is -I-, and “negative” if 
the sign is —. 

Proof of Lemma 8.4.2. — One can write X = v -JI with p holomorphic invertible near 
D and v meromorphic in some neighbourhood of D and having poles or zeros at 0 
at most. The function c(z) = vf pL = F//I defines a meromorphic function on with 
divisor supported by {0, oo}. Thus, c(z) = c - z^ with c G C and fc G Z, so A = cz^pCfi. 
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Moreover, the equality A = A implies that c G K and k = 0. Changing notation for fj, 
gives h = with /i invertible on D. 

For uniqueness, assume that fljl = ±1 with fj, holomorphic invertible in some 
neighbourhood of D. Then ±1/71 is also holomorphic in some neighbourhood of 
\z\ ^ 1, so /X extends as a holomorphic function on and thus is constant. This 
implies that f/Jl = 1 . □ 


Lemma 8.4.5. — Let a G C be such that Rea G [0,1[ and a jtz Q, 
morphic function 


\{z) 


r(a * z/z) 
r(l — a-k zj z) 


Then the mero- 


is “real” and “positive” (it is holomorphic invertible near S ifHea^O). 


Proof. — That this function is “real” has yet been remarked. The only possible 
pole/zero of A on S is ±i, which occurs if there exists fc G Z such that Rea + fc = 0. 
It is a simple pole {resp. a simple zero) if A: ^ 0 {resp. k ^ —1). As we assume 
Rea G [0,1[, the only possibility is when Rea = 0, with k = 0 (hence a pole). 

Write A(z) as r{ak z/z)"^ ■ (I/tt) sin7r(a ★ z/z). It is then equivalent to showing 
that (I/tt) sin7r(a * z/z) is “positive” for a as above. 

Write a = a' + ia". The result is clear if a" = 0, as we then have a * z/z = a' G 
]0,1[. We thus assume now that a" ^ 0. 


For any /3 G C with /3" ^ 0, we put b 


f3' + 

(3" 


and we can write 


If a is as above, we have n — a', n + a' > 0 for any n ^ 1 and we put for n ^ 0 

^ n — a' + ^/(n — a')^ + a"^ n + a' + y^{n + a')^ + a"^ 

On = T, ) c„ = - . 

a" a" 

For n ^ 1, we have |5„|, \c„\ > 1 and 


[n — a)-k z n — a' + \/{n — a')^ + i 


(n + a)*z n + a' + a'Y + a"^ / iz 


The number 


=(o)= n 




V 6„/ 

V 6„/ 

■ iz\ 

iz \ 

- 1± — 

1±— . 

V C„/ 

V c„/ 

a’ a'y + a"‘^) 


n>l 


4n^ 
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is (finite and) positive. On the other hand, as 
infinite product 


1 


1 


n ('+?)( 


1 + 


Cfi 

iz^ 


+ 0(l/n^), the 


n>l 


defines an invertible holomorphic function in some neighbourhood of D. Put 


giz) = ( 


c{a){a' + V a'^ + a"^) \ 1/2 


('+S)n(> 


IZ 


1 + 


IZ 


n>l 


Then we have (I/tt) sin7r(a * zjz) = g{z)g{z). 


□ 


If /X is a meromorphic function on some neighbourhood of D, we denote by its 
divisor on D. If ^ is a .^.^r-module, we put ^{D^) = ^ with its 

natural .^.^-structure. 

Lemma 8.4.6. — Let C, c5^) he an object of WT{X, . Then, 

for each g as above, is an object of MT{X , iso¬ 

morphic to 

Remark 8.4.7. — We only assume here that ./M' are defined in some neighbour¬ 
hood of D, and not necessarily on Oq, as in Chapter 4. This does not change the 
category MT(X, . 

Proof — The isomorphism is given by -g : and -{l/g) ■ 

□ 


8.4.b. Exponential twist and specialization of a sesquilinear pairing 

We now come back to our original situation of §8.2.a. Let ^ = (^',^",(7) be 
an object of Triples(X). We have defined the object '^£7 = ,^C) of 

Triples(Z). If we assume that are strict and strictly specializable along 

t' = 0, then are strictly specializable along t = 0. Then, for Rea € [—1,0[, 

is defined as in §3.6. Recall (c/. (3.6.2)) that we denote by .jVt : 

the morphism (—xNt-,zNx). If a = —1 (more generally if a is real) we 
have We also consider, as in §3.6.b, the vanishing cycle object 

The purpose of this section is to extend Proposition 8.3.1(iv) to objects of 
.^-Triples. It will be convenient to assume, in the following, that ^'^d 

.M" = with such an assumption, we will not have to define a sesquilinear 

pairing on the minimal extensions used in Proposition 8.3.1(iv), as we can use C. 

Proposition 8.4.8 . — For as above, we have isomorphisms in Triples(X); 

^ ioo,+ {^ t',a££,-A'), Va ^ -1 with Rea G [-1,0[, 
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and an exact sequence 

0 —> ioD,+ Ker —s- Ker ^ —s- ^ —s- 0 

inducing an isomorphism 

Corollary 8.4.9. — Assume that SA is an object of (X, ip) (resp. 

is an object of ). Then, for any a G C with Rea G [—1,0[, 

-Aj.) induces by gradation an object o/MLT*'’^^(X, le; —1) (resp. an object of 
MLTW(X,i(;;-1)(p);. 

Proof of Corollary 8.4.9. — Suppose that Proposition 8.4.8 is proved. Assume first 
that is an object of (X, w). Then, by definition, too,+ (gr^^'I't',Q.;r, gr^ 2 ^') 

is an object of MLT^’'^(X,ic; —1) for any a with Rea € [—1,0[; therefore, so is 
(gr“4'T-^ct‘^!5^, gr“ 2 -^) for any such a —1. When a = —1, asare equal 
to their minimal extension along r = 0 (c/. Proposition 8.3.1) the morphism 

(c/. §3.6.b) is onto. It is strictly compatible with the monodromy filtrations (c/. [54, 
Lemme 5.1.12]), and induces an isomorphism PgvY'f’T,-!'^^ —^ Pgr^i<)'T,o‘^'l^(~l/2) 
for any £ ^ 1, hence an isomorphism 

Pgrfxfr,-i^:7 ^ ioo,+Pgrf_ii/’P,-i^(-l/2). 

By assumption on the right-hand term is an object of (X, w + (.), hence so 

is the left-hand term. Moreover, ~ is in (X, w). This gives 

the claim when a = — 1. 

In the polarized case, we can reduce to the case where w = 0, , GP = 

(Id, Id) and C* = C. Then these properties are satisfied by the objects above, and 
the polarizability on the r-side follows from the polarizability on the t'-side. □ 

The proof of the proposition will involve the computation of a Mellin transform 
with kernel given by a function s, z). We first analyze this Mellin transform. 

The function I^{t,s,z). — Let x G (^“(A^,]^) be such that x(t) = 1 near r = 0. 
For any z G S, t G Af and s S C such that Re(s -|- 1) > 0, put 

(8.4.10) I^it, s,z)= f |r|"* x{r)^dT A dm. 

JAi 

We also write s, z) when working in the coordinate t' on P^. We will use the fol¬ 
lowing coarse properties (they are similar to the properties described for the function 
of § 3.6.b). 

(i) Denote by s, z) {k,£ G Z) the function obtained by integrating 

jrj^® r^T^. Then, for any s G C with Re(s -I- 1 -I- (fc -|- £)/2) > 0 and any z G S, the 
function {t,s,z) I^^k,i{t, s, z) is C°°, depends holomorphically on s, and satisfies 

limt^oo Ix,k,i{t, s, z) = 0 locally uniformly with respect to s, z. 
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(ii) We have 

+ k)I^^k-i,e + zIg2ldT,k,e ^tlx,k,l = —Ix,k+i,i 

tlx,k,l = z{s + + zIg^/Q-f^k,i ^tlx,k,l = —Ix,k,l+li 

where the equalities hold on the common domain of definition (with respect to s) of 
the functions involved. Notice that the functions Idx/dT,k,t and Idx/dT,k,i are C°° on 

pi 

X C X S, depend holomorphically on s, and are infinitely flat at t = oo. 

It follows that, for Re(s + 1) > 0, we have 

tBtlx = —z{s + 1)/^ + zIg^l9T,l,0, 

(8.4.11) _ 

= —z{s + 1)J^ + zIq^/qy, 0 , 1 - 

(hi) Moreover, for any p ^ 0, any s G C with Re(s + 1 + (fc + i)/2) > p and any 
z G S, all derivatives up to order p of s, z) with respect to t' tend to 0 when 

t' 0, locally uniformly with respect to s,z; therefore, s, z) extends as a 

function of class on x {Re(s +1 + (fc + £)/2) > p} x S, holomorphic with respect 
to s. 

Mellin transform with kernel /y(t, s,^)- — We will work near Zo G S. For any local 
sections p', p" of and any relative form p of maximal degree on X x S 

with compact support contained in the open set where p', p" are defined, the function 

(s, z) I—> {C{p\ p"), pixit, s, z)) 

is holomorphic with respect to s for Res ^ 0 (according to (i)), continuous with re¬ 
spect to z. One shows as in Lemma 3.6.5, using (hi), that it extends as a meromorphic 
function on the whole complex plane, with poles on sets s = a ★ z/z. 

This result can easily be extended to local sections p\p" of indeed, 

this has to be verified only near t = oo; there exists p ^ 0 such that, in the neigh¬ 
bourhood of the support of p, t'^p',t'^p" are local sections of apply then 

the previous argument to the kernel \t\^^ I^{t, s, z). In the following, we will write 
{C{p', p"), pl^ft, s, z)) instead of (^C{t'Pp', t'^p"), p \t\^^ I^{t, s, z)) near t = oo. 

Lemma 8.4.12. — Assume that p is compactly supported on {X \ oo) x S. Then, for 
p',p" as above, we have 

Ress=-i {Cfp, p"), pixit, s, z)) = {C{p', p”),p). 

Proof — The function (s -|- l)/j(t, s,z) can be extended to the domain Re(s -b 1) > 
— 1/2 as C°° function of (t, s,z), holomorphic with respect to s: use (ii) with fc = 1, 
£ = 0 to write (s -I- l)/y(t, s,z) = (t/z)7^pp — lox/dr,i.o- K is then enough to show 
that this C°° function, when restricted to s = — 1, is identically equal to 1. It amounts 
to proving that, for any t, z, lim [(s-b l)/x(^) s, z)] =1. For Re s > — 1 we have 

Re s > — 1 
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Ixitj Sj z) = J{t, s, z) + s, z), with 
J{t,s,z)= ( 

and extends as a C°° function on x C x S, holomorphic with respect to s. It 
is therefore enough to work with J(t, s, z) instead of We now have 

J\u\<\t\ 




1 


-2(s+l) 


271 - f\t\ 


^—2ip sin 9 2s+l 


dpdO. 


0 Jo 


Now, integrating by part, we get 


f-|t| 


j-2ipsine^2s+l _ 


| 2 ^+ 2 g- 2 *|t|sine 2 tsin 6 l /•'‘I 


^ — 2ip sin 9 2s+2 


2s+ 2 2s+ 2 ^ 

and the second integral is holomorphic near s = — 1. Therefore, 

|^|—2(s+l) |.27r ^ _ rl* 


e p~“ ' ~ dp, 


(s + l)J(t, s) = 


27r 


|^|2.+2 g-2i|t| sine Sind / e-2v«“Sp2s+2^^ 


d0. 


Taking s ^ — 1 gives 


lim [(s + l)J(t,s)] = ^ 

s^-l ZTT 

Res> —1 


/•2-n- ^ 


g- 2 *|i|sinSind / 
Jo 


dd. 


Now, 


r\A r\t-\ p 

2tsind / e-2v'^“®dp = - / —(e-2*P™^)dp = 

do Jo dp^ 

hence lim s^_i [(s + 1) J(t, s)] = 1. 

Re s> —1 


□ 


Remark 8.4.13. — To simplify notation, we now put 

J^(t, S, z) = dx(t, s, z). 

Using (ii) as in the previous lemma, one obtains that there exists a C°° function on 
X Cx S, holomorphic with respect to s, which coincides with when Re(s + 1) > 0. 
This implies that, when the support of (p does not cut oo, the meromorphic function 
s 1 -^ {C{p',p,"),ipJx{t,s,z)) is entire. 


We now work near oo with the coordinate t'. Assume that p' is a local section 
of and that p" is a local section of . Assume moreover that the 

class of p' in is in , and that the class of p" in is 

in 'tpt'■ Then on proves as in Lemma 3.6.5 that (^C{p', p"), , s, z)) has 

poles on sets s = ^ * z jz with 7 such that 2 Re 7 < oi + 02 or 7 = ai = q; 2 - 

dsf 

Let us then consider the case where ai = q ;2 = o- Then, if ^p has compact support 
and vanishes along t' = 0, the previous result shows that {C{p', p"),tpj^{t', s, z)) has 
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no pole along s = a-kzjz. It follows that /z"), s, z)) only 

depends on the restriction of v? to t' = 0; in other words, it is the direct image of 
a distribution on t' = 0 by the inclusion too- We will identify this distribution with 
^t',a+iC. We will put 


ioo'P = 




i^dt' A dt' 


Lemma 8.4.14 . — For any a G C and lifting local sections of 

-ipt',a+i.^', have, when the support of (p is contained in the open set 

where p', p” are defined, 

1 


, p ), (pj^it , s, z)^ 


{■lpt',a+lC{[p'], [p"]),i*^p). 


r(—a * zf z) 

Proof. — Let x(t') be a C°° function which has compact support and is = 1 near 
t' = 0. As p — i*^p A x{t')^dt' A dt' vanishes along t' = 0, the left-hand term in the 
lemma is equal to 

(8.4.15) Resg=a*z/z {C{p , p"), J^it', s, z)i*^p A x(t')^dt' A dt'). 

On the other hand, by definition of ipt'.a+iC (c/. (3.6.10)), the right-hand term is 
equal to 

1 ;„/ / 77, . /|2(s+l) .* 


(8.4.16) 


Res, 


— Oc-kzlz 


r(-s) 


{C{p', p"), A xit')ipdt' A dt'). 


Put J^{t,s,z) = Jy(t, s, z). Then, by (8.4.11) expressed in the coordin¬ 

ate t', we have 


p _V = — J. 

^ dt' 


dx/dT,l,0^ 


t'^ = - J; 
dt' 


Ox/Or,0,1’ 


and both functions Ax/Ot,i,o and Jdx/dT,o,i extend as (7°° functions, infinitely fiat at 
t' = 0 and holomorphic with respect to s G C. Put 

Aix^t,s,z)= / 1 o(At , s, z)-l-Q i(At , s, z)] dA. 

Jo 

Then is of the same kind. Notice now that, for any s G C with Re(s-|-1) G ]0, l/4[ 
and any z G S, we have 


(8.4.17) 


lim ( 

t —^OO 


7)) = hi^. 


[Let us sketch the proof of this statement. We assume for instance that x = 1 when 
|t| < 1. We can replace I^{t, s,z) with 


e^‘^-*^/^|r|^"^dTAdr 


J jrj^l 

without changing the limit, and we are reduced to computing 


1 




/o ^0 
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Using the Bessel function Jo{r) = ^ e this integral is written as 

pOO -I pOO 

2 J p'^^+^Joi2p)dp= j r2^+Vo(r)(ir, 

and it is known (c/. [68, § 13.24, p.391]) that, on the strip Re(s + 1) S ]0, l/4[, the 
last integral is equal to 2 ^®+^r(s + l)/r(—s).] 

On this strip, we can therefore write ^ s, z) = K^^t’, s, z) + l/r(—s), by Taylor’s 
formula. Hence, on the strip Re(s + 1) G ]0, l/4[ and, by applying as for 

(3.6.31), on any strip Re(s + 1) G ]p,p + l/4[ for p ^ 0, we have 

u,|2(s+l) 

Jy (t', s, z) = s. z), 

where K^\t', s, z) = K^{t', s, z)] satisfies the same properties as 

R'y does when t' 0. This implies that the function 

s I—> {C{p', /i"), s, z)i*^p A x{t')i^dt' A dt') 

is entire for any z G S. Hence, there exists an entire function of s such that the 
difference of the meromorphic functions considered in (8.4.15) and (8.4.16), when 
restricted to the strip Re(s + 1) G ]p,p + l/4[ (with p large enough so that they 
are holomorphic on the strip), coincides with this entire function. This difference 
is therefore identically equal to this entire function of s, and (8.4.15) and (8.4.16) 
coincide. This proves the lemma. □ 

Proof of Proposition 8.4.8. — We will work near 2 o G S. By definition (c/. (3.6.10)), 
given any local sections [m'],[TO"] of and local liftings m',m" in 

Va'^',Va"^'' with a' = f^zo(a) and a” = we have, for any (7°° relative 

form ip of maximal degree on x S, 

(8.4.18) (■0r,a‘^C'([m'], = Res^^„„^/^ (•^C'(m', m"), P |t|^® x(t)^ dr A cFf), 

where x = 1 near r = 0. In particular, for sections m', m" of the form p' ® 

p” ® with p',p" local sections of the definition of '^C implies that the 

right-hand term above can be written as 

(8.4.19) {C{p', p"),(pl^{t, s, z)). 

[Here, we mean that both functions 

{C{p', p"), p/y (t, s, z)) and If C{p!^\ p" ® £-*U2), p |r|^^ ^(r)^ dr Adr), 

a priori defined for Res ^ 0, are extended as meromorphic functions of s on the 
whole complex plane.] Moreover, by .^ar-Haearity, it is enough to prove Proposition 
8.4.8 for such sections. 

Proof of Proposition 8.4.8 away from oo. — This is the easy part of the proof. We 
only have to consider a = — 1 and, for (p compactly supported on {X \ oo) x S, we 
are reduced to proving that 

Ress=_i {C{p',p/'),pl^{t,s,z)) = {C{p','pf’),p), 
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for local sections n', fjf' of This is Lemma 8.4.12 □ 

Proof of Proposition 8.4.8 near oo for a ^ —1,0. — The question is local on D. We 
can compute (8.4.18) by using liftings of m',m" in gi^, ^ , gr^„ ^ , accord¬ 
ing to (8.3.14). By .^-linearity, we only consider sections vn! = p,' 0 

m" = 0 where /i' is a local section of 14'^' and p” of Va"^”■ Ac¬ 

cording to (8.4.19), we have 

(■0r,a'^C([TO'], [m"],ip) = ReSs=„*^/^ {C{t'~'^p', t’-^p”), s, z)), 

and, from Lemma 8.4.14, this is 

By Lemma 8.4.5 and its proof, we have r(l -|-a * z/z)/r(—a * 2 ;/z) = pjl, with 
= —Da (recall that Da was defined in Proposition 8.3.1(iva)), as we assume 
Rea G [—1, 0[. We then apply Lemma 8.4.6. □ 

Proof of Proposition 8.4.8 near oo for a = 0. — By the same reduction as above, we 
consider local sections Wq, tuq of Vb'S^', of the form TOq = p[ 0 mg = 

Pi 0 , where p'i,Pi are local sections of Vi^". By Lemma 3.6.33, we 

have 

{(j>rp^C{[m'Q], [mf)']), if>) = Res^^o -^{^Cijn'n, m’ff), ^ A |t|^® x(r)^dr A dr) 

ReSg—0 —Mi)j '^))’ 

By Lemma 8.4.14, using that (—r(s + l)/sr(— s))|s^o = this expression is 

ReSs=o {C{p'i,Pi), ip) = Ress=-i {C{p'_i, p'f^), \t'\^'‘ p) 

if we put p-i = f'^pi. This is {-ipt',-iC{[p'_i\, [p'fi]),ilaP)- □ 

Proof of Proposition 8.4.8 near oo for a = —1. — Let us first explain how 
is defined and how it induces a sesquilinear pairing on Pgr^ifr,-i'^', 

In order to compute ifr,-i'^C, we lift local sections [m'], [m"] of 
in C/g-^', C/g-^" and compute (8.4.18) for a = —1. We know, by Lemma 3.6.5, that 
this is well defined. 

To compute the induced form on Pgr^, we use (8.3.5) and (8.3.6) and, arguing as 
above, we have to consider sections m', m" of C/<o‘^', . We are then reduced 

to proving that, for local sections p', p" of l<o^', V<o^", we have 

Res,=_i L^(C(ai',^), Iff p) = {C{p',-JP),p). 
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By Lemma 3.6.5, the meromorphic function s (^C{fi', , \t'ip'^ has poles 

along sets s + 1 =^-k zjz with Rey < 0. For such a 7 and for z G S, we cannot have 
zjz = 0. Therefore, s ip'^ is holomorphic near s = —1 and 

its value at s = —1 is (^C{p', p"),p). The assertion follows. □ 

8.4.C. Proof of Theorem 8.4.1. — We first reduce to weight 0, and assume that 
w = 0. It is then possible to assume that {£^,5^) = (./#,./#,C,Id). We may also 
assume that ^ has strict support. Then, in particular, we have ^ as 

defined above. 

According to Corollary 8.4.9 (and to Proposition 8.4.8 for (jirfi), we can apply the 
arguments given in § 6.3 to the direct image by q. □ 

Notice that we also get: 

Corollary 8.4.20. — Let ,C,y) he an ohjeet 0 / (AT, 

Then, we have isomorphisms m Triples(Ar); 

CIA Vo —I with Rea G [—1,0[, 

Remark 8.4.21. — Let us indicate some shortcut to obtain the S-decomposability of 
./# when Y is reduced to a point. By Proposition 8.3.1, we have exact sequences 

0 —> KerN^ —> _cai^ ^ 0, 

0 —> ioo.+V't'.-i*^ —*■ Coker Nt —> 0, 

and 

0 —> * 00,+ Ker Nj/ —> Ker N,- —> ./# —> 0 
0 —> —> Coker Nt —> *00.+ CokerN^/ —> 0. 

It follows that Ker can,- = and Jf~^qj,. Coker vari- = Jf~^qj^.y^. By 

the first part of the proof, we then have exact sequences 

-> ,LY’^q+y^ —> 0 

0 -> -> Ipt',-ly'^ = > Ipr.-ly'^■ 

Therefore, if < 7 +.^ has cohomology in degree 0 only, is a minimal extension along 
T = 0. Such a situation occurs if Y is reduced to a point, so that X = P^: in¬ 
deed, as {^,y) is an object of MT^’'^(P^, 0 )(p), we can assume that tiY is simple 
(c/. Proposition 4.2.5); denote by M the restriction of to z = 1, i.e., M = 
./#/(z — 1)./#; by Theorem 5.0.1, M is an irreducible regular holonomic ^pi-module; 

- if M is not isomorphic to ^pi, then q+M has cohomology in degree 0 only [use 
duality to reduce to the vanishing of J^~^q+M, which is nothing but the space of 
global sections of the local system attached to M away from its singular points]; By 
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Theorem 6.1.1, each cohomology is strict and its fibre at z = 1 is 

therefore, = 0 if j 0; 

- otherwise, M is isomorphic to with its usual ^pi structure, and ^ is 
so is supported on t = 0 and = 0; 

in conclusion, the S-decomposability of ^ along r = 0 is true in both cases. 
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L (rescaling), 51 
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jSf(*)(D,D,J, 159 
A, Sing(A), 17 
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